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Introduction to Ist Edition 


The opening session of the physics degree course at Imperial College includes 
an introduction to vibrations and waves where the stress is laid on the 
underlying unity of concepts which are studied separately and in more detail at 
later stages. The origin of this short textbook lies in that lecture course which 
the author has given for a number of years. Sections on Fourier transforms and 
non-linear oscillations have been added to extend the range of interest and 
application. 

At the beginning no more than school-leaving mathematics is assumed and 
more advanced techniques are outlined as they arise. This involves explaining 
the use of exponential series, the notation of complex numbers and partial 
differentiation and putting trial solutions into differential equations. Only 
plane waves are considered and, with two exceptions, Cartesian coordinates 
are used throughout. Vector methods are avoided except for the scalar product 
and, on one occasion, the vector product. 

Opinion canvassed amongst many undergraduates has argued for a ‘work- 
ing’ as much as for a ‘reading’ book; the result is a concise text amplified by 
many problems over a wide range of content and sophistication. Hints for 
solution are freely given on the principle that an undergraduate gains more 
from being guided to a result of physical significance than from carrying out a 
limited arithmetical exercise. 

The main theme of the book is that a medium through which energy is 
transmitted via wave propagation behaves essentially as a continuum of 
coupled oscillators. A simple oscillator is characterized by three parameters, 
two of which are capable of storing and exchanging energy, whilst the third is 
energy dissipating. This is equally true of any medium. 

The product of the energy storing parameters determines the velocity of 
wave propagation through the medium and, in the absence of the third 
parameter, their ratio governs the impedance which the medium presents to 
the waves. The energy dissipating parameter introduces a loss term into the 
impedance; energy is absorbed from the wave system and it attenuates. 

This viewpoint allows a discussion of simple harmonic, damped, forced and 
coupled oscillators which leads naturally to the behaviour of transverse waves 
on astring, longitudinal waves in a gas anda solid, voltage and current waves on 
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a transmission line and electromagnetic waves in a dielectric and a conductor. 
All are amenable to this common treatment, and it is the wide validity of 
relatively few physical principles which this book seeks to demonstrate. 


May 1968 H. J. Pain 


Preface to 2nd Edition 


The main theme of the book remains unchanged but an extra chapter on Wave 
Mechanics illustrates the application of classical principles to modern physics. 

Any revision has been towards a simpler approach especially in the early 
chapters and additional problems. Reference to a problem in the course of a 
chapter indicates its relevance to the preceding text. Each chapter ends with a 
summary of its important results. 

Constructive criticism of the first edition has come from many quarters, not 
least from successive generations of physics and engineering students who have 
used the book; a second edition which incorporates so much of this advice is the 
best acknowledgement of its value. 


June 1976 H. J. Pain 
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Preface to 3rd Edition 


Since this book was first published the physics of optical systems has been a 
major area of growth and this development is reflected in the present edition. 
Chapter 10 has been rewritten to form the basis of an introductory course in 
optics and there are further applications in chapters 7 and 8. 

The level of this book remains unchanged. 


January 1983 H. J. Pain 
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Chapter 1 


Simple and Damped Simple 
Harmonic Motion 


At first sight the eight physical systems in fig. 1.1 appear to have little in 


common. 

1.1(a) is asimple pendulum, a mass m swinging at the end of a light rigid rod 
of length 1. 

1.1(b) isa flat disc supported by a rigid wire through its centre and oscillating 
through small angles in the plane of its circumference. 

1.1(c) isamass fixed to a wall via a spring of stiffness s sliding to and fro in the 
x direction on a frictionless plane. 

1.1(d) is amass mat the centre of a light string of length 2/ fixed at both ends 
under a constant tension T. The mass vibrates in the plane of the 
paper. 

1.1(e) is a frictionless U-tube of constant cross-sectional area containing a 
length / of liquid, density p, oscillating about its equilibrium position of 
equal levels in each limb. 

1.1(f) is an open flask of volume V and a neck of length / and constant 
cross-sectional area A in which the air of density p vibrates as sound 
passes across the neck. 

1.1(g) isahydrometer, a body of mass m floating in a liquid of density p witha 
neck of constant cross-sectional area cutting the liquid surface. When 
depressed slightly from its equilibrium position it performs small 
vertical oscillations. 

1.1(h) is an electrical circuit, an inductance L connected across a capacitance 


C carrying a charge q. 


All of these systéms are simple harmonic oscillators which, when slightly 
disturbed from their equilibrium or rest position, will oscillate with simple 
harmonic motion. This is the most fundamental vibration of a single particle or 
one-dimensional system. A small displacement x from its equilibrium position 
sets up a restoring force which is proportional to x acting in a direction towards 
the equilibrium position. 
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(a) 


mk + mg 7=0 (b) 
ml6+mg8=0 
() ae 
a I6+c@=0 
aie 
a 
‘ c 
- mg sin 8 =mg@ on 
mg + 
t 
mg 
(c) mk+sx=0 (d) mk +2T% =O 
w= Ym 2. 27 
i 
m 
s 
E 6 
x 
eartag . 
2¢ 
2 
(e) plk+2pgx =O (4) pale + resto 
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(9) A (h) 
t 
x 
= ~ qd 
> ee (a c 
mk + Apgx=0 Lgt+i=zo 
w*=Apg/, wet 


Fig. 1.1. Simple harmonic oscillators with their equations of motion and 

angular frequencies w of oscillation. (a) A simple pendulum. (b) A torsional 

pendulum. (c) A mass on a frictionless plane connected by a spring to a wall. (d) 

A mass at the centre of a string under constant tension T. (e) A fixed length of 

non-viscous liquid in a U-tube of constant cross-section. (f) An acoustic 

Helmholtz resonator. (g) A hydrometer mass m ina liquid of density p. (h) An 
electrical L C resonant circuit 


Thus, this restoring force F may be written 
F==sx, 


where s, the constant of proportionality, is called the stiffness and the negative 
sign shows that the force is acting against the direction of increasing displace- 
ment and back towards the equilibrium position. A constant value of the 
stiffness restricts the displacement x to small values (this is Hooke’s Law of 
Elasticity). The stiffness s is obviously the restoring force per unit distance (or 
displacement) and has the dimensions 


force _MLT” 
distance = L 


The equation of motion of such a disturbed system is given by the dynamic 
balance between the forces acting on the system, which by Newton’s Law is 


mass times acceleration = restoring force 


or 
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where the acceleration 


ga d°x 
dr * 
This gives 
mx +sx =0 
or 
#++x=0 
m 
where the dimensions of 
+ are MLT"* _ 
ML 


Here T is a time, or period of oscillation, the reciprocal of v which is the 
frequency with which the system oscillates. 

However, when we solve the equation of motion we shall find that the 
behaviour of x with time has a sinusoidal or cosinusoidal dependence, and it 
will prove more appropriate to consider, not v, but the angular frequency 


@ = 2 so that the period 
cae 
v Ss 


where s/m is now written as w*. Thus the equation of simple harmonic motion 


as 
¥+—x=0 


becomes 


(1.1) 


(Problem 1.1) 


Displacement in Simple Harmonic Motion 


The behaviour of a simple harmonic oscillator is expressed in terms of its 
displacement x from equilibrium, its velocity x, and its acceleration ¥ at any 
given time. If we try the solution 


x=A cos wt 
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where A is a constant with the same dimensions as x, we shall find that it 
satisfies the equation of motion 


¥+w°x=0 
for 

X = — Aw sin wt 
and 

¥ = — Aw’ cos wt = — wx 
Another solution 

x=Bsin ot 


is equally valid, where B has the same dimensions as A, for then 
X= Bw cos wt 

and 
¥=— Bo’ sin wt = —w*x 


The complete or general solution of equation (1.1) is given by the addition or 
superposition of both values for x so we have 


x=A cos wtt+B sin wt (1.2) 
with 
¥=—0(A cos wt + B sin wt) = —w*x 
where A and B are determined by the values of x and x at a specified time. 
If we rewrite the constants as 
A=asing and B=acosd 
where ¢ is a constant angle, then 
A*+B?=a"(sin’ #+cos* #) =a" 
so that 
a=VA7+B 
and 
x=asin ¢ cos wt+a cos ¢ sin wt 
=a sin (wt+¢) 


The maximum value of sin (w+) is unity so the constant a is the maximum 
value of x, known as the amplitude of displacement. The limiting values of 
sin (wt + @) are +1 so the system will oscillate between the values of x = ta and 
we shall see that the magnitude of a is determined by the total energy of the 
oscillator. 
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The angle ¢ is called the ‘phase constant’ for the following reason. Simple 
harmonic motion is often introduced by reference to ‘circular motion’ because 
each possible value of the displacement x can be represented by the projection 
of a radius vector of constant length a on the diameter of the circle traced by the 
tip of the vector as it rotates in a positive anticlockwise direction with a constant 
angular velocity w. Each rotation, as the radius vector sweeps through a phase 
angle of 27 radians, therefore corresponds to a complete vibration of the 
oscillator. In the solution 


x =asin(wtt+d) 


the phase constant , measured in radians, defines the position in the cycle of 
oscillation at the time t= 0, so that the position in the cycle from which the 
oscillator started to move is 


x=asingd 
The solution 
x=asinwt 
defines the displacement only of that system which starts from the origin x = 0 
at time f= 0 but the inclusion of ¢ in the solution 
x=asin(wt+¢) 


where # may take all values between zero and 27 allows the motion to be 
defined from any starting point in the cycle. This is illustrated in fig. 1.2 for 
various values of ¢. 


x=a Sin(w/+ ) 


Fig. 1.2. Sinusoidal displacement of simple harmonic 
oscillator with time, showing variation of starting point 
in cycle in terms of phase angle 


(Problems 1.2, 1.3, 1.4) 


Velocity and Acceleration in Simple Harmonic Motion 
The values of the velocity and acceleration in simple harmonic motion for 


x=asin(wt+¢) 
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are given by 

S~ ¢ = aw cos (wt+¢) 
and 

a= z= —aw’ sin (wt+) 


The maximum value of the velocity aw is called the velocity amplitude and the 
2 


acceleration amplitude is given by aw”. 
From fig. 1.2 we see that a positive phase angle of 7/2 radians converts a sine 


into a cosine curve. Thus the velocity 


¥ = aw cos (wt +) 
leads the displacement 
x=asin (wit) 


by a phase angle of 7/2 radians and its maxima and minima are always a 
quarter of a cycle ahead of those of the displacement; the velocity is a 
maximum when the displacement is zero and is zero at maximum displacement. 
The acceleration is ‘anti-phase’ (7 radians) with respect to the displacement, 
being maximum positive when the displacement is maximum negative and vice 
versa. These features are shown in fig. 1.3. 


x=asin(wt+) 


-e 


= aw C08 (wt +p) 


Velocity x 


Q 
fy 


¥=-qu? sin(wt +) 


— wt 


Acceleration x 


Fig. 1.3. Variation with time of displacement, velocity 

and acceleration in simple harmonic motion. Displace- 

ment lags velocity by 7/2 radians and is 7 radians out of 

phase with the acceleration. The initial phase constant 
is taken as zero 
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Often, the relative displacement or motion between two oscillators having 
the same frequency may be considered in terms of their phase difference 
1 — $2 which can have any value because one system may have started several 
cycles before the other and each complete cycle of vibration represents a 
change in the phase angle of @ = 27. When the motions of the two systems are 
diametrically opposed, that is, one has x = + a whilst the other is at x = —a, the 
systems are ‘anti-phase’ and the total phase difference 


,— 2 = nm radians 
where n is an odd integer. Identical systems ‘in phase’ have 
o\ — $2 = 2nr radians 


where n is any integer. They have exactly equal values of displacement,velocity 
and acceleration at any instant. 


(Problems 1.5, 1.6, 1.7, 1.8) 


Non-linearity 


As long as the displacement follows a sine or cosine behaviour with time the 
system is said to be linear. Non-linearity results when the stiffness s is not 
constant but varies with the displacement x (see Chapter 11). 


Energy of a Simple Harmonic Oscillator 


The fact that the velocity is zero at maximum displacement in simple harmonic 
motion and is a maximum at zero displacement illustrates the important 
concept of an exchange between kinetic and potential energy. In an ideal case 
the total energy remains constant but this is never realized in practice. If no 
energy is dissipated then all the potential energy becomes kinetic energy and 
vice versa, so that the values of (a) the total energy at any time, (b) the 
maximum potential energy and (c) the maximum kinetic energy, will all be 
equal, that is 


Evoiat = KE+ PE = KEmax = PEmax 


The solution x =a sin (wt+¢) implies that the total energy remains constant 
because the amplitude of displacement x = +a is regained every half cycle at 
the position of maximum potential energy; when energy is lost the amplitude 
gradually decays as we shall see later ip this chapter. The potential energy is 
found by summing all the small elements of work sx. dx (force sx timesglistance 
dx) done by the system against the restoring force over the range zero to x where 
x =0 gives zero potential energy. 
Thus the potential energy = 


x 

1.2 
| $x . AX\=38X 
0 
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The kinetic energy is given by 3m’ so that the total energy 


Since E is constant we have 
dE 
—=(mk+sx)x =0 
an ) 
giving again the equation of motion 
mx+sx=0. 
The maximum potential energy occurs at x = + a and is therefore 


1 2 
PE max = 284" 


The maximum kinetic energy is 


1 22: 1 2. a 2 
KE max = (GX) max =2mMa~ w [cos (wtt+ db) max 
3ma*w 


when the cosine factor is unity. 

But mw” = s so the maximum values of the potential and kinetic energies are 
equal, showing that the energy exchange is complete. 

The total energy at any instant of time or value of x is 


as we should expect. 
Fig. 1.4 shows the distribution of energy versus displacement for simple 
harmonic motion. Note that the potential energy curve 


PE =4sx*=4ma*w’ sin’ (wt+o) 


Ni 


is parabolic with respect to x and is symmetric about x = 0, so that energy is 
stored in the oscillator both when x is positive and when it is negative, e.g. a 
spring stores energy whether compressed or extended, as does a gas in 
compression or rarefaction. The kinetic energy curve 


KE= =}ma’w* cos” (wt+) 


= 


is parabolic with respect to both x and x. The inversion of one curve with 
respect to the other displays the 7/2 phase difference between the displace- 
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Total energy £ = KE +PE 


Displacement 


Fig. 1.4. Parabolic representa- 
tion of potential energy and 
kinetic energy of simple har- 
monic motion versus displace- 
ment. Inversion of one curve 
with respect to the other shows a 
90° phase difference. At any dis- 
placement value the sum of the 
ordinates of the curves equals 
the total constant energy E 


ment (related to the potential energy) and the velocity (related to the kinetic 
energy). 

For any value of the displacement x the sum of the ordinates of both curves 
equals the total constant energy E. 


(Problems 1.9, 1.10, 1.11) 


Simple Harmonic Oscillations in an Electrical System 


So far we have discussed the simple harmonic motion of the mechanical and 
fluid systems of fig. 1.1, chiefly in terms of the inertial mass stretching the 
weightless spring of stiffness s. The stiffness s of a spring defines the difficulty of 
stretching; the reciprocal of the stiffness, the compliance C (where s = 1/C) 
defines the ease with which the spring is stretched and potential energy stored. 
This notation of compliance C is useful when discussing the simple harmonic 
oscillations of the electrical circuit of fig. 1.1(h) and fig. 1.5, where an 
inductance L is connected across the plates of a capacitance C. The force 
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re |e 
fe oe 
Fig. 1.5. Electrical system which oscillates simple gs = 
harmonically. The sum of the voltages around + 
the circuit is given by Kirchhoff’s law as Sry 
L dl/dt+q/C =0 “gt 70 


equation of the mechanical and fluid examples now becomes the voltage 
equation (balance of voltages) of the electrical circuit, but the form and solution 
of the equations and the oscillatory behaviour of the systems are identical. 

In the absence of resistance the energy of the electrical system remains 
constant and is exchanged between the magnetic field energy stored in the 
inductance and the electric field energy stored between the plates of the 
capacitance. At any instant, the voltage across the inductance is 


dl dq 
Vor dgprrei a? 


where / is the current flowing and q is the charge, the negative sign showing that 
the voltage opposes the increase of current. This equals the voltage q/C across 
the capacitance so that 


Lg+q/C=0 (Kirchhoff’s Law) 
or 
G+w°q=0 
where 
pit ony 
(Was 


The energy stored in the magnetic field or inductive part of the circuit 
throughout the cycle, as the current increases from 0 to J, is formed by 
integrating the power at any instant with respect to time, that is 


E.=] VI.dt 


(where V is the magnitude of the voltage across the inductance). 
So 


dI , 
B,= | vrar=[ rSrar= LIdI 


‘0 
=iLP =3L9° 


The potential energy stored mechanically by the spring is now stored electro- 
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statically by the capacitance and equals 


iewiw t 
sev = 2 


Comparison between the equations for the mechanical and electrical 
oscillators 


mechanical (force) > mx + sx =0 


electrical (voltage) > Lq a = 


mechanical (energy) >mx°+3sx° = E 


1 ANG? 
electrical (energy) > 3 Lq'+ 3 = =E 


shows that magnetic field inertia (defined by the inductance L) controls the rate 
of change of current for a given voltage in a circuit in exactly the same way as 
the inertial mass controls the change of velocity for a given force. Magnetic 
inertial or inductive behaviour arises from the tendency of the magnetic flux 
threading a circuit to remain constant and reaction to any change in its value 
generates a voltage and hence a current which flows to oppose the change of 
flux. This is the physical basis of Fleming’s right hand rule. 


Superposition of Two Simple Harmonic Vibrations in One Dimension 
(1) Vibrations Having Equal Frequencies 


In the following chapters we shall meet physical situations which involve the 
superposition of two or more simple harmonic vibrations on the same system. 

We have already seen how the displacement in simple harmonic motion may 
be represented in magnitude and phase by a constant length vector rotating in 
the positive (anticlockwise) sense with a constant angular velocity w. To find the 
resulting motion of a system which moves in the x direction under the 
simultaneous effect of two simple harmonic oscillations of equal angular 
frequencies but of different amplitudes and phases, we can represent each 
simple harmonic motion by its appropriate vector and carry out a vector 
addition. 

If the displacement of the first motion is given by 


xX, =a, cos (wt +44) 
and that of the second by 


X2 = a7 COS (wt + 2) 
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Fig. 1.6. Addition of vectors, each repres- 
enting simple harmonic motion along the x 
axis at angular frequency w to give a result- 
ing simple harmonic motion displacement 
x =R cos (wt+@)—here shown for t=0 


then fig. 1.6 shows that the resulting displacement amplitude R is given by 
R?=(a, +a» cos 8)’ +(a> sin 8)” 
=aj+a3+2a,az cos 8 


where 6 = @2— is constant. 
The phase constant @ of R is given by 


a, sin @, +42 sin d2 

no ——————— 

a, cos d+ a2 cos 2 
so the resulting simple harmonic motion has a displacement 

x =R cos (wt + 0) 

an oscillation of the same frequency w but having an amplitude R and a phase 
constant @. 
(Problem 1.12) 


(2) Vibrations Having Different Frequencies 


Suppose we now consider what happens when two vibrations of equal amp- 
litudes but different frequencies are superposed. If we express them as 
X;=asina,t 
and 
X2=a Sin wt 
where 
@2> 0; 
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then the resulting displacement is given by 
x =x,+x2=a(sin w;f+sin wot) 


>. . (@i+@r)t —(w2—wi)t 
=2asin 7) cos = 


This expression is illustrated in fig. 1.7. It represents a sinusoidal oscillation at 
the average frequency (w;+2)/2 having a displacement amplitude of 2a 


Fig. 1.7. Superposition of two simple harmonic displacements 

xX,;=asinw,t and x.=asinw2t when w,>@;. The slow 

cos [w2—«;)/2]t envelope modulates the sin[(@2+)/2]t 
curve between the values x = +2a 


which modulates, that is, varies between 2a and zero under the influence of the 
cosine term of a much slower frequency equal to half the difference (w2— )/2 
between the original frequencies. 

When , and @, are almost equal the sine term has a frequency very close to 
both w; and w, whilst the cosine envelope modulates the amplitude 2a at a 
frequency (w2—;)/2 which is very slow. 

Acoustically this growth and decay of the amplitude is registered as ‘beats’ of 
strong reinforcement when two sounds of almost equal frequency are heard. 
The frequency of the ‘beats’ is (w2—«,), the difference between the separate 
frequencies (not half the difference) because the maximum amplitude of 2a 
occurs twice in every period associated with the frequency (w.— )/2. We 
shall meet this situation again when we consider the coupling of two oscillators 
in Chapter 3 and the wave group of two components in Chapter 4. 
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Superposition of Two Perpendicular Simple Harmonic Vibrations 
(1) Vibrations Having Equal Frequencies 


Suppose that a particle moves under the simultaneous influence of two simple 
harmonic vibrations of equal frequency, one along the x axis, the other along 
the perpendicular y axis. What is its subsequent motion? 

The displacements may be written 


x =a, sin (wt+ 1) 
y =a) sin (wt+ 2) 


and the path followed by the particle is formed by eliminating the time ¢ from 
these equations to leave an expression involving only x and y and the constants 


¢; and >. 
Expanding the arguments of the sines we have 


oe fins 7 
G, Sil wt cos $1 + cos wt sin 
1 
and 
a =sin wt cos 2+ cos wt sin dz 
2 
If we carry out the process 
2 2 
sin bs Z-sin ds) + (Zs &u— o0s 2) 
—sin @:——sin +(=cos 6,—— cos 2 
(= sin 62-2 sin dy) +(2 08 6, cos 
this will yield 
Zz y?_ 2Qxy 


ate ag, 008 (b2~ 1) =sin” (2~¢1) (1.3) 


which is the general equation for an ellipse. 
In the most general case the axes of the ellipse are inclined to the x and y 
axes, but these become the principal axes when the phase difference 


aoe 
daeia5 


Equation 1.3 then takes the familiar form 


that is, an ellipse with semiaxes a, and a>. 
If a; =a2=<a this becomes the circle 


x +y?=a’ 
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When 
d2— 61 =0, 277, 477 ete. 
the equation simplifies to 
a2 


=—x 
a ee 


which is a straight line through the origin of slope a2/a). 
Again for 62—, = 7, 37, 57 etc., we obtain 


a straight line through the origin of equal but opposite slope. 

The paths traced out by the particle for, various values of 6 = ¢2—¢; are 
shown in fig. 1.8 and are most easily demonstrated on a cathode ray oscillo- 
scope. 

When 


2— 1 =0, 7, 27 etc. 


and the ellipse degenerates into a straight line, the resulting vibration lies 
wholly in one plane and the oscillations are said to be plane polarized. 


asin(wf + $5) 


y 


x =a Sin(wh+ dy) $,- $, = 8 


Fig. 1.8. Paths traced by a system vibrating simultaneously in 

two perpendicular directions with simple harmonic motions of 

equal frequency. The phase angle 6 is the angle by which the y 
motion leads the x motion 
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Convention defines the plane of polarization as that plane perpendicular to the 
plane containing the vibrations. Similarly the other values of 


2-41 


yield circular or elliptic polarization where the tip of the vector resultant traces 
out the appropriate conic section. 


(Problems 1.13, 1.14, 1.15) 

*Polarization 

Polarization is a fundamental topic in optics and arises from the superposition 
of two perpendicular simple harmonic optical vibrations. We shall see in 
Chapter 7 that when 4 light wave is plane polarized its electrical field oscillation 
lies within a single plane and traces a sinusoidal curve along the direction of 
wave motion. Substances such as quartz and calcite are capable of splitting light 
into two waves whose planes of polarization are perpendicular to each other. 
Except in a specified direction, known as the optic axis, these waves have 
different velocities. One wave, the ordinary or O wave, travels at the same 


velocity in all directions and its electric field vibrations are always perpendicu- 
lar to the optic axis. The extraordinary or E wave has a velocity which is 


Optic axis Optic axis 


O vibration 


E vibration 
™y 


Calcite (-ve) Quartz (+ve) 


Fig. 1.9a, Ordinary (spherical) and extraordinary 
(ellipsoidal) wave surfaces in doubly refracting cal- 
cite and quartz. In calcite the E wave is faster than 
the O wave, except along the optic axis. In quartz 
the O wave is faster. The O vibrations are always 
perpendicular to the optic axis, and the O and E 
vibrations are always tangential to their wave sur- 
faces 


* This section may be omitted at a first reading. 
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direction-dependent. Both ordinary and extraordinary light have their own 
refractive indices, and thus quartz and calcite are known as doubly refracting 
materials. When the ordinary light is faster, as in quartz, a crystal of the 
substance is defined as positive, but in calcite the extraordinary light is faster 
and its crystal is negative. The surfaces, spheres and ellipsoids, which are the 
loci of the values of the wave velocities in any direction are shown in fig. 1.9(a), 
and for a given direction the electric field vibrations of the separate waves are 


Plane polarized 
light normally 
incident 
i O vibration 
Calcite L to plane of paper 
crystal —_ 
E vibration Optic 


OxIs 


Fig. 1.9b. Plane polarized light 

normally incident on a calcite 

crystal face cut parallel to its optic 

axis. The advance of the E wave 

over the O wave is equivalent to a 
gain in phase 


Calcite 


- crystal 
se, E (Optic axis) ra Onticlaxta 


Sinusoidal 
vibration of 
electric field 


E vibration 90° 
ahead in phase 
of O vibration 


Phase difference 
Causes rotation of 
resulting electric 
field vector 


Fig. 1.9c. The crystal of fig. 1.9c is thick enough to 

produce a phase gain of 7/2 radians in the E wave 

over the O wave. Wave recombination on leaving 
the crystal produces circularly polarized light 
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tangential to the surface of the sphere or ellipsoid as shown. Fig. 1.9(b) shows 
plane polarized light normally incident on a calcite crystal cut parallel to its 
optic axis. Within the crystal the faster E wave has vibrations parallel to the 
optic axis, while the O wave vibrations are perpendicular to the plane of the 
paper. The velocity difference results in a phase gain of the E vibration over the 
O vibration which increases with the thickness of the crystal. Fig. 1.9(c) shows 
plane polarized light normally incident on the crystal of fig. 1.9(b) with its 
vibration at an angle of 45° to the optic axis. The crystal splits the vibration into 
equal E and O components, and for a given thickness the E wave emerges with 
a phase gain of 90° over the O component. Recombination of the two 
vibrations produces circularly polarized light, of which the electric field vector 
now traces a helix in the anticlockwise direction as shown. 


(2) Vibrations Having Different Frequencies (Lissajous Figures) 


When the frequencies of the two perpendicular simple harmonic vibrations are 
not equal the resulting motion becomes more complicated. The patterns which 
are traced are called Lissajous figures and examples of these are shown in fig. 
1.10 where the axial frequencies bear the simple ratios shown and 


8=4.- b= 


If the amplitudes of the vibrations are respectively a and b the resulting 


af VV \l 


26 


LAAT 


Fig. 1.10. Simple Lissajous figures pro- 
duced by perpendicular simple harmonic 
motions of different angular frequencies 


LE 
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Lissajous figure will always be contained within the rectangle of sides 2a and 
2b. The sides of the rectangle will be tangential to the curve at a number of 
points and the ratio of the numbers of these tangential points along the x axis to 
those along the y axis is the inverse of the ratio of the corresponding 
frequencies (as indicated in fig. 1.10). 


Superposition of a Large Number n of Simple Harmonic Vibrations of Equal 
Amplitude a and Equal Successive Phase Difference 5 


Figure 1.11 shows the addition of n vectors of equal length a, each representing 
a simple harmonic vibration with a constant phase difference 6 from its 
neighbour. Two general physical situations are characterized by such a super- 
position. The first is met in Chapter 4 as a wave group problem where the phase 
difference 5 arises from a small frequency difference, dw, between consecutive 
components/The second appears in Chapter 10 where the intensity of optical 
interference and diffraction patterns are considered. There, the superposed 


Fig. 1.11. Vector superposition of a large number n of 
simple harmonic vibrations of equal amplitude a and equal 
successive phase difference 5. The amplitude of the resul- 
tant 


“Ss _ nd__ sinnd/2 

R=2rsin 2 =a sin 6/2 

and its phase with respect to the first contribution is given 
by a=(n—1) 6/2 
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harmonic vibrations will have the same frequency but each component will 
have a constant phase difference from its neighbour because of the extra 
distance it has travelled. 

The figure displays the mathematical expression 


R cos (wt+a)=a cos wtt+a cos (wt+5)+a cos (wt +285) 
+... +a cos (wt+[n—1]6) 


where R is the magnitude of the resultant and a is its phase difference with 
respect to the first component a cos wt. 
Geometrically we see that each length 


anleh 
a=2rsin 5 


where r is the radius of the circle enclosing the (incomplete) polygon. 
From the isosceles triangle OAC the magnitude of the resultant 


_ 5; nd__ sin nd/2 
R=2rsin 5) 7 e/D 


and its phase angle is seen to be 
a =OAB-OAC 


In the isosceles triangle OAC 


&ac=90°-™ 
2 

and in the isosceles triangle OAB 
OAB =90°— 5 


so 
= (90°-2)- (90-2) =(n-)3 


that is, half the phase difference between the first and the last contributions. 
Hence the resultant 

sin n6/2 
sin 6/2 


We shall obtain the same result later in this chapter as an example on the use of 
exponential notation. 

For the moment let us examine the behaviour of the magnitude of the 
resultant 


R cos (wt+a)=a cos [or+in—1)5] 


, sin n6/2 
sin 6/2 
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which is not constant but depends on the value of 6. When n is very large 6 is 
very small and the polygon becomes an arc of the circle centre O, of length 
na = A, with R as the chord. Then 


5 nd 
a=(n )o=5 
and 
6_a@ 
sins 57 


Hence, in this limit, 

sinnd/2___ sina sina Asina 
= = =na = 

sin 6/2 a/n a a 


The behaviour of A sin a/a versus a is shown in fig. 1.12. The pattern is 
symmetric about the value a = 0 and is zero whenever sin a = 0 except at a >0 


Cr A= 3 circumference 


Fig. 1.12. (a) Graph of A sin a/a versus a, showing the 
magnitude of the resultants for (b) a = 0; (c) a = 77/2; (d) 
a =and(e) a =37/2 


that is, when sin a/a > 1. When a = 0, 6 = O and the resultant of the n vectors is 
the straight line of length A, fig. 1.12(b). As 6 increases A becomes the arc of a 
circle until at a = 77/2 the first and last contributions are out of phase (2a = 77) 
and the arc A has become a semicircle of which the diameter is the resultant R 
fig. 1.12(c). A further increase in 6 increases a and curls the constant length A 
into the circumference of a circle (a = 7) with a zero resultant, fig. 1.12(d). At 
a =3n/2, fig. 1.12(e) the length A is now 3/2 times the circumference of a 
circle whose diameter is the amplitude of the first minimum. 


*Superposition of n Equal SHM Vectors of Length a with Random Phase 


When the phase difference between the successive vectors of the last section 


* This section may be omitted at a first reading. 


Simple and Damped Simple Harmonic Motion 23 
may take random values ¢ between zero and 27 (measured from the x axis) 
the vector superposition and resultant R may be represented by fig. 1.13. 


iy 


x 


Fig. 1.13. The resultant R = Vna of n vectors, 

each of length a, having random phase. This 

result is important in optical incoherence and in 

energy loss from waves from random dissipa- 
tion processes 


The components of R on the x and y axes are given by 


R, =a cos ¢, +a cos 62+ 4 cos $3... ..a COS dy, 


=a ¥ cos ¢; 
i=l 
and 
R,y=a¥ sin ¢; 
i=l 
where 
R?=Ri+R; - 


Now 


R?= a(S cos ,) 1") a(S cos? 4; ca cos $j 5 cos | 
inj 


In the typical term 2 cos #; cos ; of the double summation, cos 4; and cos 4; 
have random values between +1 and the averaged sum of sets of these 
products is effectively zero. 

The summation 


n 


Ss ty 
¥ cos” $;=ncos* & 


that is, the number of terms n times the average value cos” @ which is the 
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integrated value of cos’ over the interval zero to 2a divided by the total 
interval 27, or 


2 


+ TA 1 —— 
os b=5- | cos’ d db =5=sin’ , 


So 
Fe 
Pie a eee Nee ere cl 
Ri,=a° ¥, cos’ $;=na° cos b= 
i=l 
and 
n na® 
2 a) Ce Bee 
Ri=a* Vs sin? ¢; = na’ sin iar 5 
i=l 
giving 
R*=R2+R?=na’ , 
or 


R=Nna 


Thus the amplitude R of a system subjected to n equal simple harmonic 
motions of amplitude a with random phases is only Vna whereas, if the motions 
were all in phase R would equal na. 

Such a result illustrates a very important principle of random behaviour. 


(Problem 1.16) 


Applications 


(a) Incoherent sources in optics. The result above is directly applicable to the 
problem of coherence in optics. Light sources which are in phase are said to be 
coherent and this condition is essential for producing optical interference 
effects experimentally. If the amplitude of a light source is given by the quantity 
a its intensity is proportional to a*, n coherent sources have a resulting 
amplitude na and a total intensity n°a°. Incoherent sources have random 
phases, n such sources each of amplitude a have a resulting amplitude Vna and 
a total intensity of na°. 3 

(b) Random processes and energy absorption. From our present point of view 
the importance of random behaviour is the contribution it makes to energy loss 
or absorption from waves moving through a medium. We shall meet this in all 
the waves we discuss. Random processes, for example collisions between 
particles in Brownian motion, are of great significance in physics. Diffusion, 
viscosity or frictional resistance and thermal conductivity are all the result of 
random collision processes. These energy dissipating phenomena represent the 
transport of mass, momentum and energy, and change only in the direction of 
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increasing disorder. They are known as ‘thermodynamically irreversible’ pro- 
cesses and are associated with the increase of entropy. Heat, for example, can 
flow only from a body ata higher temperature to one at a lower temperature. 
Using the earlier analysis where the length a is no longer a simple harmonic 
amplitude but is now the average distance a particle travels between random 
collisions (its mean free path), we see that after n such collisions (with, on 
average, equal time intervals between collisions) the particle will, on average, 
have travelled only a distance Vna from its position at time t = 0, so that the 
distance travelled varies only with the square root of the time elapsed instead of 
being directly proportional to it. This is a feature of all random processes. 

Not all the particles of the system will have travelled a distance Vna but this 
distance is the most probable and represents a statistical average. 

Random behaviour is described by the diffusion equation (see the last section 
of Chapter 6) and a constant coefficient called the diffusivity of the process will 
always arise. The dimensions of a diffusivity are always length’/time and must 
be interpreted in terms of a characteristic distance of the process which varies 
only with the square root of time. 


Some Useful Mathematics 
The Exponential Series 


By a ‘natural process’ of growth or decay we mean a process in which a quantity 
changes by a constant fraction of itself in a given interval of space or time. A 5% 
per annum compound interest represents a natural growth law; attenuation 
processes in physics usually describe natural decay. 
The law is expressed differentially as 
a +adx or a. +adt 
where N is the changing quantity, a is a constant and the positive and negative 
signs represent growth and decay respectively. The gradients dN/dx or dN/dt 
are therefore proportional to the value of N at which the gradient is measured. 
Integration yields N= No e*“ or N=Noe*™ where No is the value at x or 
t=Oand e is the exponential or the base of natural logarithms. The exponential 
series is defined as 
x x x" 
e Sltxta tat fat ey 
and is shown graphically for positive and negative x in fig. 1.14. It is important 
to note that whatever the form of the index of the logarithmic base e, it is the 
power to which the base is raised, and is therefore always non-dimensional. 
Thus e“* is non-dimensional and « must have the dimensions of x _'. Writing 


(ax), (ax)? 


e*=1+ax+ ry 31 
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“ul x 


yze us ze 


fe) 


Fig. 1.14. The behaviour of the exponen- 
tial series y =e" and y=e * 


it follows immediately that 


eee 2a? a” 4 
a (e ‘sata xtarx 1 
r (ax)? (ax)? 
=a[ 1+ GuGe sa | 
=ae™ 
Similarly 
a 
S(e") = 07 e* 
dx 


In this chapter we shall use d(e")/dt=a e™ and d*(e")/dt? =a e" on a 
number of occasions. 

By taking logarithms it is easily shown that ee’ =e 
log. e* +log. e” =x+y. 


“+9 since log. (e* e”) = 


The Notation i= v=1 


The combination of the exponential series with the complex number notation 
i=V-1 is particularly convenient in physics. Here we shall show the 
mathematical convenience in expressing sine or cosine (oscillatory) behaviour 
in the form e* =cos x +i sin x. 

In Chapter 2 we shall see the additional merit of i in its role _of vector 


operator . 


The series representation of sin x is written 
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and that of cos x is 
[ene 
cosx=1— T+ er: 


Since 
i=V-1,?=-1,°=-i 
etc., we have 
(ix)? | (ix)? | Gix)* 
pies Si al 


ix 


e*=1+ix 


=cos x+i sin x 
We also see that 


d ; : 2 
Gy )= ie" =icos x—sin x 


Often we shall represent a sine or cosine oscillation by the form e and recover 
the original form by taking that part of the solution preceded by i in the case of 
the sine, and the real part of the solution in the case of the cosine. 

Examples 


(1) In simple harmonic motion (%+@*x=0) let us try the solution x= 


e e'®, where a is a constant length, and ¢ (and therefore e*) is a constant. 
dx 
—~=x=iwa ee” =iwx 
dt 
dx : 
—5=*=i'w'a ee” el = —w"*x 
dt 


Therefore 


jot ib i(wt+d) 


=a cos(wt+d)+ia sin (wt+d) 


is a complete solution of ¥ +x =0. 
On page 5 we used the sine form of the solution; the cosine form is equally 
valid and merely involves an advance of 7/2 in the phase @. 


(2) 


28 The Physics of Vibrations and Waves 
‘Phe ee x ae 
e =e =2i(x-4 +5...) =2isinx 


(3) On page 20 we used a geometrical method to show that the resultant of 
the superposed harmonic vibrations 


acos wt +a cos (wt+5)+a cos (wt+25)+ ... +a cos (wt +[n—1]6) 
sin n6/2 { (3) } 
=a——— 1+ (——) 8 
eaine/2 ee Ne 
We can derive the same result using the complex exponential notation by 


expressing the series as the geometric progression 


iwt iLor+(n—1)8] 


ae“ +ae"™ +4 


=ae(1t+e* +e + sl ery 


iCcor +26) toe 


a se (a ag el” ) ae int ral Ca) 
. (1-e”) U2 Fg) 
= Hort{in—1)/2)6y8in n6/2 
a sin 6/2 
n—1),)sin nd/2 
-voulwe(ts ha 
a cos {or 5 CTE 


where we have recovered the original cosine term from the complex exponen- 
tial notation. 


(Problem 1.17) 
(4) Suppose we representa harmonic oscillation by the complex exponential 


form 


z=ae™ 


where a is the amplitude. Replacing i by —i defines the complex conjugate 


The use of this conjugate is discussed more fully in Chapter 2 but here we can 
note that the product of a complex quantity and its conjugate is always equal to 
the square of the amplitude for 


2 jot mia 2 ,liriot _ 2 0 


zz*=a ae ae 
z 
=a 


(Problem 1.18) 
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Damped Simple Harmonic Motion 


Initially we discussed the case of ideal simple harmonic motion where the total 
energy remained constant and the displacement followed a sine curve, appar- 
ently for an infinite time. In practice some energy is always dissipated by a 
resistive or viscous process; for example, the amplitude of a freely swinging 
pendulum will always decay with time as energy is lost. The presence of 
resistance to motion means that another force is active, which is taken as being 
proportional to the velocity. Like the stiffness force it always acts in a direction 
opposite to that of the acceleration term (see fig. 1.15) and the new balance of 
forces, or equation of motion, becomes 
MX = —sx—1X 

where r is the constant of proportionality and has the dimensions of force per 
unit of velocity. The presence of such a term will always result in energy loss. 


Frictional ~ 7x 
force 
Fig. 1.15. Simple harmonic motion system with a 
damping or frictional force rx acting against the 
direction of motion. The equation of motion is 
mx + rx +sx =0 


The problem now is to find the behaviour of the displacement x from the 
equation 
mx +r¥+sx =0 (1.4) 


where the coefficients m, r and s are constant. 

When these coefficients are constant a solution of the form x = Ce“ can 
always be found. Obviously, since an exponential term is always nondimen- 
sional, C has the dimensions of x (a length, say) and a has the dimensions of 
inverse time, T~'. We shall see that there are three possible forms of this 
solution, each describing a different behaviour of the displacement x with time. 
In two of these solutions C appears explicitly as a constant length, but in the 
third case it takes the form 

C=A+Bt* 


* The number of constants allowed in the general solution of a differential equation is 
_always equal to the order (that is the highest differential coefficient) of the equation. 
The two values A and B are allowed because equation (1.4) is second order, The 
values of the constants are adjusted to satisfy the initial conditions. 
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where A is a length, B is a velocity and t is a time, giving C the overall 
dimensions of a length, as we expect. From our point of view this case is not the 
most important. 

Taking C as a constant length gives x=aCe™ and <=a°Ce™, so that 
equation (1.4) may be rewritten 

Ce“(ma’+rat+s)=0 
so that either 
x=Ce™=0 (whichis trival) 
or 
ma*t+rat+s=0 . 


Solving the quadratic equation in a gives 


Note that r/2m and (s/m)'/”, and therefore, a, all have the dimensions of 
inverse time, T-', which we expect from the form of e™. 
The displacement can now be expressed as x =Ce 
where the bracket (r?/4m*—s/m) can be positive, zero or negative depend- 
ing on the relative magnitude of the two terms inside it. Each of these 
conditions gives one of the three possible solutions referred to earlier and each 
solution describes a particular kind of behaviour. We shall discuss these 
solutions in order of increasing significance from our point of view; the third 
solution is the one we shall concentrate upon throughout the rest of this book. 
The conditions are: 


=nt/2me(r2/4m2—s/m)'/20 


(1) Bracket positive (r°/4m?>s/m). Here the damping resistance term 
r’/4m? dominates the stiffness term s/m, and heavy damping results in a dead 
beat system. 

(2) Bracket zero (r?/4m 2= s/m). The balance between the two terms results in 
a critically damped system. 


Neither (1) nor (2) gives oscillatory behaviour. 
(3) Bracket negative (r°/4m*<s/m). The system is lightly damped and gives 
oscillatory damped simple harmonic motion. 
Case 1. Heavy Damping 
Writing r/2m =p and (r?/4m?—s/m)'/? =q, we can replace 
x= (e: Fes hs Sais AN 
by 
x=e(C,e™+ Qe") 


where the C; s are arbitrary in value but have the same dimensions as C (note 
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that two separate values of C are allowed because the differential equation 
(1.4) is second order), 
If now F= C,+C, and G= C, — C), the displacement is given by 


% mer [Fcet te" +S(e"—e™] 
2 e 
or 
x=e "(F cosh qt+G sinh qt) 


This represents non-oscillatory behaviour, but the actual displacement will 
depend upon the initial (or boundary) conditions, that is, the value of x at time 
t=0. If x=0 at t=0 then F=0, and 


ae - a s 1/2 
x=Ge "sinh ( 2-) t 
4m” m 


Fig. 1.16 illustrates such behaviour when a heavily damped system is disturbed 
from equilibrium by a sudden impulse (that is, given a velocity at t= 0). It will 


2 
Heavy damping <-> = 
y Pp ae m 


7 increasing 


Displacement 


Time 


Fig. 1.16. Non-oscillatory behaviour of 

damped simple harmonic system with 

heavy damping (where r?/4m?>s/m) 

after the system has been given an impulse 
from a rest position x =0 


return to zero displacement quite slowly without oscillating about its equilib- 
rium position. More advanced mathematics shows that the value of the velocity 
dx/dt vanishes only once so that there is only one value of maximum displace- 
ment. 


(Problem 1.19) 


Case 2. Critical Damping (r?/4m? = s/m) 


Using the notation of Case 1, we see that q=0 and that x = Ce ™. This is, in 
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fact, the limiting case of the behaviour of Case 1 as q changes from positive to 
negative. In this case the quadratic equation in @ has equal roots, which, in a 
differential equation solution, demands that C must be written C= A + Bt, 
where A is a constant length and B a given velocity which depends on the 
boundary conditions. It is easily verified that the value 


x=(A+Bt)e"?"=(A+Bie™ 
satisfies mi + rx +sx =0 when r?/4m?= s/m. 


(Problem 1.20) 


Application to a Ballistic Galvanometer 


Critical damping is of practical importance in recording instruments such as 
ballistic galvanometers which experience sudden impulses and are required to 
return to zero displacement in the minimum time. Suppose such a galvano- 
meter has zero displacement at t = 0 and receives a quantity of electric charge 
which gives its light spot an initial velocity V over a linear scale. 

Then x =0 (so that A =0) and x = V at t= 0. However, 


X=B[(—pte “+e "]=Batt=0 
so that B= V and the complete solution is 
x=Vte™ 


The maximum displacement x occurs when the instrument light spot comes 
to rest before returning to zero displacement. At maximum displacement 


x=Ve"(1—pt)=0 
thus giving (1 —pt) =0, ie. t=1/p. 


Displacement 


Critical 
damping 


aie 


f°) 7220 Time 
Fig. 1.17. Limiting case of non-oscillatory 
behaviour of damped simple harmonic sys- 
tem where r?/4m° = s/m (critical damping) 
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At this time the displacement is therefore 
= Nae 
x=Vte"=—e! 


=0:36 are 


The curve of displacement versus time is shown in fig. 1.17; the return to zero in 
a critically damped system is reached in minimum time. 


Case 3. Damped Simple Harmonic Motion 


When r?/4m?<s/m the damping is light, and this gives from the present point 
of view the most important kind of behaviour, oscillatory damped simple 
harmonic motion. 

The expression (r°/4m°—s/m)'’ is an imaginary quantity, the square root 
of a negative number, which can be rewritten 


(4 ia s\" (4 i” J. 
+ -+) =+,-1(=-—, 
4mm m 4m 


s ryip 
-+i(—--) (where i= ¥—1) 


so that the displacement 
x= Ceven Ps areal aia aad 

The bracket has the dimensions of inverse time, that is, of frequency, and can 
be written (s/ ota “amy *=w', so that the second exponential becomes 
e’”'=cos w't+isin w't. This shows that the behaviour of the displacement x is 
oscillatory with a new frequency w'<w=(s/m)'/’, the frequency of ideal 
simple harmonic motion. To compare the behaviour of the damped oscillator 
with the ideal case we should like to express the solution in a form similar to 
x =A sin (w't+) as in the ideal case, where w has been replaced by w’. 

We can do this by writing 


x= Cem exe 
= Ri feud (2A soe ca G en) j 
If we now choose 


and 
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where A and ¢ (and thus e) are constants which depend on the motion at 
t=0, we find after substitution 


cout [elo _g-Heo'rton 
x=Ae a 
2i 


=Ae”?" sin (w't+) 


This procedure is equivalent to imposing the boundary condition x = A sin @ 
at t=0 upon the solution for x. The displacement therefore varies sinusoidally 
with time as in the case of simple harmonic motion, but now has a new 
frequency 


= : 
“2” 4 term which 


and its amplitude A is modified by the exponential term e 
decays with time. 

If x =0 at t=0 then ¢ = 0; fig. 1.18 shows the behaviour of x with time, its 
oscillations gradually decaying with the envelope of maximum amplitudes 
following the dotted curve e ””. The constant A is obviously the value to 
which the amplitude would have risen at the first maximum if no damping were 


present. 


“fee 
2m 


Displacement 


Fig. 1.18. Damped oscillatory 
motion where s/m>r°/4m?. The 


amplitude decays with e "’””, and 


the reduced angular frequenc; is 
given byw” =s/m—r’/4m 


The presence of the force term rx in the equation of motion therefore 
introduces a loss of energy which causes the amplitude of oscillation to decay 
with time as e /*”. 


(Problem 1.21) 
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Methods of Describing the Damping of an Oscillator 


Earlier in this chapter we saw that the energy of an oscillator is given by 
E= 3ma*o* = 3sa> 


that is, proportional to the square of its amplitude. 
We have just seen that, in the presence of a damping force rx the amplitude 
decays with time as 
en 


so that the energy decay will be proportional to 

(2m 
that ise”. The larger the value of the damping force r the more rapid the 
decay of the amplitude and energy. Thus we can use the exponential factor to 
express the rates at which the amplitude and energy are reduced. 


(1) Logarithmic Decrement 


This measures the rate at which the amplitude dies away. Suppose in the 
expression 


x=Ae”™ sin (w't+) 
we choose 
d=7/2 
and we write 
x=Age”" cos w't 
with x = Ao at t=0. Its behaviour will follow the curve in fig. 1.19. 


If the period of oscillation is 7’ where w'= 27/7’ then one period later the 
amplitude is given by 


AaestAs el/2me 
so that 
Ao _ or'/2m _ Po 
Ay 
where 
r Ao 
5 =—7' = log. — 
2m Be A, 


is called the logarithmic decrement. It is the logarithm of the ratio of two 
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amplitudes of oscillation which are separated by one period, the larger amp- 
litude being the numerator since eS 1, 


Fig. 1.19. The logarithmic ratio of any two amplitudes one 
period apart is the logarithmic decrement, defined as 6 = 
loge (An/An+1)=17'/2m 


Similarly 
Ao _ r(2r')/2m _ 26 
—=e =e 
A2 
and 
Ao _ gv 
An 


Experimentally the value of 6 is best found by comparing amplitudes of 
oscillations which are separated by n periods. The graph of 


Ao 
1 — 
Og. i 
versus n for different values of n has a slope 6. 


(2) Relaxation Time or Modulus of Decay 


Another way of expressing the damping effect is by means of the time taken for 
the amplitude to decay to 


e '=0-368 
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of its original value Ao. This time is called the relaxation time or modulus of 
decay and the amplitude 


=n/2 =i 
AeaApe = Ape 


at a time t=2m/r. 

Measuring the natural decay in terms of the fraction e ' of the original value 
is a very common procedure in physics. The time for a natural decay process to 
reach zero is, of course, theoretically infinite. 


(Problem 1.22) 


(3) The Quality Factor or Q-value of a Damped Simple Harmonic Oscillator 


This measures the rate at which the energy decays. Since the decay of the 
amplitude is represented by 


A=Aje 2" 


the decay of energy is proportional to 


Ata Aree? 
and may be written 
E= Eo emt 
where Ep is the energy value at t= 0. 
The time for the energy E to decay to Eo e | is given by t= m/r seconds 


during which time the oscillator will have vibrated through 'm/r radians. 
We define the quality factor 


om 
q=-"" 
r 


as the number of radians through which the damped system oscillates as its 
energy decays to 


E=E,e' 


In general Q is very large so the damping resistance r is very small and 


ahs r 
m. 4m? 


so that 
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Thus we write, to a very close approximation, 


@om 
r 


Q= 


which is a constant of the damped system. 
Since r/m now equals wo/Q we can write 


E=E efrim)t — Eo evo 
The fact that O is a constant (=wom/r) implies that the ratio 


energy stored in system 
energy lost per cycle 


is also a constant, for 


_Q _wom_ vom 
2a lar fr 


is the number of cycles (or complete oscillations) through which the system 
moves in decaying to 


E=E,e"' 
and if 
E = Eo ena 


the energy lost per cycle is 
-apa Lye ogt 
m mov 


where dt=1/v'=7’, the period of oscillation. 
Thus the ratio 


energy storedin system FE _v'm_vom 


energy lost per cycle --dE r 
Q 


“2n 


In the next chapter we shall meet the same quality factor O in two other 
roles, the first as a measure of the power absorption bandwidth of a damped 
oscillator driven near its resonant frequency and again as the factor by which 
the displacement of the oscillator is amplified at resonance. 


Example on the Q-value of a Damped Simple Harmonic Oscillator 


An electron in an atom which is freely radiating power behaves as a damped 
simple harmonic oscillator. 
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If the radiated power is given by P= q°w x9/12aeoc° watts at a wavelength 
of 0-6 microns (6000 A), show that the Q-value of the atom is about 10° and 
that its free radiation lifetime is about 10° sec (the time for its energy to decay 
toe ' of its original value). 


q=1-6x 10 '° coulombs 
1/47€9=9X 10° metres farad' 
m, =9x 10°"! kilograms 
c=3x 10" metres sec ' 
Xo = maximum amplitude of oscillation. 


The radiated power P is —v dE, where dE i is the energy loss per cycle, and the 
energy of the oscillator is given by E = Fm.w Xo. 

Thus Q = 27E/—dE = v1m,w’x9/P, and inserting the values above with 
w= 2arv = 2mc/A, where the wavelength A is given, yields a Q value of 
~5x 10’. 

The relation Q = wt gives 1, the radiation lifetime, a value of ~10 * sec 


Energy Dissipation 
We have seen that the presence of the resistive force reduces the amplitude of 
oscillation with time as energy is dissipated. 
The total energy remains the sum of the kinetic and potential energies 
E= mx? +5sx* 
Now, however, dE/dt is not zero but negative because energy is lost, so that 


dE nae 
= Ebi? +38x°) = ¥(m¥ + sx) 


=X(—rk) for mx+ré+sx=0 


ie. dE/dt =—rx*, which is the rate of doing work against the frictional force 
(dimensions of force x velocity = force x distance/time). 


(Problems 1.23, 1.24) 


Damped SHM in an Electrical Circuit 


The force equation in the mechanical oscillator is replaced by the voltage 
equation in the electrical circuit of inductance, resistance and capacitance (fig. 
1.20). 

We have, therefore, 


dI 


q 
> Pedi <a ad 
dt Cc : 
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IR 

Fig. 1.20. Electrical circuit of inductance, capaci- as os 
tance and resistance capable of damped simple har- ts Z 
monic oscillations. The sum of the voltages around aa = 
the circuit is given from Kirchhoff’s law as Cu 

dl q 

| eta a! Gee 
ar Cc 24 
LY +IR+%=0 


or 
Lg+Rq+4=0 
ic 
and by comparison with the solutions for x in the mechanical case we know 


immediately that the charge 
~Rt/2L4(R2/4L2-1/LC)1/24 


4q= qe 
which, for 1/LC>R?/4L’, gives oscillatory behaviour at a frequency 
Re 
Gah? 


From the exponential decay term we see that R/L has the dimensions of 
inverse time T~' or w, so that wL has the dimensions of R, that is, wL is 
measured in ohms. 

Similarly, since w°* =1/LC, wl =1/@C, so that 1/wC is also measured in 
ohms. We shall use these results in the next chapter. 


(Problems 1.25, 1.26, 1.27) 


eee 


Problem 1.1 


The equation of motion 


mi =—sx with w*?=— 


applies directly to the system in Fig. 1.1(c). 

If the pendulum bob of fig. 1.1(a) is displaced a small distance x show that the stiffness 
(restoring force per unit distance) is mg/! and that w* = g/l where g is the acceleration 
due to gravity. Now use the small angular displacement 0 instead of x and show that w is 
the same. 


In fig. 1.1(b) the angular oscillations are rotational so the mass is replaced by the 
moment of inertia I of the disc and the stiffness by the restoring couple of the wire which 
is C per radian of angular displacement. Show that w* = I/c. 
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In fig. 1.1(d) show that the stiffness is 2T/] and that w? = 2T/Im. 


In fig. 1.1(e) show that the stiffness of the system is 2pg and that w* = 2¢/I where g is the 
acceleration due to gravity. 


In fig. 1.1(f) only the gas in the flask neck oscillates, behaving as a piston of mass pAl. If 
the pressure changes are calculated from the equation of state use the adiabatic relation 
pV” =constant and take logarithms to show that the pressure change in the flask is 


dV Ax 
dp=—y =— PT, 


Vv 


where x is the gas displacement in the neck. Hence show that w* = ypA/IpV. Note that 
yp is the stiffness of a gas (see Chapter 5). 


In fig. 1.1(g), if the cross-sectional area of the neck is A and the hydrometer is a distance 
x above its normal floating level, the restoring force depends on the volume of liquid 
displaced, (Archimedes’ principle). Show that wo? = gpA/m. 


Check the dimensions of w? for each case. 


Problem 1.2 
Show by the choice of appropriate values for A and B in equation (1.2) that equally 
valid solutions for x are 
x=acos(wtt+d) 
=asin(wt—) 
xX =acos (wt—) 


and check that these solutions satisfy the equation 
¥+w*x=0 


Problem 1.3 
The pendulum in fig. 1.1(a) swings with a displacement amplitude a, If its starting point 
from rest is 


(a) 
(b) 
(c) 
(d) 
(e) 


find the different values of the phase constant ¢ for the solutions 


x=asin(wt+¢) 
x =a cos (wtt+ d) 
x=asin(wt—¢) 
x =a cos (wt—) 


Problem 1.4 


Show that the values of w? for the three simple harmonic oscillations (a), (b), (c) in the 
diagram are in the ratio 1: 2: 4. 
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(b) (c) 


Problem 1.5 


The displacement of a simple harmonic oscillator is given by 
x=asin(wt+) 


If the oscillation started at time t = 0 from a position xo with a velocity X = vp show that 
tan b = wx/ vo 


and 


a=(xp+v6/w")'? 


Problem 1.6 

A particle oscillates with simple harmonic motion along the x axis with a displacement 
amplitude a and spends a time dt in moving from x to x +dx. Show that the probability 
of finding it between x and x +dx is given by 


dx 


ma?—x?)'? 


(in wave mechanics such a probability is not zero for x >a). 


Problem 1.7 

Many identical simple harmonic oscillators are equally spaced along the x axis of a 
medium and a photograph shows that the locus of their displacements in the y direction 
is a sine curve. If the distance A separates oscillators which differ in phase by 27r radians 
what is the phase difference between two oscillators a distance x apart. 


Problem 1.8 


A mass stands on a platform which vibrates simple harmonically ina vertical direction at 
a frequency of 5 hertz. Show that the mass loses contact with the platform when the 
displacement exceeds 10°? meters. 


Problem 1.9 


A mass M is suspended at the end of a spring of length / and stiffness s. If the mass of the 
spring is m and the velocity of an element dy of its length is proportional to its distance y 
from the fixed end of the spring, show that the kinetic energy of this element is 


(roy) 

=(2 gy}( = 

PNT 
where v is the velocity of the suspended mass M. Hence, by integrating over the length 
of the spring, show that its total kinetic energy is imv? and, from the total energy of the 
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oscillating system, show that the frequency of oscillation is given by 
2 Ss 


oe Tae m/3 
Problem 1.10 


The general form for the energy of a simple harmonic oscillator is 
E =} mass (velocity)” +} stiffness (displacement)? 


Set up the energy equations for the oscillators in fig. 1.1(a), (b), (c), (d), (e), (f) and (g), 
and use the expression 
gE _ 
dt 
to derive the equation of motion in each case. 
Problem 1.11 
The displacement of a simple harmonic oscillator is given by x = a sin wt. If the values of 
the displacement x and the velocity x are plotted on perpendicular axes, eliminate t to 
show that the locus of the points (x, £) is an ellipse. Show that this ellipse represents a 
path of constant energy. 
Problem 1,12 


In Chapter 10 the intensity of the pattern when light from two slits interfere (Young's 
experiment) will be seen to depend on the superposition of two simple harmonic 
oscillations of equal amplitude a and phase difference 5. Show that the intensity 


I = R* = 4a’ cos? 6/2 
Between what values does the intensity vary? 


Problem 1.13 
Carry out the process indicated in the text to derive equation (1.3) on page 15. 


Problem 1.14 
The co-ordinates of the displacement of a particle of mass m are given by 


0 


x=asin wt 
y=bcoswt 


Eliminate ¢ to show that the particle follows an elliptical path and show by adding its 
kinetic and potential energy at any position x, y that the ellipse is a path of constant 
energy equal to the sum of the separate energies of the simple harmonic vibrations. 

Prove that the quantity m(xj— yx) is also constant. What does this quantity rep- 
resent? 


Problem 1.15 


Two simple harmonic motions of the same frequency vibrate in directions perpendicular 
to each other along the x and y axes. A phase difference 


6=$2- $1 


exists between them such that the principal axes of the resulting elliptical trace are 
inclined at an angle to the x and y axes. Show that the measurement of two separate 
values of x (or y) is sufficient to determine the phase difference. 
(Hint: use equation (1.3) and measure y(max), and y for x =0.) 
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Problem 1.16 
There are 21 values sin ¢;, in the set 
sin @, =+1,+0.9, +0.8...0. 

Take a random group of n values from this set and form the product 

¥ sing ¥ sin d; 

i=1 j=l 
ix} 


Show that the average value obtained for several such groups is negligible with respect 
to n/2. 


Problem 1.17 
Use the method of example (3) (page 28) to show that 
asin wt+a sin (wt+6)+a sin (wt+25)+...+a sin [wt +(n— 1)6] 
(n- 25; nd/2 
2 sin 6/2 


=asin [ort 
Problem 1.18 
If we represent the sum of the series 
acos wt +a cos (wt +5) +a cos (wt+25)+ ,.. +a cos[wt+(n— 1)8] 
by the complex exponential form 
z=ae(1+e® +e +... +e") 
show that 
ae qi nd/2 
sin® 6/2 
Problem 1.19 


The heavily damped simple harmonic system of fig. 1.16 is displaced a distance F from 
its equilibrium position and released from rest. Show that its displacement is given by 


x=aFeor cosh ( r+) 
4m> m 


and sketch the value of its displacement versus time. 
Problem 1.20 
Verify that the solution 
x=(A+Bye"™ 

satisfies the equation 

mk + 1x +sx =0 
when 

r’/4m?=s/m. 
Problem 1.21 


Show that the boundary condition x= A cos @ at t=0 imposed upon the general 
solution 


x=e"(C, e"'+C, e") 
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for damped simple harmonic motion, requires 
A Nap 
Con == 0 and a=7e od 


Problem 1.22 

A capacitance C with a charge qo at t= 0 discharges through a resistance R. Use the 
voltage equation q/C+JR =0 to show that the relaxation time of this process is RC 
seconds, that is, 

qG=4% eRe 

(Note that t/RC is non-dimensional.) 


Problem 1.23 
The frequency of a damped simple harmonic oscillator is given by 


(a) If w3-w=10~°ws show that Q=500 and that the logarithmic decrement 6 = 
17/500. 

(b) If @)=10° and m=10"'’kilograms show that the stiffness of the system is 
100 newtons metre~', and that the resistive constant r is 2-10~’ newton seconds 
metre '. 

(c) If the maximum displacement at t= 0 is 10°? metres show that the energy of the 
system is 5-10~* joules and the decay to e~' of this value takes 0-5 milliseconds. 

(d) Show that the energy loss in the first cycle is 277 - 10 * joules. 


Problem 1.24 

Show that the fractional change in the resonant frequency wo(w, = s/m) of a damped 
simple harmonic mechanical oscillator is ~(8Q)' where Q is the quality factor. 
Problem 1.25 

Show that the quality factor of an electrical LCR series circuit is Q = woL/R where 
w=1/LC 

Problem 1.26 


A plasma consists of an ionized gas of ions and electrons of equal number densities 
(n, =n, =n) having charges of opposite sign +e, and masses m, and m, respectively, 
where m,>m,. Relative displacement between the two species sets up a restoring 


-xX~ 


++ etetette 
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electric field which returns the electrons to equilibrium, the ions being considered 
stationary. In the diagram a plasma slab of thickness / has all its electrons displaced a 
distance x to give a restoring electric field E = nex/€, where €, is constant. Show that 
the restoring force per unit area on the electrons is xn*e*//€, and that they oscillate 
simple harmonically with angular frequency w,3= ne*/m,€y. This frequency is called the 
electron plasma frequency, and only those radio waves of frequency w>, will 
propagate in such an ionized medium. Hence the reflection of such waves from the 
ionosphere. 


Problem 1.27 

A simple pendulum consists of a mass m at the end of a string of length / and performs 
small oscillations. The length is very slowly shortened whilst the pendulum oscillates 
many times at a constant amplitude /@ where @ is very small. Show that if the length is 
changed by —Al the work done is —mg Al (owing to the elevation of the position of 
equilibrium) together with an increase in the pendulum energy 


@ sas 
AE = (meS;— mid) a1 


where @? is the average value of 67 during the shortening. If @ = @o cos wt show that 
the energy of the pendulum at any instant may be written 


Ex” tp 2 

and hence show that 
Bee Lao 
E Zaks ae 


that is E/v, the ratio of the energy of the pendulum to its frequency of oscillation 
remains constant during the slowly changing process. (This constant ratio under slowly 
varying conditions is important in quantum theory where the constant is written as a 
multiple of Planck’s constant, h.) 


Summary of Important Results 


Simple Harmonic Oscillator (mass m, stiffness s, amplitude a) 
Equation of motion x +w°x =0 where w= s/m 
Displacement x =a sin (wt+¢) 

Energy = 4 mx? +4 sx? =} mw? a? = 5 sa” = constant 


Superposition (Amplitude and Phase) of two SHMs 

One-dimensional 

Equal , different amplitudes, phase difference 6, resultant R where 
R*=ai+a3+2a,a> cos 6 
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Different , equal amplitude, 
xX =x,+x2=a(sin w,t+sin wt) 


=2a sin rey “22 o9s ere oe 


Two-dimensional: perpendicular axes 
Equal w, different amplitude—giving general conic section 
2 2 
x 2x f 
%+4-— cos (b:~o1) =sin*(b2- #1) 


a, a aja 


(basis of optical polarization) 


Superposition of n SHM Vectors (equal amplitude a, 
constant successive phase difference 6) 


The resultant is R cos (wt+a), where 


mi sin n6/2 
sin 6/2 


and 
a=(n—1)6/2 


Important in optical diffraction and wave groups of many components 


Damped Simple Harmonic Motion 


Equation of motion mxX + rx + sx =0 
Oscillations when 


2 


s r 


ary 2 
m 4m” 


Displacement x =A e-/?" cos (w't +) where 


Amplitude Decay 


Logarithmic decrement 5—the logarithm of the ratio of two successive amp- 
litudes one period 7’ apart 


A, fs’ 


Ani 2m 


5 =log. 
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Relaxation time 
Time for amplitude to decay to A = Ao e "= Aye ', that is, t=2m/r 


Energy Decay 


Quality factor Q is the number of radians during which energy decreases to 
E=Eye' 
@om energy stored in system 
=L£T7 
r energy lost per cycle 


E=Eje""=Eye| when Q= ant 
In damped SHM 


dE 
ape (mx +sx)x=—rx* (work rate of resistive force) 


For equivalent expressions in electrical oscillators replace m by L, r by R and s 
by 1/C. Force equations become voltage equations. 


Chapter 2 


The Forced Oscillator 


The Operation of i upon a Vector 


We have already seen that a harmonic oscillation can be conveniently rep- 
resented by the form e“”. In addition to its mathematical convenience i can also 
be used as a vector operator of physical significance. We say that when i 
precedes or operates on a vector the direction of that vector is turned through a 
positive angle (anticlockwise) of 7/2, i.e. i acting as an operator advances the 
phase of a vector by 90°. The operator —i rotates the vector clockwise by 7/2 
and retards its phase by 90°. The mathematics of i as an operator differs in no 
way from its use as V—1 and from now on it will play both roles. 

The vector r=a+ib is shown in fig. 2.1, where the direction of b is 
perpendicular to that of a because it is preceded by i. The magnitude or 
modulus of r is written 

r=(rl =(a2+b?)"? 


and 
r=(a°>+b*)=(a+ib)(a—ib) =rr*, 
where (a—ib) =r* is defined as the complex conjugate of (a+ ib), that is, the 


sign of i is changed. 
The vector r* = a—ib is also shown in fig. 2.1. 


rere* 
ir sin b 


rcos p 


oS ¢ 
=ré 


Fig. 2.1. Vector representation using i operator 
and exponential index. Star superscript indicates 
complex conjugate where —i replaces i 
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The vector r can be written as a product of its magnitude r (scalar quantity) 
and its phase or direction in the form (fig. 2.1) 


r=re*=r(cos @ +isin¢) 
=atib 
showing that a=rcos $ and b=rsin ¢. 
It follows that 
cos ee 
r (a +b’)! - 
and 
sin ee la 
s (a*+b’)' 4 


giving tan @ = b/a. 


Similarly 
r*=re '*=r(cos d—isin d) 
Canad mig nidimcan crandneatae ae th 
r r a 
Vector form of Ohm’s Law 


Ohm’s Law is first met as the scalar relation V= JR, where V is the voltage 
across the resistance R and J is the current through it. Its scalar form states that 
the voltage and current are always in phase. Both will follow a sin (wt + #) or a 
cos (wt+¢) curve, and the value of @ will be the same for both voltage and 
current. 

However the presence of either or both of the other two electrical compo- 
nents, inductance L and capacitance C, will introduce a phase difference 
between voltage and current, and Ohm’s Law takes the vector form 


V=IZ., 


Fig. 2.2a. An electrical forced oscillator. 

The voltage V, is applied to the series 

LCR circuit giving V,=LdI/dt+ 
IR+q/C 
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where Z,, called the impedance, replaces the resistance, and is the vector sum of 
the effective resistances of R, L, and C in the circuit. 

When an alternating voltage V,, of frequency w is applied across a resistance, 
inductance and condenser in series as in fig. 2.2a, the balance of voltages is 
given by 


V.=1R+ LS g/C 


and the current through the circuit is given by I = Ip e'*". The voltage across the 
inductance 
Vi =19=15h e' = iwL Ip e =i vLI 

But wL, as we saw at the end of the last chapter, has the dimensions of ohms, 
being the value of the effective resistance presented by an inductance L to a 
current of frequency w. The product wLI with dimensions of ohms times 
current, i.e. volts, is preceded by i; this tells us that the phase of the voltage 
across the inductance is 90° ahead of that of the current through the circuit. 

Similarly the voltage across the condenser is 

oa 1 jot 9, pi iwt et ig 
$-2[rar=Zto[e dt=TGloe = oC 
(since 1/i=-—i). 

Again 1/wC, measured in ohms, is the value of the effective resistance 
presented by the condenser to the current of frequency w. Now however, the 
voltage I/wC across the condenser is preceded by —i and therefore lags the 
current by 90°. The voltage and current across the resistance are in phase and 
fig. 2.2b shows that the vector form of Ohm’s Law may be written V=IZ, =I 
[R +i(wL —1/C)], where the impedance Z, = R +i(wL —1/wC). The quan- 
tities wl and 1/wC are called reactances because they introduce a phase 
relationship as well as an effective resistance, and the bracket (wL — 1/@C) is 
often written X,, the reactive component of Z,. 


i 
i Z, 
= - siut-SiL 3 fine Uwl-z5) 
_ 24 R 


Fig. 2.2b. Vector addition of resistance and reactances to give the 
electrical impedance Z, = R + i(wL —1/wC) 


The magnitude, in ohms, i.e. the value of the impedance, is 


. 1 \2712 
= + See, 
4 [x (wt = | 
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and the vector Z, may be represented by its magnitude and phase as 
Z, =Z, e* =Z, (cos ¢ +isin $) 


so that 
R sh 
EN ee eT 
and 
tan@=X./R 


where ¢ is the phase difference between the total voltage across the circuit and 
the current through it. 

The value of # can be positive or negative depending on the relative value of 
wL and 1/wC: when wl > 1/wC, ¢ is positive, but the frequency dependence 
of the components shows that @ can change both sign and size. 

The magnitude of Z, is also frequency dependent and has its minimum value 
Z,. = R when wL = 1/aC. 


The Impedance of a Mechanical Circuit 


Exactly similar arguments hold when we consider not an electrical oscillator 
but a mechanical circuit having mass, stiffness and resistance. 
The mechanical impedance is defined as the force required to produce unit 


velocity in the oscillator, i.e. Z,. = E/v or F=vZ,,. 
Immediately we can write the mechanical impedance as 
i s r 
Zn= r+i(om -) =r+iX,, 


where 


and 
tan @ =X,,/r 


being the phase difference between the force and the velocity. The mag- 
nitude of Zm =[1°+(wm—s/w)"]'”. 

Mass, like inductance, produces a positive reactance, and the stiffness 
behaves in exactly the same way as the capacitance. 


Behaviour of a Forced Oscillator 


We are now in a position to discuss the physical behaviour of a mechanical 
oscillator of mass m, stiffness s and resistance r being driven by an alternating 
force Fy cos wt, where Fo is the amplitude of the force (fig. 2.3). The equivalent 
electrical oscillator would be an alternating voltage Vo cos wt applied to the 
circuit of inductance L, capacitance C and resistance R in fig. 2.2a. 

The mechanical equation of motion, i.e., the dynamic balance of forces, is 
given by 


mx +1rx + sx = Fo cos wt 
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Fig. 2.3. Mechanical forced oscillator with 
force Fo cos wt applied to damped mechan- 
ical circuit of fig. 1.15 


and the voltage equation in the electrical case is 
Lg@+RqG+q/C= Vo cos wt 


We shall analyse the behaviour of the mechanical system but the analysis fits 
the electrical oscillator equally well. 
The complete solution for x in the equation of motion consists of two terms: 
(1) a ‘transient’ term which dies away with time and is, in fact, the solution to 
the equation mx + rx + sx = 0 discussed in Chapter 1. This contributes the term 


x= Ce 2! eils/m—7/4mayi74 


which decays with e “’*". The second term 

(2) is called the ‘steady state’ term, and describes the behaviour of the 
oscillator after the transient term has died away. 

Both terms contribute to the solution initially, but for the moment we shall 
concentrate on the ‘steady state’ term which describes the ultimate behaviour 
of the oscillator. 

To do this we shall rewrite the force equation in vector form and represent 
cos wt by e“”” as follows: 

m+ rx+sx= Fy ee” (2.1) 


Solving for the vector x will give both its magnitude and phase with respect to 
iwt 


the driving force Fo e““”. Initially, let us try the solution x = A e'’, where A may 
be complex, so that it may have components in and out of phase with the driving 
force. 

The velocity 


k=iwA ee” =iox 
so that 


=o x=-w x 
and equation (2.1) becomes 
(-Aw*m+iwAr+As) e = Foe” 
which is true for all t when 


a Fo 
iwr+(s—w-m) 
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or, after multiplying numerator and denominator by —i 


= ~iFy _-iFy 
ow[r+i(am—s/w)] oZn 
Hence 
x=Ae@= iFoe payee) em 
oZ,, azae® 
-iFye"® 
. oZ,, 
where 


Zm =[r? +(wm—s/w)?}\? 


This vector form of the steady state behaviour of x gives three pieces of 
information and completely defines the magnitude of the displacement x and 
its phase with respect to the driving force after the transient term dies away. It 
tells us 


(1) that the phase difference # exists between x and the force because of the 
reactive part (wm — s/w) of the mechanical impedance. 

(2) that an extra difference is introduced by the factor —i and even if @ were 
zero the displacement x would lag the force Fo cos wt by 90°. 

(3) that the maximum amplitude of the displacement x is Fo/wZ,,. We see 
that this is dimensionally correct because the velocity x/t has dimensions 
Fo/Zm- 


Having used Fy e'” to represent its real part Fo cos wt, we now take the real 
part of the solution 
-iFy el'-#) 
oZn 


to obtain the actual value of x. (If the force had been Fo sin wt, we would now 
take that part of x preceded by i.) 
Now 


iFo eilor#) 
iFo 


=— {cos (wt—)+i sin (wt—)] 
WZm + 


iFo Pie 
= -—¢@)+— = 
cos (wt— ) oz sin (wt—) 


m. m 
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The value of x resulting from Fo cos wt is therefore 


Fo_ 


oZ,, sin (wt—) 


x= 
[the value of x resulting from Fo sin wt would be —F cos (wt 6)/@Z»]. 
Note that both of these solutions satisfy the requirement that the total phase 
difference between displacement and force is ¢ plus the —7/2 term introduced 
by the —i factor. When ¢ = 0 the displacement x = Fo sin wt/wZ,,, lags the force 
Fo cos wt by exactly 90°. 
To find the velocity of the forced oscillation in the steady state we write 
(—iFo) i(wt—) 


io SAN iar 


— Fo. .itwi-4) 
ase 
2m 


We see immediately that 


(1) there is no preceding i factor so that the velocity v and the force differ in 
phase only by 4, and when ¢ = 0 the velocity and force are in phase. 

(2) the amplitude of the velocity is Fo/Z,,, which we expect from the 
definition of mechanical impedance Z,,, = F/v. 


Again we take the real part of the vector expression for the velocity, which 
will correspond to the real part of the force Fy e’. This is 


v= F* 00s (w~¢) 


Thus the velocity is always exactly 90° ahead of the displacement in phase and 
differs from the force only by a phase angle #, where 


wom —s/@_ Xm 


tan d= 
r r 


so that a force Fo cos wt gives a displacement 


Sohne see 
x= sin (wt—) 


m 


and a velocity 


v= 52 cos (ot~)- 


m 


(Problems 2.1, 2.2, 2.3, 2.4) 


56 The Physics of Vibrations and Waves 


Behaviour of Velocity v in Magnitude and Phase versus Driving Force 
Frequency w 
The velocity amplitude is 

Fo _ Fo 

0 -_,__*° ___,, 

Zm (r+(am—s/w))”” 


so that the magnitude of the velocity will vary with the frequency w because Z,, 
is frequency dependent. 


Velocity en 


P 2 
wz (s/m) 


Fig. 2.4. Velocity of forced oscillator versus 
driving frequency w. Maximum velocity Umax = 
Fo/ratwo=s/m 


At low frequencies, the term —s/w is the largest term in Z» and the 
impedance is said to be stiffness controlled. At high frequencies wm is the 
dominant term and the impedance is mass controlled. At a frequency wo» where 
wom = s/o, the impedance has its minimum value Z,, = r and is a real quantity 
with zero reactance. 

The velocity Fo/Z,, then has its maximum value v = Fo/r, and wo is said to be 
the frequency of velocity resonance. Note that tan @ = 0 at wo, the velocity and 
force being in phase. 

The variation of the magnitude of the velocity with driving frequency, o, is 
shown in fig. 2.4, the height and sharpness of the peak at resonance depending 
on r, which is the only effective term of Z,, at wo. 

The expression 


v= FZ cos (wt—4) 


where 
wm—s/wo 


tan d= ; 
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shows that for positive @, that is, om >s/w, the velocity v will lag the force 
because —@ appears in the argument of the cosine. When the driving force 
frequency is very high and w > 00, then ¢ > 90° and the velocity lags the force 
by that amount. 

When wm <s/w, ¢ is negative, the velocity is ahead of the force in phase, 
and at low driving frequencies as w > 0 the term s/w > and ¢ >—90°. 

Thus at low frequencies the velocity leads the force (# negative) and at high 
frequencies the velocity lags the force (¢ positive). 

At the frequency wo, however, wpm = s/w» and = 0, so that velocity and 
force are in phase. Fig. 2.5 shows the variation of @ with w for the velocity, the 
actual shape of the curves depending upon the value of r. 


v lags F 


‘E 
Phase angle r increasing 
¢ (radians) 
between “ 
and F v and F 


in phase 


v leads F 


nia 


Fig. 2.5. Variation of phase angle ¢ 

versus driving frequency, where ¢ is 

the phase angle between the velocity of 

the forced oscillator and the driving 

force. @=0 at velocity resonance. 

Each curve represents a fixed resis- 
tance value 


(Problem 2.5) 


Behaviour of Displacement versus Driving Force Frequency w 
The phase of the displacement 


Fo 


oZ, 


is at all times exactly 90° behind that of the velocity. Whilst the graph of # 
versus w remains the same, the total phase difference between the displace- 
ment and the force involves the extra 90° retardation introduced by the —i 
operator. Thus at very low frequencies, where ¢=—7/2 radians and the 
velocity leads the force, the displacement and the force are in phase as we 
should expect. At high frequencies the displacement lags the force by 7 radians 
and is exactly out of phase, so that the curve showing the phase angle between 


x= sin (wt—) 
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the displacement and the force is equivalent to the # versus w curve, displaced 
by an amount equal to 7/2 radians. This is shown in fig. 2.6. 


De x lags F ” 

2 
Total phase r increasing 
angle (radians) Phase angle 
between -$ w O ¢$ (radians) 
x and F x lags F by zh radians 

zx 
a 


ie) 
x and F in phase 


Fig. 2.6. Variation of total phase angle between displacement 
and driving force versus driving frequency w. The total phase 
angle is — @ — 7/2 radians 


The amplitude of the displacement x= Fo/wZ,,, and at low frequencies 
Zm=(r +(wm—s/w)’]'/? > s/@, so that x ~ Fo/(ws/@) = Fo/s. 

At high frequencies Z,,, > wm, so that x ~ Fo/(w*m), which tends to zero as w 
becomes very large. At very high frequencies, therefore, the displacement 
amplitude is almost zero because of the mass-controlled or inertial effect. 

The velocity resonance occurs at wo =s/m, where the denominator Z,,, of the 
velocity amplitude is a minimum, but the displacement resonance will occur, 
since x =(Fy/@Z,,) sin (wt—@), when the denominator wZ,, is a minimum. 
This takes place when 

Sine.) = fol? +(wm—s/w)"]'*=0 
dw dw 
i.e. when 
2wr? +4wm(w*m—s)=0 
or 
2o[r? +2m(w>m—s)]=0 
so that either 


w=0 
or 
2 
ae See: ee 
@ =——->—3 = 0-5-3 
m 2m* 2m 


Thus the displacement resonance occurs at a frequency slightly less than wo, 
the frequency of velocity resonance. For a small damping constant r or a large 
mass m these two resonances, for all practical purposes, occur at the frequency 
@o- 
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r= 
oe 
— 
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38 r increasing 
a 
7) 
fa) 
a 
‘ —_ 
| Pia 


w, —w 


Fig. 2.7. Variation of the displacement of 
a forced oscillator versus driving force 
frequency w for various values of r 


At the displacement resonance frequency 


the maximum displacement 


Xmax = Fo/w'r 


where 


The maximum value of the displacement is given by 


pas 
7” (@Zn)min 


and inserting the value w =(w5—r°/2m7)"”” in the denominator gives the value 
Xmax = Fo/w'r, where w'* = wa—r°/4m?. 

Since Xmax = Fo/w'r at resonance, the amplitude at resonance is kept low by 
increasing r and the variation of x with w for different values of r is shown in fig. 
2.7. A negligible value of r produces a large amplification at resonance: this is 
the basis of high selectivity in a tuned radio circuit (see the section in this 
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chapter on Q as an amplification factor). Keeping the resonance amplitude low 
is the principle of vibration insulation. 


(Problems 2.6 and 2.7) 


Problem on Vibration Insulation 


A typical vibration insulator is shown in fig. 2.8. A heavy base is supported ona 
vibrating floor by a spring system of stiffness s and viscous resistance r 
(represented by a dashpot). The insulator will generally operate at the mass 
controlled end of the frequency spectrum and the resonant frequency is 
designed to be lower than the range of frequencies likely to be met. Suppose the 
vertical vibration of the floor is given by.x = A cos wt about its equilibrium 
position and y is the corresponding vertical displacement of the base about its 
rest position. The function of the insulator is to keep the ratio y/A to a 
minimum. 


Heavy base \ 
y! Equilibrium 
Blecseee |_______ rest position 
1 
{ of base 


Vibrating floor 


Fixed reference level 


Fig. 2.8. Vibration insulator. A heavy base supported by a spring and 
viscous dashpot system on a vibrating floor 


The equation of motion is given by 
my =—r(y—%)—s(y-x) 
which, if y—x = X, becomes 
mX +rX+sX =—m¥ = mA’ cos wt 


= Focos wt 
where 
Fo=mAw* 
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Use the steady state solution of X to show that 


F 
y= 57, sin (wi—4) +A COs wt 


and (noting that y is the superposition of two harmonic components with a 
constant phase difference) show that 


Vase ele bsi@s)) 


A fie 
where 
Z=r+(wm—s/w) 
Note that 
Ymax é 228 
Se <—— 
7 1 if w = 


so that s/m should be as low as possible to give protection against a given 
frequency w. 
(a) Show that 


(b) Show that 


Ymax—1 for gras 
m 


(c) Show that if @7=5s/m then ymax/A>1 but that the damping term r is 
helpful in keeping the motion of the base to a reasonably low level. 
(d) Show that if @*>2s/m then ymax/A <1 but damping is detrimental. 


Significance of the Two Components of the Displacement Curve 


Any single curve of fig. 2.7 is the superposition of the two component curves (a) 
and (b) in fig. 2.9, for the displacement x may be rewritten 


F F 
x=— sin (wt— o)= — (sin wt cos ¢ —cos wt sin b) 
oZn OZ, 


or, since 


as 
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F, xe 
Ehir (a)-2 Ge) 


Fig. 2.9. A typical curve of fig. 2.7 resolved into its ‘anti-phase’ 

component (curve a) and its ‘90° out of phase’ component (curve b). 

Curve b represents the resistive fraction of the impedance and curve a 

the reactive fraction. Curve b corresponds to absorption and curve a to 

anomalous dispersion of an electromagnetic wave in a medium having 

an atomic or molecular resonant frequency equal to the frequency of 
the wave 


The cos wt component (with a negative sign) is exactly anti phase with respect 
to the driving force Fo cos wt. Its amplitude, plotted as curve (a) may be 
expressed as 


Fo Xm Fom(wo—°) 


eh a Sona eee 
wo Z, mM (wo-w) +r 


where wo=s/m and wy is the frequency of velocity resonance. 
The sin wt component lags the driving force Fo cos wt by 90°. Its amplitude 
plotted as curve (b) becomes 


Fo: ot Fowr 
= = 
o PRE m(wa—w*) +r 


We see immediately that curve (a) is zero and curve (b) is a maximum at w» but 
that they combine to give a maximum at w where 


2 
wo = C3 as 
‘0 2m? 
the resonant frequency for amplitude displacement. 
These curves are particularly familiar in the study of optical dispersion where 
the forced oscillator is an electron in an atom and the driving force is the 
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oscillating field vector of an electromagnetic wave of frequency w. When w is 
the resonant frequency of the electron in the atom, the atom absorbs a large 
amount of energy from the electromagnetic wave and curve (b) is the shape of 
the characteristic absorption curve. Note that curve (b) represents the dissipat- 
ing or absorbing fraction of the impedance 


r 


and that part of the displacement which lags the driving force by 90°. The 
velocity associated with this component will therefore be in phase with the 
driving force and it is this part of the velocity which appears in the energy loss 
term rx* due to the resistance of the oscillator and which gives rise to 
absorption. 

On the other hand, curve (a) represents the reactive or energy storing 
fraction of the impedance 


Xn 
and the reactive components in a medium determine the velocity of the waves 
in the medium which in turn governs the refractive index n. In fact, curve (a) isa 
graph of the value of n” in a region of anomalous dispersion where the w axis 
represents the value n = 1. These regions occur at every resonant frequency of 
the constituent atoms of the medium. We shall return to this topic later in the 
book. 


(Problems 2.8, 2.9, and 2.10) 


Power Supplied to Oscillator by the Driving Force 


In order to maintain the steady state oscillations of the system the driving force 
must replace the energy lost in each cycle because of the presence of the 
resistance. We shall now derive the most important result that: 

‘in the steady state the amplitude and phase of a driven oscillator adjust 
themselves so that the average power supplied by the driving force just equals 
that being dissipated by the frictional force’. 

The instantaneous power P supplied is equal to the product of the instantane- 
ous driving force and the instantaneous velocity, that is, 


P= Fy cos org cos (wt—) 


m 


==" cos wt cos (wt—) 
Zn 
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The average power 
_ total work per oscillation 
of oscillation period 
T. 
Py= | Ee where T = oscillation period 
0 


2 


T 
= aa cos wt cos (wt—) dt 
1a ieee Lateran 
= [cos* wt cos @ +cos wt sin wt sin dp) dt 
ZmT Jo 

= Zz cos b 

because 
T 
{ cos wt X sin wt dt=0 
0 

and 


1 T 
=| cos” wt dt =} 
it) 


The power supplied by the driving force is not stored in the system, but 
dissipated as work expended in moving the system against the frictional force 
1X. 

The rate of working (instantaneous power) by the frictional force is 

a. og 
(rX)X = 1X = i cos’ (wt—) 
Zm 


and the average value of this over one period of oscillation 


HB-B ose for Z~os 


This proves the initial statement that the power supplied equals the power 
dissipated. 

In an electrical circuit the power is given by VI cos , where V and J are the 
instantaneous r.m.s. values of voltage and current and cos ¢ is known as the 
power factor. 

2 2 


VI cos = cos 6 = 32 
e e 


cos & 
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since 


(Problem 2.11) 


Variation of P,, with w. Absorption Resonance Curve 
Returning to the mechanical case, we see that the average power supplied 
Pay =(Fo/2Zm) COs 


is a maximum when cos @=1, that is, when 6 =0 and wm—s/w=0 or 
@o=s/m. The force and the velocity are then in phase and Z,,, has its minimum 
value of r. Thus 


P,y (maximum) = Fo/2r 


A graph of P,, versus w, the frequency of the driving force, is shown in fig. 
2.10. Like the curve of displacement versus , this graph measures the 
response of the oscillator; the sharpness of its peak at resonance is also 
determined by the value of the damping constant r, which is the only term 
remaining in Z,, at the resonance frequency wo. The peak occurs at the 
frequency of velocity resonance when the power absorbed by the system from 
the driving force is a maximum; this curve is known as the absorption curve of 
the oscillator (it is similar to curve (b) of fig. 2.9). 


The Q-value in Terms of the Resonance Absorption Bandwidth 


In the last chapter we discussed the quality factor of an oscillator system in 
terms of energy decay. We may derive the same parameter in terms of the curve 
of fig. 2.10, where the sharpness of the resonance is precisely defined by the 
ratio 


0 


Q= 


@2-@, 
where w and w, are those frequencies at which the power supplied 
P,y =3P,y (maximum) 


The frequency difference w)—« is often called the bandwidth. 
Now 
P,y = rFo/2Z7, = +Pay (maximum) = 4F/2r 


when 
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Fig. 2.10. Graph of average power versus w supplied 

to an oscillator by the driving force. Bandwidth w2- 

@, of resonance curve defines response in terms of the 
quality factor, Q = wo/(w2—w,), where wo =s/m 


that is, when 
P+X2=2r? or Xn=om—s/wo=+r. 
If w2>, then 
@2m—s/@.=+r 
and 
@\m—s/w,=—r 
Eliminating s between these equations gives 
@2—-@,=r/m 
so that 
Q=wom/r 


Note that @; = @o—1r/2m and w2=w9+r/2m are the two significant frequen- 
cies in fig. 2.9. The quality factor of an electrical circuit is given by 


where 
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Note that for high values of Q, where the damping constant r is small, the 
frequency w’ used in the last chapter to define Q = w'm/r moves very close to 
the frequency wo, and the two definitions of Q become equivalent to each other 
and to the third definition we meet in the next section. 


Displacement in units of = 


“o 


Fig. 2.11. Curves of fig. 2.7 now given in terms of 

the quality factor Q of the system, where Q is 

amplification at resonance of low frequency 
response x = Fo/s 


The Q Value as an Amplification Factor 


We have seen that the value of the displacement at resonance is given by 


2 
Ss r 


Fo 
Amax=—- where w”=—-—x 
o'r m 4m 
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At low frequencies (w > 0) the displacement has a value Ay = Fo/s, so that 


2 2 2 2,4 
(Az) 2s Fo s at mM Wo 
PIT te Ae tee et Ge z 
Ao or Fo [wor /4m’] 
2g 2 
@om Q 


~PH—1/407]_ [1-1/407] 


Hence: 
Amax _ Q x [ wl 
Ay [11/4077 AL! *8q7|~2 
for large Q. 


Thus the displacement at low frequencies is amplified by a factor of Q at 
displacement resonance. 

Figure 2.7 is now shown as fig. 2.11 where the Q values have been attached 
to each curve. In tuning radio circuits the Q-value is used as a measure of 
selectivity, where the sharpness of response allows a signal to be obtained free 
from interference from signals at nearby frequencies. In conventional radio 
circuits at frequencies of one megacycle, Q-values are of the order of a few 
hundred; at higher radio frequencies resonant copper cavities have Q-values of 
about 30,000 and piezo-electric crystals can produce Q-values of 500,000. 
Optical absorption in crystals and nuclear magnetic resonances are often 
described in terms of Q-values. The Méssbauer effect in nuclear physics 
involves a Q value of 10'°. 


The Effect of the Transient Term 


Throughout this chapter we have considered only the steady state behaviour 
without accounting for the transient term mentioned on page 53. This term 
makes an initial contribution to the total displacement but decays with time 
as e/?". Its effect is best displayed by considering the vector sum of the 
transient and steady state components. 

The steady state term may be represented by a vector of constant length 
rotating anticlockwise at the angular velocity w of the driving force. The 
vector tip traces a circle. Upon this is superposed the transient term vector 
of diminishing length which rotates anti clockwise with angular velocity 
w'=(s/m—r?/4m?)'/”, Its tip traces a contracting spiral. 

The locus of the magnitude of the vector sum of these terms is the envelope 
of the varying amplitudes of the oscillator. This envelope modulates the steady 
state oscillations of frequency w at a frequency which depends upon w’ and 
the relative phase between wt and w’t. 

Thus in fig. 2.12(a) where the total oscillator displacement is zero at time 
t =0 we have the steady state and transient vectors equal and opposite in fig. 
2.12(b) but because w #w’ the relative phase between the vectors will change 
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Fig. 2.12. (a) The steady state oscillation (heavy curve) is 
modulated by the transient which decays exponentially with 
time. (b) In the vector diagram of (b) OB is the constant 
length steady state vector and BA; is the transient vector. 
Each vector rotates anti-clockwise with its own angular veloc- 
ity. At t=0 the vectors OB and BA are equal and opposite 
on the horizontal axis and their vector sum is zero, At sub- 
sequent times the total amplitude is the length of OA; which 
changes as A traces a contracting spiral around B. The points 
Ai, Az, Az and Ay, indicate how the amplitude is modified 
in (a) 


as the transient term decays. The vector tip of the transient term is shown as 
the dotted spiral and the total amplitude assumes the varying lengths OA, 
OA;, OA3, OAs, etc. 
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(Problems 2.12, 2.13, 2.14, 2.15, 2.16, 2.17 and 2.18) 


UE EEE IIIS SISSIES EEE EE! 


Problem 2.1 


Show, if Fy e“ represents F, sin wt in the vector form of the equation of motion for the 
forced oscillator that 


Fo 


x=- cos (wt— ) 


m 


and the velocity 


Fo 


v= sin (wt—-¢) 


m 


Problem 2.2 

The displacement of a forced oscillator is zero at time t= 0 and its rate of growth is 
governed by the rate of decay of the transient term. If this term decays to e of its 
original value in a time t show that, for small damping, the average rate of growth of the 
oscillations is given by xo/t = Fo/2kmay where Xo is the maximum steady state displace- 
ment, Fy is the force amplitude and wa=s/m. 


Problem 2.3 
The equation mi +sx = Fy sin wt describes the motion of an undamped simple har- 
monic oscillator driven by a force of frequency w. Show, by solving the equation in 
vector form, that the steady state solution is given by 
Fy sin wt 8 
x=—*—— _~where wo =— 
m(w5—*) m 
Sketch the behaviour of x versus w and note that the change of sign as w passes through 
@o defines a phase change of 7 radians in the displacement. Now show that the general 
solution for the displacement is given by 
Fy sin wt 


SRST, A COS Wot +B sin wot 
wo 


where A and B are constant. 


Problem 2.4 
In problem 2.3, if x = ¥=0 at 1=0 show that 
Fo 1 ( - o. ) 
=— 7 Tan | Sin: wt —— sin wot 
m (w—@*) Wo 


and, by writing w = w)+Aw where Aw is small, show that, near resonance, 


Fo . 
x= 3(Sin wot — Wof COS wot) 
2mwo 


Sketch this behaviour, noting that the second term increases with time, allowing the 
oscillations to grow (rescnance between free and forced oscillations). 


Problem 2.5 
What is the general expression for the acceleration ¥ of a simple damped mechanical 


oscillator driven by a force Fy cos wt? Derive an expression to give the frequency of 
maximum acceleration and show that, if r=vsm the acceleration amplitude at the 
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frequency of velocity resonance equals the limit of the acceleration amplitude at high 
frequencies 


Problem 2.6 
Prove that the exact amplitude at the displacement resonance of a driven mechanical 
oscillator may be written x = F/w'r where F, is the driving force amplitude and 


s oT 


m 4m? 


oe 


Problem 2.7 

Ina forced mechanical oscillator show that the following are frequency independent (a) 
the displacement amplitude at low frequencies (b) the velocity amplitude at velocity 
resonance and (c) the acceleration amplitude at high frequencies, (w > 0), 


Problem 2.8 

Show that curve (b) of figure 2.9 has a maximum value of Fy/wor at wo. Show also that 
for small r, the maximum value of curve (a) is ~Fo/2wor at w; =a )—r/2m and its 
minimum value is ~—Fy/2wor at w= wo+r/2m. 


Problem 2.9 

The equation #+w 5x =(—eE,/m) cos wt describes the motion of a free undamped 
electric charge —e of mass m under the influence of an alternating electric field 
E=E, cos wt. For an electron number density n show that the induced polarizability 
per unit volume (the dynamic susceptibility) of a medium 


nex ne 


Xe eoE eyn(wa— a") 


(The permittivity of a medium is defined as € = €o(1 + y) where €, is the permittivity of 
free space. The relative permittivity €, = €/€, is called the dielectric constant and is the 
square of the refractive index when E is the electric field of an electromagnetic wave.) 


Problem 2.10 


Repeat question 2.9 for the case of a damped oscillatory electron, by taking the 


displacement x as the component represented by curve (a) in fig. 2.9 to show that 
ne?m(@,—@’) 

CE acs dha A A genre Terr eae ToT 

“4 €oLm?(wa—w)? + wr] 


In fact fig. 2.9(a) plots €, = €/€9. Note that for 


ne 
WKw, €=1+ 3 
EgM@o 
and for 
ne 
@>wWo, €=1- 
€ymw 
Problem 2.11 


Show that the energy dissipated per cycle by the frictional force rx at an angular 
frequency w is given by 7rWXinax- 
Problem 2.12 


Show that the bandwidth of the resonance absorption curve defines the phase angle 
range tang =+1. 
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Problem 2.13 


An alternating voltage, amplitude V, is applied across an LCR series circuit. Show that 
the voltage at current resonance across either the inductance or the condenser is QVo. 


Problem 2.14 
Show that in a resonant LCR series circuit the maximum potential across the condenser 
occurs at a frequency w = w(1—1/2Q%)'/? where w5=(LC) | and Qy)= woL/R. 


Problem 2.15 
In problem 2.14 show that the maximum potential across the inductance occurs at a 
frequency w = wp(1—1/2Q5)""”. 


Problem 2.16 


Light of wavelength 0-6 microns (6000 A) is emitted by an electron in an atom 
behaving as a lightly damped simple harmonic oscillator with a Q value of 5 x 10’, Show 
from the resonance bandwidth that the width of the spectral line from such an atom is 
1:2 10°" metres. 


Problem 2.17 

If the Q value of problem 2:6 is high show that the width of the displacement resonance 
curve is approximately ¥3r/m where the width is measured between those frequencies 
where X = Xma,/2. 


Problem 2.18 
Show that, in problem 2.10, the mean rate of energy absorption per unit volume, that is, 
the power supplied is 
Veep Oa 
2 m(w2—-w?)?+o7Pr* 
— EE 


Summary of Important Results 
Mechanical Impedance Z,,, =F/v (force per unit velocity) 

Zn = Zm ee? =r+i(wm—s/w) 
where Z2,=r?+(wm—s/w)° 


sing =e, £08 b= 5, cing orale 


¢ is the phase angle between the force and velocity. 


Forced Oscillator 


Equation of motion mx + rx + sx = Fo cos wt 
(Vector form) mk +rx+sx= Fy e™ 
Use x= Ae’ to give steady state displacement 


0 eior-#) 
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and velocity 


ee — Fo .itwr-4) 
Zn 
When Fe” represents Fy cos wt 
Bie = 
= sin (@t— 
ozs (wt—) 


v= F205 (ot—4) 


Ree . 
Maximum velocity = ~ at velocity resonant frequency wo = (s/m)'/” 


Fi 21/2 
Maximum displacement = a where w'=(s/m—r?/4m?)'”? at displacement 


resonant frequency w =(s/m—r?/2m?)'/? 


Power absorbed by oscillator from driving force 


Oscillator adjusts amplitude and phase so that power supplied equals power 
dissipated. 


Power absorbed =+(F3/Zm) cos @ (cos ¢ is power factor) 
Fe 
Maximum power absorbed = _ at wo 


2 


Maximum power F, r r 
ee absorbed ==" ater) =og——— and a= an t+—— 
2 4r 2m 2m 


F wm wo 
Quality factor Q=—2— = —2— 
r @2-@) 


ie maximum displacement at displacement resonance 
displacement as w >() 


_ A (max) 
 Fo/s 


For equivalent expressions for electrical oscillators replace m by L, r by R, s by 
1/C and Fo by Vo (voltage). 


Chapter 3 


Coupled Oscillations 


The first two chapters have shown in some detail how a single vibrating 
system will behave. Oscillators, however, rarely exist in complete isolation; 
wave motion owes its existence to neighbouring vibrating systems which are 
able to transmit their energy to each other. 

Such energy transfer takes place, in general, because two oscillators share a 
common component, capacitance or stiffness, inductance or mass, or resis- 
tance. Resistance coupling inevitably brings energy loss and a rapid decay in 
the vibration, but coupling by either of the other two parameters consumes no 
power, and continuous energy transfer over many oscillators is possible. This is 
the basis of wave motion. 

We shall investigate firstly a mechanical example of stiffness coupling 
between two pendulums. Two atoms set in a crystal lattice experience a mutual 
coupling force and would be amenable to a similar treatment. Then we 
investigate an example of mass, or inductive, coupling, and finally we consider 
the coupled motion of an extended array of oscillators which leads us naturally 
into a discussion on wave motion. 


Stifiness (or Capacitance) Coupled Oscillators 


Fig. 3.1 shows two identical pendulums, each having a mass m suspended on a 
light rigid rod of length /. The masses are connected by a light spring of stiffness 
s whose natural length equals the distance between the masses when neither is 
displaced from equilibrium. The small oscillations we discuss are restricted to 
the plane of the paper. 

If x and y are the respective displacements of the masses then the equations 
of motion are 


mk = —mg7—s(x-y) 
and 
my= —mgr+s(x -y) 
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These represent the normal simple harmonic motion terms of each pendulum 
plus a coupling term s(x — y) from the spring. We see that if x > y the spring is 
extended beyond its normal length and will act against the acceleration of x but 
in favour of the acceleration of y. 


Fig. 3.1. Two identical pendulums, each a light rigid rod 


of length / supporting a mass m and coupled by aweight- / (i 
less spring of stiffness s and of natural length equal to the s 
separation of the masses at zero displacement 
iy ar yiees 


Writing w= g/l, where wo is the natural vibration frequency of each 
pendulum, gives 


¥+o3x = —~(x-y) (3.1) 
m 


7 8 
F+woy=—— (yx) (3.2) 
Instead of solving these equations directly for x and y we are going to choose 
two new coordinates 
X=x+y 
Y=x-y 
The importance of this approach will emerge as this chapter proceeds. Adding 
equations (3.1) and (3.2) gives 
¥+$+wo(xty)=0 
that is 
X+ woX =0 
and subtracting (3.2) from (3.1) gives 
Y+(wo+2s/m)Y=0 


The motion of the coupled system is thus described in terms of the two 
coordinates X and Y, each of which has an equation of motion which is simple 
harmonic. 

If Y=0, x = y at all times, so that the motion is completely described by the 
equation 


X+woX=0 


then the frequency of oscillation is the same as that of either pendulum in 
isolation and the stiffness of the coupling has no effect. This is because both 
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pendulums are always swinging in phase (fig. 3.2a) and the light spring is always 
at its natural length. 
If X =0, x = —y atall times, so that the motion is completely described by 


Y+(w5+2s/m)¥=0 


The frequency of oscillation is greater because the pendulums are always out 
of phase (fig. 3.2b) so that the spring is either extended or compressed and 
the coupling is effective. 


(a) (b) 
f\ \ z. : 


Fig. 3.2. (a) The ‘in phase’ 
mode of vibration given by 
X+woX=0, where X is the 
normal coordinate X=x+y 
and w= g/l. (b) ‘Out of phase’ 
mode of vibration given by 
Y+(wot+2s/m) where Y is 
the normal coordinate Y= 
xy 


Normal Co-ordinates, Degrees of Freedom and Normal Modes of Vibration 


The significance of choosing X and Y to describe the motion is that these 
parameters give a very simple illustration of normal co-ordinates. 


(a) Normal co-ordinates are co-ordinates in which the equations of motion 
take the form of a set of linear differential equations with constant 
coefficients in which each equation contains only one dependent variable 
(our simple harmonic equations in X and Y). 

(b) A vibration involving only one dependent variable X (or Y) is called a 
normal mode of vibration and has its own normal frequency. In such a 
normal mode all components of the system oscillate with the same normal 
frequency. 

(c) The total energy of an undamped system may be expressed as a sum of the 
squares of the normal co-ordinates multiplied by constant coefficients and 
a sum of the squares of the first time derivatives of the co-ordinates 
multiplied by constant coefficients. The energy of a coupled system when 
the X and Y modes are both vibrating would then be expressed in terms of 
the squares of the velocities and displacements of X and Y (see problem). 


wstin one | 


Coupled Oscillations 77 


(d) The importance of the normal modes of vibration is that they are entirely 
independent of each other. The energy associated with a normal mode is 
never exchanged with another mode; this is why we can add the energies of 
the separate modes to give the total energy. If only one mode vibrates the 
second mode of our system will always be at rest, acquiring no energy from 
the vibrating mode. 

(e) Each independent way by which a system may acquire energy is called a 
degree of freedom to which is assigned its own particular normal co- 
ordinate. The number of such different ways in which the system can take 
up energy defines its number of degrees of freedom and its number of 
normal co-ordinates. Each harmonic oscillator has two degrees of free- 
dom, it may take up both potential energy (normal co-ordinate X) and 
kinetic energy (normal co-ordinate X). In our two normal modes the 
energies may be written 


Ex =aX°+bX? 
and 
Ey=cY’+dY* 
where a, b, c and d are constant. 
Our system of two coupled pendulums has, then, four degrees of freedom 
and four normal co-ordinates. 
Any configuration of our coupled system may be represented by the super- 
position of the two normal modes 
X=x+y= Xp cos (wif+¢)) 
and 
Y=x-—y= Yo cos (wot+ 2) 
where Xo and Yo are the normal mode amplitudes, whilst w7= g/l and 


w3= = (g/1+2s/m) are the normal mode frequencies. To simplify the discussion 
let us choose 


Xo= Yo=2a 
and put 
b1=$2=0+ 


The pendulum displacements are then given by 


=}(X+ Y)=a coswit+a cos wot 
and 


=3(X— Y)=a cos w;t—a COS wot 
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with velocities 
X = —aq@ Sin wt—a@2 Sin wot 


and 
¥ = —aa, sin w\t+ aw sin wt 


Now let us set the system in motion by displacing the right hand mass a distance 
x =2a and releasing both masses from rest so that x = y =0 at time r=0. 


x + is 


i 
+ 


y=0 +20 < -a- -a-< --0< -a- 


Fig. 3.3. The displacement of one pendulum 
by an amount 2a is shown as the combination 
of the two normal coordinates X + Y 


Fig. 3.3 shows that our initial displacement x = 2a, y = 0 at f= 0 may be seen 
as a combination of the ‘in phase’ mode (x = y = a so that x + y = Xy= 2a) and 
of the ‘out of phase’ mode (x = —y=a so that Yo=2a). After release, the 
motion of the right hand pendulum is given by 


X =a COS @t+a COS Wot 


(@2-ai)t (wi t@2)t 
ER ae 


=2a cos -) 2 


and that of the left hand pendulum is given by 
y =a COS w\t—a COS wot 
(wi-o2)t (@ +@»)t 
2 2 
(@2— ait in (w; +@>)t 
2 2 


If we plot the behaviour of the individual masses by showing how x and y 
change with time (fig. 3.4), we see that after drawing the first mass aside a 
distance 2a and releasing it x follows a cosinusoidal behaviour at a frequency 
which is the average of the two normal mode frequencies, but its amplitude 
varies cosinusoidally with a low frequency which is half the difference between 
the normal mode frequencies. On the other hand, y, which started at zero, 
vibrates sinusoidally with the average frequency but its amplitude builds up to 
2a and then decays sinusoidally at the low frequency of half the difference 


=-—2asin 


=2a sin 


Coupled Oscillations 79 


nN 
Sass 


x displacement 


y displacement 


Fig. 3.4. Behaviour with time of individual 

pendulums, showing complete energy 

exchange between the pendulums as x 

decreases from 2a to zero whilst y grows 
from zero to 2a 


between the normal mode frequencies. In short, the y displacement mass 
acquires all the energy of the x displacement mass which is stationary when y is 
vibrating with amplitude 2a, but the energy is then returned to the mass 
originally displaced. This complete energy exchange is only possible when the 
masses are identical and the ratio (w; +w2)/(w2—,) is an integer, otherwise 
neither will ever be quite stationary. The slow variation of amplitude at half the 
normal mode frequency difference is the phenomenon of ‘beats’ which occurs 
between two oscillations of nearly equal frequencies. We shall discuss this 
further in the section on wave groups in Chapter 4. 


x = MA 


WW 
+ 


+20 x=0 -a-« -a-< -a-< --0- 


Fig. 3.5. The faster vibration of the Y mode 

results in a phase gain of 7 radians over the X 

mode of vibration, to give y=2a, which is 

shown here as a combination of the normal 
modes X— Y 
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The important point to recognize, however, is that although the individual 
pendulums may exchange energy, there is no energy exchange between the 
normal modes. Fig. 3.3 showed the initial configuration x = 2a, y = 0, decom- 
posed into the X and Y modes. The higher frequency of the Y mode ensures 
that after a number of oscillations the Y mode will have gained half a vibration 
(a phase of 7 radians) on the X mode; this is shown in fig. 3.5. The combination 
of the X and Y modes then gives y the value of 2a and x = 0, and the process is 
repeated. When Y gains another half vibration then x equals 2a again. The 
pendulums may exchange energy; the normal modes do not. 


co, 
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Fig. 3.6. Normal modes of vibra- 
tion for triatomic molecules CO, 
and H,O 


Atoms in polyatomic molecules behave as the masses of our pendulums; the 
normal modes of two triatomic molecules CO, and H2O are shown with their 
frequencies in fig. 3.6. Normal modes and their vibrations will occur frequently 
throughout this book. 


The General Method for Finding Normal Mode Frequencies 


We have just seen that when a coupled system oscillates in a single normal 
mode each component of the system will vibrate with the frequency of that 
mode. This allows us to adopt a method which will always yield the values of the 
normal mode frequencies and the relative amplitudes of the individual oscil- 
lators at each frequency. 

Suppose that our system of coupled pendulums in the last section oscillates in 
only one of its normal modes of frequency w. 
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Then, in the equations of motion 
mx + mg(x/1)+s(x—y)=0 
and 
my +me(y/l)—s(x-—y)=0 
we may assume the solutions 
x=A cos ot 
y=Bcos wt 


where A and B are the displacement amplitudes of x and y at the frequency w. 
Using these solutions, the equations of motion become 


[-mw*A +(me/l) A+s(A-B)] cos wt =0 
[-mw*B+(mg/l) B-—s(A—B)]cos wt =0 
The sum of these expressions gives 
(A+B)(—mw*+ mg/l) =0 


which is satisfied when w?=g/l, the first normal mode frequency. The 
difference between the expressions gives 


(A —B)(—mw? + mg/1+2s)=0 


which is satisfied when w* = g/!+2s/m, the second normal mode frequency. 

Inserting the value w= g/l in the pair of equations gives A = B (the ‘in 
phase’ condition), whilst w* = g//+2s/m gives A = —B (the antiphase condi- 
tion). 

These are the results we found in the previous section. 

Because the system started from rest we have been able to assume solutions 
of the simple form 


x=A cos wt 
y=Bcosat 


When the pendulums have an initial velocity at t= 0, the boundary conditions 
require solutions of the form 


x=A cos (wtt+a) 
y= B cos (wt+ a) 


where each normal mode frequency w has its own particular value of the phase 
constant a. The number of adjustable constants then allows the solutions to 
satisfy the arbitrary values of the initial displacements and velocities of both 
pendulums. 


(Problems 3.1, 3.2, 3.3, 3.4, 3.5, 3.6, 3.7, 3.8, 3.9, 3.10, and 3.11) 
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Mass or Inductance Coupling 


Ina later chapter we shall discuss the propagation of voltage and current waves 
along a transmission line which may be considered as a series of coupled 
electrical oscillators having identical values of inductance and of capacitance. 
For the moment we shall consider the energy transfer between two electrical 
circuits which are inductively coupled. 

A mutual inductance (shared mass) exists between two electrical circuits 
when the magnetic flux from the current flowing on one circuit threads the 
second circuit. Any change of flux induces a voltage in both circuits. 

A transformer depends upon mutual inductance for its operation. The power 
source is connected to the transformer primary coil of n, turns, over which is 
wound in the same sense a secondary coil of n, turns. If unit current flowing in a 
single turn of the primary coil produces a magnetic flux ¢, then the flux 
threading each primary turn (assuming no flux leakage outside the coil) is n»b 
and the total flux threading all n, turns of the primary is 


L,=n,o 


where L, is the self inductance of the primary coil. If unit currentina single turn 
of the secondary coil produces a flux ¢, then the flux threading each secondary 
turn is n, and the total flux threading the secondary coil is 


L,=nsb 
where L, is the self inductance of the secondary coil. 
If all the flux lines from unit current in the primary thread all the turns of the 


secondary, then the total flux lines threading the secondary defines the mutual 
inductance 


M=n,(npb) =V LL, 


In practice, because of flux leakage outside the coils, M<¥L,L, and the ratio 


M 
—— = k, the coefficient of coupling. 
ILL. if coupling 
If the primary current I, varies with e“’, a change of J, gives an induced 
voltage —L, dI,/dt=—iwLI, in the primary and an induced voltage 


—M dl,/dt= —iwMI, in the secondary. 

If we consider now the two resistance-free circuits of fig. 3.7, where L, and 
L,are coupled by flux linkage and allowed to oscillate at some frequency w (the 
voltage and current frequency of both circuits), then the voltage equations are 


1 
iwL,1,-i—I,+iwMI, =0 (3.3) 
oC, 
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M = Mutual Inductance 


Fig. 3.7. Inductively (mass) 
coupled LC circuits with mutual 
inductance M 


and 


OT Er cial, =0 G.4) 
oC, 


where M is the mutual inductance. 
Multiplying (3.3) by w/iL, gives 


(o{-@ ), et; (3.5) 
and 
\L=—o'l, (3.6) 


The product of equations (3.5) and (3.6) gives 


J 


L,L, 


(w{—@°)(w@3—w”) = wo =k", (3.7) 


where k is the coefficient of coupling. 

Solving for w gives the frequencies at which energy exchange between the 
circuits allows the circuits to resonate, If the circuits have equal natural 
frequencies w, = w2 = wo, say, then equation (3.7) becomes 


(w2—w?)? = k2e04 
or 


(we—w’)= + kw? 
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that is 
w 
o=+— 
Vltk 
The positive sign gives two frequencies 
, @o0 mn Wo 


o'= 
v1+k 1=% 


at which, if we plot the current amplitude versus frequency, two maxima appear 
(fig. 3.8). 


3 

= Coupling 

e (a) & large 

‘< (b) & intermediate 
Fy (a) (c) & small 

rs) 


W wo 
Fig. 3.8. Variation of the current amplitude in each 
circuit near the resonant frequency. A small resis- 
tance prevents the amplitude at resonance from 
reaching infinite values but this has been ignored in 
the simple analysis. Flattening of the response curve 
maximum gives ‘frequency band pass’ coupling 


In loose coupling k and M are small, and w'~" ~ wo, so that both systems 
behave almost independently. In tight coupling the frequency difference 
w"—«’ increases, the peak values of current are displaced and the dip between 
the peaks is more pronounced. In this simple analysis the effect of resistance 
has been ignored, In practice some resistance is always present to limit the 
amplitude maximum. 


(Problems 3.12, 3.13, 3.14, 3.15, 3.16) 
Coupled Oscillations of a Loaded String 


As a final example involving a large number of coupled oscillators we shall 
consider a light string supporting n equal masses m spaced at equal distances a 
along its length. The string is fixed at both ends; it has a length (n+1)a anda 
constant tension T exists at all points and all times in the string. 
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Small simple harmonic oscillations of the masses are allowed in only one 
plane and the problem is to find the frequencies of the normal modes and the 
displacement of each mass in a particular normal mode. 

This problem was first treated by Lagrange, its particular interest being the 
use it makes of normal modes and the light it throws upon the wave motion and 
vibration of a continuous string to which it approximates as the linear separa- 
tion and the magnitude of the masses are progressively reduced. 

Fig. 3.9 shows the displacement y, of the rth mass together with those of its 
two neighbours. The equation of motion of this mass may be written by 
considering the components of the tension directed towards the equilibrium 


Vr m VV e+ 


Fig. 3.9. Displacements of three mas- 

ses On a loaded string under tension T 

giving equation of motion my,= 
T(y41—2y,+y,-1)/a 


position. The rth mass is pulled downwards towards the equilibrium position 
by a force T sin @;, due to the tension on its left and a force T sin 6) due to the 
tension on its right where 


sin 9, = 2 
and 
sin 02 = eee 
a 


Hence the equation of motion is given by 
d°y, 
mora — T(sin 6; +sin 62) 


= — 1( Het Ne) 
a a 


so 


diy eidticnen Ty 
GEA Is + yee) 
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If, in a normal mode of oscillation of frequency , the time variation of y, is 
simple harmonic about the equilibrium axis, we may write the displacement of 
the rth mass in this mode as 


y,=A,e" 


where A, is the maximum displacement. Similarly y,+1 = A,+1 e and y,-1= 
A,_, e“", Using these values of y in the equation of motion gives 


2 He 
-w A,e Sas —2A,+Ar1)e" 


or 


2 
maw 


yi 


~A,s+(2- )A,— Ari =0 


This is the fundamental equation. 

The procedure now is to start with the first mass r= 1 and move along the 
string, writing out the set of similar equations as r assumes the values r= 
1,2, 3,..., remembering that, because the ends are fixed 


yo= Ao=0 and Yat = Anvi =0 


Thus when r= 1 the equation becomes 


When r=2 we have 


ma 
-Ay+(2- = JA. As=0 
and when r=n we have 
2. 
— Ant (2-2 Ay =0 (Ans =) 


Thus we have a set of n equations which, when solved, will yield n different 
values of w’, each value of w being the frequency of a normal mode, the 
number of normal modes being equal to the number of masses. 

The formal solution of this set of n equations involves the theory of matrices. 
However, we may easily solve the simple cases for one or two masses on the 
string (n = 1 or 2) and, in addition, it is possible to show what the complete 
solution for n masses must be without using sophisticated mathematics. 
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Firstly, when n= 1, one mass on a string of length 2a, we need only the 


equation for r= 1 where the fixed ends of the string give Ag = A> = 0. 


Hence we have 


2 
maw 
(2- T )Ar=0 
giving 
227 
eo =— 
ma 


a single allowed frequency of vibration (fig. 3.10a). 


m m 
a a: Pee 
n=2 
(b) es 
oy A, 
m 


Fig. 3.10. (a) Normal vibration of a sing 
on a string of length 2a at a frequency w 


le mass m 
=2T/ma. 


(b) Normal vibrations of two masses on a string of 
length 3a showing the loose coupled ‘in phase’ 
mode of frequency ,°=T/ma and the tighter 
coupled ‘out of phase’ mode of frequency w.° = 
3T/ma. The number of normal modes of vibration 


equals the number of masses 


When n = 2, string length 3a (fig. 3.10b) we need the equations for both r = 1 


and r= 2, that is 


and 
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Eliminating A, or A2 shows that these two equations may be solved (are 
consistent) when 


that is 


Using the values of w, in the equations for r= 1 and r= 2 gives A = A? the 
slow ‘in phase’ oscillation of fig. 3.10b, whereas w. gives Ay = — Az the faster 
‘anti-phase’ oscillation resulting from the increased coupling. 

To find the general solution for any value of n let us rewrite the equation 


~ A+ (2- A, Ares =0 
ui 
in the form 
ae 
Amit Ana _2@07 7 @ where aja 
A, @ ma 


We see that for any particular fixed value of the normal mode frequency w 
(w, say) the right hand side of this equation is constant, independent of r, so the 
equation holds for all values of r. What values can we give to A, which will 
satisfy this equation, meeting the boundary conditions Ao =An+i = Oat the end 


of the string? ; 
Let us assume that we may express the amplitude of the rth mass at the 


frequency w, as 
A,= C sin ré 


where C is a constant and @ is some constant angle for a given value of «,. The 
left hand side of the equation then becomes 


AnitArei _ C{sin (r—1)6+sin(r+1)6]__2Csin r0 cos 6 
A, Csin ré Csin ré 


=2 cos 0 


which is constant and independent of r. 
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The value of @, (constant at w,) is easily found from the boundary conditions 


Ao= An+1 =0 
for 
Ao= C sin 0= 0 (automatically at r = 0) 
and 
An+i = Csin (n+1)0=0 
when 
(n+1)0,=sm7 for s=1,2,...,n 
Hence 
ese 
* ntl 
and 
. 1ST 
A, = C sin r= Csin7 7 


which is the amplitude of the rth mass at the fixed normal mode frequency «,. 
To find the allowed values of w, we write 


A,-1tAr+1 206-0? sa 
Seth SoS = 2 cos 6, =2 cos —— 


A, ao n+1 
giving 
w= 2wi[1 —cos 2 | 
where s may take the values s=1,2,...,n and w= T/ma. 


Note that there is a maximum frequency of oscillation w, = 2wo. This is called 
the ‘cut off’ frequency and such an upper frequency limit is characteristic of all 
oscillating systems composed of similar elements (the masses) repeated period- 
ically throughout the structure of the system. We shall meet this in the next 
chapter as a feature of wave propagation in crystals. 

To summarize, we have found the normal modes of oscillation of n coupled 
masses on the string to have frequencies given by 


2 al Sw 
@; =—| 1—cos 
ma n+1 


| (s=1,2,3...n) 
At each frequency w, the rth mass has an amplitude 


A, = C sin 


n+1 
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where C is a constant. 


(Problems 3.17, 3.18, 3.19, 3.20 and 3.21) 


The Wave Equation 


Finally, in this chapter, we show how the coupled vibrations in the periodic 
structure of our loaded string become waves in a continuous medium. 
We found the equation of motion of the rth mass to be 


ayaa 
pa Ae —2y,+y,_ 
ar Fe (Yr+1—2y- + Yr—1) 


Now let the separation a = 6x and consider the limit 5x > 0 as the masses merge 
into a continuous heavy string. 
We then have 


Cyn a et = = T (Gee =H te fe) 
dr om 6x m 6x 6x 


= Gala Pla 
(Deora 


So in the limit 5x > 0 we may drop the subscripts and write the equation of 
motion for the harmonic oscillator at position x as 


Now 


where p = m/dx, the mass per unit length of the string (its linear density). This 
final expression is the WAVE EQUATION. 

T/p has the dimensions of the square of a velocity, the velocity with which 
the wave (that is the phase of oscillation) is propagated. The solution for y is 
always that of a harmonic oscillation at some position x along the string. 


—— 


Problem 3.1 

Show that the potential energy of two identical simple pendulums coupled by a spring 
may be expressed as aX*+bY*, where X and Y are normal co-ordinates and a and b 
are constant. Show that the kinetic energy may be expressed as cX* + dY* where c andd 
are constants, Evaluate a, b, c and d in terms of s, |, m and g. 
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Express the total energy of problem 3.1 in terms of the pendulum displacements x and y 
as 


E=(Exin+ Epos) + (Exin + Epot)y + (Epor)xy 


where the brackets give the energy of each pendulum expressed in its own co-ordinates 
and (E,..)xy is the coupling or interchange energy involving the product of these 
co-ordinates. 


Problem 3.3 

Figs. 3.3 and 3.5 show how the pendulum configurations x = 2a, y =O and x =0, y=2a 
result from the superposition of the normal modes X and Y. Using the same initial 
conditions (x =2a, y=0, ¥ =y =0) draw similar sketches to show how X and Y 
superpose to produce x = —2a, y =0 and x =0, y =—2a. 


Problem 3.4 

In the figure two masses m, and m, are coupled by a spring of stiffness s and natural 
length l. If x is the extension of the spring show that equations of motion along the x axis 
are 


mk, = sx 


and 
M2k2= — $x 


and combine these to show that the system oscillates with a frequency 


s 
te 
BK 
where 
_ _ mm, 
We m, +m, 
is called the reduced mass. 

The figure now represents a diatomic molecule as a harmonic oscillator with an 
effective mass equal to its reduced mass. If a sodium chloride molecule has a natural 
vibration frequency = 1:14 x 10"* Hertz (in the infrared region of the electromagnetic 
spectrum) show that the interatomic force constant s= 120 newtons metre ' (this 
simple model gives a higher value for s than more refined methods which account for 
other interactions within the salt crystal lattice) 


Mass of Na atom = 23 a.m.u. 
Mass of Cl atom = 35 a.m.u. 
la.m.u. = 1-67 10~”’ kilograms 
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Problem 3.5 
The equal masses in the figure oscillate in the vertical direction. Show that the 
frequencies of the normal modes of oscillation are given by 


w= C3) 
2m 


and that in the slower mode the ratio of the amplitude of the upper mass to that of the 
lower mass is }(V5 —1) whilst in the faster mode this ratio is (V5 + 1). 


In the calculations it is not necessary to consider gravitational forces because they play 
no part in the forces responsible for the oscillation. 


Problem 3.6 

In the coupled pendulums of figure 3.3 let us write the modulated frequency @,, = 
(w>—«,)/2 and the average frequency w, = (w+ @,)/2 and assume that the spring is so 
weak that it stores a negligible amount of energy. Let the modulated amplitude 


2a COS Wp,t OF 2A SiN Opt 


be constant over one cycle at the average frequency w, to show that the energies of the 
masses may be written 


E, =2ma’w2, cos’ pt 
and 
E, =2ma?o;, sin? @nt 
Show that the total energy E remains constant and that the energy difference at any 
time is 
E, — E, = E cos (w,—,)t 


Prove that 


5, = Et +e0s (@.—@,)t] 
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and 
E 
E,= gu —cos (w.—,)t] 


to show that the constant total energy is completely exchanged between the two 
pendulums at the beat frequency (w,—,). 


Problem 3.7 
When the masses of the coupled pendulums of fig. 3.1 are no longer equal the equations 
of motion become 


mk = —m,(g/1)x — s(x —y) 
and 
m2y = —m,(g/l)y +s(x—y) 


Show that we may choose the normal co-ordinates 


x= m,xtmy 
m,+m, 
with a normal mode frequency w;= g/l and Y = x—y with a normal mode frequency 
@3= g/l +s(1/m,+1/m,). 


Note that X is the co-ordinate of the centre of mass of the system whilst the effective 
mass in the Y mode is the reduced mass yu of the system where 1/p = 1/m,+1/my). 


Problem 3.8 

Let the system of problem 3.7 be set in motion with the initial conditions x = A, y = 0, 
x =y=0 at r=0. Show that the normal mode amplitudes are X)=(m,/M)A and 
Yo=A to yield 


A 
x =—(m, COs wf +m COS wt) 
M 
and 
m, 
= A— (cos wf — COS wot 
M vA 1 ot) 


where M= m,+ my. 
Express these displacements as 


2A ul r 
xX =2A cos w,,f COS eat + (rm —mz,) sin w,,f Sin wat 
and 


m . ( 
y= 245 SIN @,,f SIN Wat 


where ,, =(w2—,)/2 and w, =(w,+w)/2. 
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Problem 3.9 
Apply the weak coupling conditions of problem 3.6 to the system of problem 3.8 to show 


that the energies 


3 
E,= palit m3+2m,m, Cos (w2—,)t] 


and 
2m m, 
Me 


E,=E( Ja cos (w.—0,)t] 


Note that FE, varies between a maximum of E (at t=0) and a minimum of 
[(m,—m,)/MFE, whilst E, oscillates between a minimum of zero at t=0 and a 
maximum of 4(m,m;/M?)E at the beat frequency of (w,—,). 


Problem 3.10 


In the figure (see page 95) the right hand pendulum of the coupled system is driven by 
the horizontal force Fy cos wf as shown. If a small damping constant r is included the 
equations of motion may be written 


mx = — TB x ri —s(x—y) + Fo cos wt 
and 
si mi 4 
my = — By — nyt sla-y) 


Show that the equations of motion for the normal co-ordinates X=x+y and 
Y =x~—y are those for damped oscillators driven by a force Fy cos wt. 
Solve these equations for X and Y and, by neglecting the effect of r, show that 


pat cs | ee | 
wey, Se RE 2 
2m wi-w ww 


and 
FD ong { : : | 
~— cos wt| = 
yom w-a* w3-o* 
where 
w= and agate 
I m 
Show that 
Y___ @3~o} 
x w3+w{—-20 


and sketch the behaviour of the oscillator with frequency to show that outside the 
frequency range w,—«, the motion of y is attenuated. 
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+4 c0s wh 


— ad 


Me x 


Problem 3.11 

The diagram shows an oscillatory force Fy cos wt acting on a mass M which is part of a 
simple harmonic system of stiffness k and is connected to a mass m by a spring of 
stiffness s. If all oscillations are along the x axis show that the condition for M to remain 
stationary is w? = s/m. (This is a simple version of small mass loading in engineering to 
quench undesirable oscillations). 


F cos wi 
Problem 3.12 (fig. on page 96) 


The figure shows two identical LC circuits coupled by a common capitance C with 
the directions of current flow indicated by arrows. The voltage equations are 


dl, 
Vir Va=L- 
and 
di, 
V>-V;=L— 
SEG 
whilst the currents are given by 
dq, dqz 
=[,- 
dt I dr = us 
and 
dqs_ 
ar 


Solve the voltage equations for the normal co-ordinates (J, + I,) and (I, — I) to show 
that the normal modes of oscillation are given by 


1 
I,=1, at o}=— 


LC 


and 
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Note that when I, = J, the coupling capacitance may be removed and q, = —qp. When 
1, =—Is, 92 = —2q1 = —243. 


Problem 3.13 


A generator of e.m.f. E is coupled to a load Z by means of an ideal transformer. From 
the diagram, Kirchhoff’s Law gives 


=—e,=iwL,I,—iwMI, 
and 
1,Z, = e2 =iwMI, ~iwL,h. 


Show that E/,, the impedance of the whole system seen by the generator, is the sum of 
the primary impedance and a ‘reflected impedance’ from the secondary circuit of 
w’?M?/Z, where Z, = Z2+iol,. 


M 


Problem 3.14 

Show, for the perfect transformer of question 3.13, that the impedance seen by the 
generator consists of the primary impedance in parallel with an impedance (n,/n,)’Za, 
where n, and n, are the number of primary and secondary transformer coil turns 
respectively. 


Problem 3.15 

If the generator delivers maximum power when its load equals its own internal 
impedance show how an ideal transformer may be used as a device to match a load to a 
generator, e.g. a loudspeaker of a few ohms impedance to an amplifier output of 10° 
ohms impedance. 
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The two circuits in the diagram are coupled by a variable mutual inductance M and 
Kirchhoff’s Law gives 


Z,+Zyuh=E 
and 
Zul + Zola=0, 
where 
Zu = +ioM 


M is varied at a resonant frequency where the reactance X, = X, = 0 to give amaximum 
value of I,. Show that the condition for this maximum is o®M =VR,R; and that this 
defines a ‘critical coefficient of coupling’ k =(Q,Q,)"'”*, where the Q’s are the quality 
factor of the circuits. 


Problem 3.17 

Consider the case when the number of masses on the loaded string of this chapter is 
n=3_and show that the normal vibrations have frequencies given by {= 
(2—V2)T/ma, w3=2T/ma and w3=(2+2)T/ma. 


Problem 3.18 

Show that the relative displacements of the masses in these modes is 1:¥2:1, 
1:0: —1,and 1: —V2: 1. Show by sketching these relative displacements that tighter 
coupling increases the mode frequency. 


Problem 3.19 
Taking the maximum value of 
27 ( sw ) 
wo, =—| 1-cos —— 
ma n+1 


at s = nas that produced by the strongest coupling, deduce the relative displacements of 
neighbouring masses and confirm your deduction by inserting your values in consecutive 
difference equations relating the displacements y,,,, y, and y,_,. Why is your solution 
unlikely to satisfy the displacements of those masses near the ends of the string? 


Problem 3.20 
Expand the value of 
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when s « n in powers of (s/n + 1) to show that in the limit of very large values of n, a low 
frequency 


where p= m/a and |=(n+1)a. 


Problem 3.21 
An electrical transmission line consists of equal inductances L and capacitances C 
arranged as shown. Using the equations 
Ldy,_ 
dt 


1—% 


and 


dq, 
f= Fi 

show that an expression for I, may be derived which is equivalent to that for y, in the case 
of the mass-loaded string. (This acts as a low pass electric filter and has a cut-off 
frequency as in the case of the string. This cut-off frequency is a characteristic of wave 
propagation in periodic structures and electromagnetic wave guides.) 


Summary of Important Results 


In coupled systems each normal co-ordinate defines a degree of freedom, each 
degree of freedom defines a way in which a system may take up energy. The 
total energy of the system is the sum of the energies in its normal modes of 
oscillation because these remain separate and distinct, and energy is never 
exchanged between them. 

A simple harmonic oscillator has two normal co-ordinates [velocity (or 
momentum) and displacement] and therefore two degrees of freedom, the first 
connected with kinetic energy, the second with potential energy. 


n equal masses, separation a, coupled on a string under constant tension T 
Equation of motion of the rth mass is 


my, =(T/a)(yr-1—2yr + yr+1) 
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which for y, = A, e“”" gives 


oe 2. 
~ Ar + (BA Jaa, =0 
ig 
There are n normal modes with frequencies w, given by 
ee th ( sw ) 
w,; =—|1-cos 
n+1 


In a normal mode of frequency w, the rth mass has an amplitude 


rst 
n+1 


A,=Csin 


where C is a constant 


Wave equation 


In the limit, as separation a = 6x > 0 equation of motion of rth mass on loaded 
string my, =(T/a)(y,-1—2y,+ y,+1) becomes wave equation 


where p is mass per unit length and c is the wave velocity 


Chapter 4 


Transverse Wave Motion 


Partial Differentiation 


From this chapter onwards we shall often need to use the notation of partial 
differentiation. 

When we are dealing with a function of only one variable, y = f(x) say, we 
write the differential coefficient 


dy _ |, f(x+8x)—f(x) 
dx Mig 6x 


but if we consider a function of two or more variables, the value of this function 
will vary with a change in any or all of the variables. For instance, the value of 
the coordinate zon the surface of a sphere centred at the origin O whose 
equation is x’ + y’+z° =a’, where a is the radius of the sphere, will depend on 
x and y so that z is a function of x and y written z = z(x, y). The differential 
change of z which follows from a change of x and y may be written 


dz =(%) ax+(5) dy 


where (dz/dx)y means differentiating z with respect to x whilst y is kept 
constant, so that 


ie = 
(22) Sim z(x +6x, y)—z(x, y) 
y 6x+0 6x 


The total change dz is found by adding the separate increments due to the 
change of each variable in turn whilst the others are kept constant. In fig. 4.1 we 
can see that keeping y constant isolates a plane which cuts the spherical surface 
in acurved line, and the incremental contribution to dz along this line is exactly 
as though z were a function of x only. Now by keeping x constant we turn the 
plane through 90° and repeat the process with y as a variable so that the total 
increment of dz is the sum of these two processes. 
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plane x = constant 
2(y) only 


gradient ($2) 
z 


2(x) only y 
a. 
gradient ( a) 


Octant of sphere 
centre O, radius a 


Eee 
K+ 4270 
x 


Plane y =constant 


Fig. 4.1. Section of a sphere centred at the origin 

showing dz =dz,+dz2=(0z/dx)ydx +(dz/dy),dy 

where each gradient is calculated with one variable 
remaining constant 


If only two variables are involved the subscript showing which variable is 
kept constant is omitted without ambiguity. 

In wave motion our functions will be those of variables of distance and time, 
and we shall write /ax and 4°/dx” for the first (or)second derivatives with 
respect to x, whilst the time ¢ remains constant. Again, /dt and 0°/at? will 
denote first and second derivatives with respect to time, implying that x is kept 
constant. 


Waves 


One of the simplest ways to demonstrate wave motion is to take the loose end 
of a long rope which is fixed at the other end and to move the loose end quickly 
up and down. Crests and troughs of the waves move down the rope, and if the 
rope were infinitely long such waves would be called progressive waves—these 
are waves travelling in an unbounded medium free from possible reflexion (fig. 
4.2). 

crest 


trough 
Progressive waves on infinitely long string 


Fig. 4.2. Progressive transverse 
waves moving along a string 
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If the medium is limited in extent, for example if the rope were reduced to a 
violin string, fixed at both ends, the progressive waves travelling on the string 
would be reflected at both ends; the vibration of the string would then be the 
combination of such waves moving to and fro along the string and standing 
waves would be formed. 

Waves on strings are transverse waves where the displacements or oscilla- 
tions in the medium are transverse to the direction of wave propagation. When 
the oscillations are parallel to the direction of wave propagation the waves are 
longitudinal. Sound waves are longitudinal waves; a gas can sustain only 
longitudinal waves because transverse waves require a shear force to maintain 
them. Both transverse and longitudinal waves can travel in a solid. 

In this book we are going to discuss plane waves only. When we see wave 
motion as a series of crests and troughs we are in fact observing the vibrational 
motion of the individual oscillators in the medium, and in particular all of those 
oscillators in a plane of the medium which, at the instant of observation, have 
the same phase in their vibrations. 

If we take a plane perpendicular to the direction of wave propagation and all 
oscillators lying within that plane have a common phase, we shall observe with 
time how that plane of common phase progresses through the medium. Over 
such a plane, all parameters describing the wave motion remain constant. The 
crests and troughs are planes of maximum amplitude of oscillation which are 7 
radians out of phase; a crest is a plane of maximum positive amplitude, while a 
trough is a plane of maximum negative amplitude. In formulating such wave 
motion in mathematical terms we shall have to relate the phase difference 
between any two planes to their physical separation in space. We have, in 
principle, already done this in our discussion on oscillators. 

Spherical waves are waves in which the surfaces of common phase are 
spheres and the source of waves is a central point, e.g. an explosion; each 
spherical surface defines a set of oscillators over which the radiating distur- 
bance has imposed a common phase in vibration. In practice spherical waves 
become plane waves after travelling a very short distance. A small section of a 
spherical surface is a very close approximation to a plane. 


Velocities in Wave Motion 


At the outset we must be very clear about one point. The individual oscillators 
which make up the medium do not progress through the medium with the 
waves. Their motion is simple harmonic, limited to oscillations, transverse or 
longitudinal, about their equilibrium positions. It is their phase relationships 
we observe as waves, not their progressive motion through the medium. 

There are three velocities in wave motion which are quite distinct although 
they are connected mathematically. They are 

(1) The particle velocity, which is the simple harmonic velocity of the 
oscillator about its equilibrium position. 

(2) The wave or phase velocity, the velocity with which planes of equal phase, 
crests or troughs, progress through the medium. 
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(3) The group velocity. A number of waves of different frequencies, 
wavelengths and velocities may be superposed to form a group. Waves rarely 
occur as single monochromatic components; a white light pulse consists of an 
infinitely fine spectrum of frequencies and the motion of such a pulse would be 
described by its group velocity. Such a group would, of course, ‘disperse’ with 
time because the wave velocity of each component would be different in all 
media except free space. Only in free space would it remain as white light. We 
shall discuss group velocity as a separate topic in a later section of this chapter. 
Its importance is that it is the velocity with which the energy in the wave group 
is transmitted. For a monochromatic wave the group velocity and the wave 
velocity are identical. Here we shall concentrate on particle and wave vel- 
ocities. 


The Wave Equation 


This equation will dominate the rest of this text and we shall derive it, first of all, 
by considering the motion of transverse waves on a string. 

We shall consider the vertical displacement y of a very short section of a 
uniform string. This section will perform vertical simple harmonic motions; it is 
our simple oscillator. The displacement y will, of course, vary with the time and 
also with x, the position along the string at which we choose to observe the 
oscillation. 

The wave equation therefore will relate the displacement y of a single 
oscillator to distance x and time ¢, We shall consider oscillations only in the 
plane of the paper, so that our transverse waves on the string are plane 
polarized. 

The mass of the uniform string per unit length or its linear density is p, anda 
constant tension T exists throughout the string although it is slightly extensible. 


displacement 
of 


String 
element 


x dx x+dx x 


Fig. 4.3. Displaced element of 

string of length ds~dx with 

tension T acting at an angle 6 at 
xandat @+d@at x +dx 
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This requires us to consider such a short length and such small oscillations that 
we may linearize our equations. The effect of gravity is neglected. 

Thus in fig. 4.3 the forces acting on the curved element of length ds are T at 
an angle @ to the axis at one end of the element, and T at an angle @ +-dé at the 
other end. The length of the curved element is 


1/2 
as=[1+(2) ] ae 


but within the limitations imposed dy/dx is so small that we ignore its square 
and take ds = dx. The mass of the element of string is therefore pds = pdx. Its 
equation of motion is found from Newton’s Law, force equals mass times 
acceleration. 

The perpendicular force on the element dx is Tsin(@+d0)—T sin 6 i in the 
positive y direction, which equals the product of pdx (mass) and oy y/at? 
(acceleration). 

Since @ is very small sin @ ~tan 6 = dy/dx, so that the force is given by 


aia) tay 
OX/r4dx  \OX/s 
where the subscripts refer to the point at which the gradient is evaluated. The 
difference between the two terms in the bracket defines the differential 
coefficient of the gradient dy/ax times the space interval dx, so that the force is 
ae 
TS dx 
Ox 


The equation of motion of the small element dx then becomes 


ay ay 
te =p dx—> 
a ae 
or 
ay _ pay 
ax’ T at 
giving 
ay lay 
5==3 5 
ox” "eo or 


where T/p has the dimensions of c’ and c is a velocity. 
THIS IS THE WAVE EQUATION. 

It relates the acceleration of a simple harmonic oscillator in a medium to the 
second derivative of its displacement with respect to its position, x, in the 
medium. The position of the term c’ in the equation is always shown by a rapid 
dimensional analysis. 

So far we have not explicitly stated which velocity c represents. We shall see 
that it is the wave or phase velocity, the velocity with which planes of common 


Transverse Wave Motion 105 


phase are propagated. In the string the velocity arises as the ratio of the tension 
to the inertial density of the string. We shall see, whatever the waves, that the 
wave velocity can always be expressed as a function of the elasticity or potential 
energy storing mechanism in the medium and the inertia of the medium 
through which its kinetic or inductive energy is stored. For longitudinal waves 
ina solid the elasticity is measured by Young’s modulus, in a gas by yP, where y 
is the specific heat ratio and P is the gas pressure. 


Solution of the Wave Equation 


The solution of the wave equation 


will, of course, be a function of the variables x and t. We are going to show that 
any function of the form y =f,(ct—x) is a solution. Moreover, any function 
y=f.(ct+x) will be a solution so that, generally, their superposition y= 
fi(ct—x)+f2(ct +x) is the complete solution. 

If f{ represents the differentiation of the function with respect to the bracket 
(ct—x), then 


Samer 
ies filct—x) 
and 
Eon ae 
5 = fi(ct— 
ax? {(ct—x) 
also 
Char 
[fuipes “t— 
at cf i(ct—x) 
and 
ay 2 
ss =c fivl(cet— 
ar ce fi(ct—x) 
so that 
ty _ lay 
ax* cat” 


for y=f,(ct—x). When y = f2(ct+x) a similar result holds. 
(Problems 4.1, 4.2) 


If y is the simple harmonic displacement of an oscillator at position x and 
time t we would expect, from Chapter 1, to be able to express it in the form 
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y =a sin (wt—¢), and in fact all of the waves we discuss in this book, because 
they are plane waves, will be described by sine or cosine functions. 

The bracket (ct—x) in the expression y = f(ct—x) has the dimensions of a 
length and, for the function to be a sine or cosine, its argument must have the 
dimensions of radians so that (ct—x) must be multiplied by a factor 27/A, 
where A is a length to be defined. 

We can now write 


2 
y=asin(wt—d)=a sin="(ct—x) 


as a solution to the wave equation if 277c/A = w = 27v, where v is the oscillation 
frequency and = 27x/A. 

This means that if a wave, moving to the right, passes over the oscillators in a 
medium and a photograph is taken at time t=0, the locus of the oscillator 
displacements (fig. 4.4) will be given by the expression y =a sin (wt—) = 
asin 2m(ct—x)/A. If we now observe the motion of the oscillator at the 
position x = 0 it will be given by y =a sin wt. 


displacement y 


- » _ 


Fig. 4.4. Locus of oscillator displacements in a 

continuous medium as a wave passes over them 

travelling in the positive x-direction. The 

wavelength A is defined as the distance between 

any two oscillators having a phase difference of 
27 radians 


Any oscillator to its right at some position x will be set in motion at some 
later time by the wave moving to the right; this motion will be given by 


y=asin(wt—o)=a sin = (ct—x) 


having a phase lag of # with respect to the oscillator at x = 0. This phase lag 
 =27x/A, so that if x =A the phase lag is 27 radians, that is, equivalent to 
exactly one complete vibration of an oscillator. 

This defines A as the wavelength, the separation in space between any two 
oscillators with a phase difference of 27 radians. The expression 27r¢/A = @ = 
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2mv gives c= vA, where c, the wave or phase velocity, is the product of the 
frequency and the wavelength. Thus A/c = 1/v =z, the period of oscillation, 
showing that the wave travels one wavelength in this time. An observer at any 
point would be passed by » wavelengths per second, a distance per unit time 
equal to the velocity c of the wave. 

If the wave is moving to the left the sign of @ is changed because the 
oscillation at x begins before that at x =0. Thus the bracket 


(ct—x) denotes a wave moving to the right 


and 
(ct+x) gives a wave moving in the direction of negative x. 


There are several equivalent expressions for y = f(ct—x) which we list here as 
sine functions, although cosine functions are equally valid. 
They are: 


=asin eax) 
2 a 


: x 
y=asin 2nl 1 =) 


See ( -3) 
y=asinalt A 
y =a sin (wt—kx) 
where k=27/A=w/c is called the wave number; also y=ae\’" 
exponential representation of both sine and cosine. 

Each of the expressions above is a solution to the wave equation giving the 
displacement of an oscillator and its phase with respect to some reference 
oscillator. The changes of the displacements of the oscillators and the propaga- 
tion of their phases are what we observe as wave motion. 

The wave or phase velocity is, of course, dx/dt, the rate at which the 
disturbance moves across the oscillators; the oscillator or particle velocity is the 
simple harmonic velocity dy/dt. 

Choosing any one of the expressions above for a right going wave, e.g. 


, the 


y =a sin (wt—kx) 
we have 


ia wa cos (wt— kx) 
and 


—=-ka cos (wt — kx) 
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so that 


dy way _ 2 (= __ Ox 22) 
at k ax ax 


a at ax 
The particle velocity dy/dt is therefore given as the product of the wave velocity 
Ox 


ot 


and the gradient of the wave profile preceded by a negative sign for a right 
going wave 
y=f(ct—x) 


y 
=e 

dy__ ay 

ax 
x 


Fig. 4.5. The magnitude and direction of the particle velocity 
ay/at=—c(ay/ax) at any point x is shown by an arrow in the 
right-going sine wave above 


In fig. 4.5 the arrows show the direction of the particle velocity at various 
points of the right going wave. It is evident that the particle velocity increases in 
the same direction as the transverse force in the wave and we shall see in the 
next section that this force is given by 


—Tdy/ax 


where T is the tension in the string. 


(Problem 4.3) 
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Characteristic Impedance of a String (the string as a forced oscillator) 


Any medium through which waves propagate will present an impedance to 
those waves. If the medium is lossless, and possesses no resistive or dissipation 
mechanism, this impedance will be determined by the two energy storing 
parameters, inertia and elasticity, and it will be real. The presence of a loss 
mechanism will introduce a complex term into the impedance. 

A string presents such an impedance to progressive waves and this is defined, 
because of the nature of the waves, as the transverse impedance 


= transverse force F 


transverse velocity v 


The following analysis will emphasize the dual role of the string as a medium 
and as a forced oscillator. 


iw? 
he 2-7 sin@ 


Fig. 4.6. The string as a forced oscillator 
with a vertical force Fye"” driving it at one 
end 


In fig. 4.6 we consider progressive waves on the string which are generated at 
one end by an oscillating force, Fy e'’, which is restricted to the direction 
transverse to the string and operates only in the plane of the paper. The tension 
in the string has a constant value, T, and at the end of the string the balance of 
forces shows that the applied force is equal and opposite to T sin@ all the time, 
so that 


Fye™ =—Tsin 9~-T tan 0=-T(*2) 
Ox 
where 6 is small. 


The displacement of the progressive waves may be represented exponen- 
tially by 
y=A elietke) 
where the amplitude A may be complex because of its phase relation with F. At 
the end of the string, where x = 0, 


) ior 
Foe''= -1(2) =ikTA &e* 
OX/,=0 
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giving 
_o Fo (<) 
ikT iw\T, 


=2(<) i(wt—kx) 
SimiohT/ = 


and 


(since c = w/k). 
The transverse velocity 


vay= Fi(5) eilorke) 


where the velocity amplitude v = Fo/Z, gives a transverse impedance 
Tr 2 
Aaa a (since T = pce*) 


or Characteristic Impedance of the string. 

Since the velocity c is determined by the inertia and the elasticity, the 
impedance is also governed by these properties. 

(We can see that the amplitude of displacement y = Fo/@Z, with the phase 
relationship —i with respect to the force, is in complete accord with our 
discussion in Chapter 2.) 


Reflexion and Transmission of Waves on a String at a Boundary 


We have seen that a string presents a characteristic impedance pc to waves 
travelling along it, and we ask how the waves will respond to a sudden change of 
impedance, that is, of the value pc. We shall ask this question of all the waves we 
discuss, acoustic waves, voltage and current waves and electromagnetic waves, 
and we shall find a remarkably consistent pattern in their behaviour. 

We suppose that a string consists of two sections smoothly joined at a point 
with a constant tension T along the whole string. The two sections have 
different linear densities p, and p2, and therefore different wave velocities 
T/pi= ci and T/p2=c}. The specific impedances are p,c; and p2c2 respec- 
tively. 

An incident wave travelling along the string meets the discontinuity in 
impedance at the position x = 0 in fig. 4.7. At this position, x = 0, a part of the 
incident wave will be reflected and part of it will be transmitted into the region 
of impedance p2¢>. 

We shall denote the impedance p,c; by Z, and the impedance p2c> by Zp. We 
write the displacement of the incident wave as y; = Ay ea wave of real 
(not complex) amplitude A, travelling in the positive x-direction with velocity 
c,. The displacement of the reflected wave is y, = B, ek) of amplitude B, 
and travelling in the negative x-direction with velocity c,. 
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Transmitted wave 


Incident wave 


Reflected wave 


x=0 


Fig. 4.7. Waves on a string of impe- 

dance p;c, reflected and transmitted 

at the boundary where the string 
changes to impedance pc 


The transmitted wave displacement is given by y, = Ae“, of amp- 
litude A, and travelling in the positive x-direction with velocity c2. 

We wish to find the reflexion and transmission amplitude coefficients, that is, 
the relative values of B,; and A; with respect to A;. We find these via two 
boundary conditions which must be satisfied at the impedance discontinuity at 
x=0. 

The boundary conditions are: 

(1) A geometrical condition that the displacement is the same immediately 
to the left and right of x =0 for all time, so that there is no discontinuity of 
displacement. 

(2) A dynamical condition that there is a continuity of the transverse force 
T(ay/ax) at x=0, and therefore a continuous gradient. This must hold, 
otherwise a finite difference in the force acts on an infinitesimally small mass of 
the string giving an infinite acceleration; this is not permitted. 

Condition (1) gives 

yity,=y 
or 
An” kx) B ellortkrx) =A ellotkx) 
1 ~ #82 
At x =0 we may cancel the exponential terms giving 
A, +B,=A;2 (4.1) 
Condition (2) gives 
) C) 
T—(y, + y,) = T— 
ax! yr) ax Mv 
at x =0 for all ¢, so that 
—k, TA, +k, TB, =—k2TA2 


or 


He VE 
—w—A,+o—B,= ale 
C cy C2 
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after cancelling exponentials at x = 0. But T/c, = pic; = Z, and T/c2 = p22 = 
Z>, so that 


Z(Ai— Bi) = Z,A2 (4.2) 


Reflexion of pulse having many Impedance 
frequency components 


Incident 
Pulse —. 


Fig. 4.8. A pulse or group of waves composed of many 
frequency components is reflected at an infinite impe- 
dance. Each component is perfectly reflected with a phase 
change of 7 radians, so that the reflected pulse is the 
inverted and reversed shape of the initial waveform. The 
pulse at reflexion is divided in the figure into three sec- 
tions A, B, and C. At the moment of observation section 
C has already been reflected and suffered inversion and 
reversal to become C’, The actual shape of the pulse 
observed at this instant is A being A+B+C’ where 
B=C’. The displacement at the point of reflexion must be 
zero. The reversed and inverted section A’+B' corres- 
ponds to the unreflected portion A+B and will progress 
in the negative x-direction beyond the boundary as A and 
Bare reflected 


Reflected 
Pulse 


Equations (4.1) and (4.2) give the 
Zi 
Reflexion coefficient of amplitude, z = — 


and the 


A 
Transmission coefficient of amplitude, 7% = ory, 


We see immediately that these coefficients are independent of w and hold for 
waves of all frequencies; they are real and therefore free from phase changes 
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other than that of a radians which will change the sign of a term. Moreover 
these ratios depend entirely upon the ratios of the impedances. (See summary 
on page 412). If Z2 =, this is equivalent to x = 0 being a fixed end to the string 
because no transmitted wave exists. This gives B,/ A, =—1, so that the incident 
wave is completely reflected (as we expect) with a phase change of 7 (phase 
reversal)—conditions we shall find to be necessary for standing waves to exist. 
A group of waves having many component frequencies will retain its shape 
upon reflection at Z, = 00 but will suffer reversal (fig. 4.8). If Z,=0, so that 
x =(/is a free end of the string, then B,/A;=1 and A2/A, = 2. This explains 
the ‘flick’ at the end of a whip or free ended string when a wave reaches it. 


(Problems 4.4, 4.5, 4.6) 


Reflexion and Transmission of Energy 


Our interest in waves, however, is chiefly concerned with their function of 
transferring energy throughout a medium, and we shall now consider what 
happens to the energy in a wave when it meets a boundary between two media 
of different impedance values, 

If we consider each unit length, mass p, of the string as a simple harmonic 
oscillator of maximum amplitude A, we know that its total energy will be 
E=}pw"A’, where w is the wave frequency. 

The wave is travelling at a velocity c so that as each unit length of string takes 
up its oscillation with the passage of the wave the rate at which energy is being 
carried along the string is 


(energy x velocity) =3pw*A*c 


Thus the rate of energy arriving at the boundary x = 0 is the energy arriving 
with the incident wave, that is 


The rate at which energy leaves the boundary, via the reflected and transmitted 
waves, is 


3pic1w Bi +2p2¢20°A3=3Z,\w° Bi +3Z2w° A; 
which, from the ratios B,/A, and A2/ Aj, 


2, 2Z(Z1— Zo) +4Z 5 Zo _ 


2 1 2 
w Aj (aE AL =7Z,0 Aj 


i= 


Thus energy is conserved, and all energy arriving at the boundary in the 
incident wave leaves the boundary in the reflected and transmitted waves. 
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The Reflected and Transmitted Intensity Coefficients 
These are given by 


Reflected Energy Z, Bj a (e ) i (2 ea 
Incident Energy Z,Ai \A, Z,+Z, 
Transmitted Energy _Z.A3__4Z,Z» 
Incident Energy Z,A; (Z,+Zp)" 


We see that if Z, = Z, no energy is reflected and the impedances are said io be 
matched. 


(Problems 4.7, 4.8) 


The Matching of Impedances 


Impedance matching represents a very important practical problem in the 
transfer of energy. Long distance cables carrying energy must be accurately 
matched at all joints to avoid wastage from energy reflection. The power 
transfer from any generator is a maximum when the load matches the generator 
impedance. A loudspeaker is matched to the impedance of the power output of 
an amplifier by choosing the correct turns ratio on the coupling transformer. 
This last example, the insertion of a coupling element between two mismatched 
impedances, is of fundamental importance with applications in many branches 
of engineering physics and optics. We shall illustrate it using waves on a string, 
but the results will be valid for all wave systems. 

We have seen that when a smooth joint exists between two strings of 
different impedances, energy will be reflected at the boundary. We are now 
going to see that the insertion of a particular length of another string between 
these two mismatched strings will allow us to eliminate energy reflection and 
match the impedances. 

In fig. 4.9 we require to match the impedances Z, = p,c, and Z; = p3c3 by the 
smooth insertion of a string of length | and impedance Z = p2¢2. Our problem 
is to find the values of | and Z. 

The incident, reflected and transmitted displacements at the junctions x = 0 
and x =/ are shown in fig. 4.9 and we seek to make the ratio 


Transmitted energy Z3A3 
Incident energy Z,Aj 


equal to unity. 
The boundary conditions are that y and T(@y/dx) are continuous across the 
junctions x =0 and x = /. 
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i lwt-kyr-O) 
— YrAse 
¥7B,e 


Awtek, x) 


478, e 


‘(wh 
Hw +h,7) 


Fig. 4.9. The impedances Z, and Z; of two strings are matched 

by the insertion of a length / of a string of impedance Z,. The 

incident and reflected waves are shown for the boundaries x = 0 

and x =/. The impedances are matched when Z3=Z,Z;, and 
1 =A/4in Z), results which are true for waves in all media 


Between Z, and Z, the continuity of y gives 


said : yee a err | 
Ay ef) 4B, elorthie) = A. ellot—hae) 4B ellottiae) 
or 


A,+B,=A,+B, (atx =0) (4.3) 
Similarly the continuity of T(dy/ax) at x =0 gives 
T(-ik, A, +ik,B,) = T(—ik.A2 +ik 2B») 


Dividing this equation by w and remembering that T(k/w) = T/c = pc = Z we 
have 


Z,(A, — B,) = Z,(A>—B») (4.4) 
Similarly at x =/, the continuity of y gives 
A,e “2! +B, eM! = A, (4.5) 
and the continuity of T(dy/dx) gives 
Z,(A,e"!—B, e!) = ZA, (4.6) 


From the four boundary equations (4.3), (4.4), (4.5) and (4.6) we require the 
ratio A,/A,. We use equations (4.3) and (4.4) to eliminate B, and obtain A, in 
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terms of A> and B5. We then use equations (4.5) and (4.6) to obtain both A> 
and B, in terms of Aj, Equations (4.3) and (4.4) give 


Z(A, — Ao — B+ Aj) = Z,(A>— Bs) 


or 
a(ri2+ 1) +Bo(r2-1 
A, = Anke 1)+Ba(ri2 ) (4.7) 
2nri2 
where 
4 
a, 
Equations (4.5) and (4.6) give 
~ fo3+1 iksl 
a= 2123 As 
and (4.8) 
foal ~ikgl 
ye A,e 
B 2ra3 ae 
where 
2: 
Lex) Za 


Equations (4.7) and (4.8) give 


Ay= A ria #10 ras-+1) 2 H(r2= 1) res) '] 
Arjare3 


= AY inst De! +e) +(rat nae!) 
13 


=-*3 (94:1) bos eal aie ee 


2ri3 
where 
ror pi r; 
12°23 a ee Za 13 
Hence 
(ay a 4ris 
A; (nat 1)? cos” kal+ (riz +23)" sin? kal 
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or 


transmitted energy _Z3;A}__1 A} 
incidentenergy Z, Ae ee 
ie 4ri3 
(r13 +1)? cos” kal + (r12 +723)” sin? kel 


If we choose | = A2/4, cos k2/ =0 and sin kp! = 1 giving 


Z3A3_4ng 
ZiAi (iatras) 


when 


ha= a3 
that is, when 


>=>5 or Z=VZ,Z; 


We see, therefore, that if the impedance of the coupling medium is the 
harmonic mean of the two impedances to be matched and the thickness of the 
coupling medium is 

2 2a 


A 
4 where A> aR 


all the energy at frequency w will be transmitted with zero reflection. 

The thickness of the dielectric coating of optical lenses which eliminates 
reflections as light passes from air into glass is one quarter of a wavelength. The 
“bloomed” appearance arises because exact matching occurs at only one 
frequency. Transmission lines are matched to loads by inserting quarter 
wavelength stubs of lines with the appropriate impedance. 


(Problems 4.9, 4.10) 


Standing Waves on a String of Fixed Length 


We have already seen that a progressive wave is completely reflected at an 
infinite impedance with a 7 phase change in amplitude. A string of fixed length 
! with both ends rigidly clamped presents an infinite impedance at each end; we 
now investigate the behaviour of waves on such a string. Let us consider the 
simplest case of amonochromatic wave of one frequency w with an amplitude a 
travelling in the positive x-direction and an amplitude b travelling in the 
negative x-direction. The displacement on the string at any point would then 
be given by 

y=a ellmrmks) 4b Aste 


with the boundary condition that y =0 at x = 0 and x =/ at all times. 
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The condition y = 0 at x = 0 gives 0=(a +b) e for all t, so that a = —b, This 
expresses physically the fact that a wave in either direction meeting the infinite 
impedance at either end is completely reflected with a w phase change in 
amplitude. This is a general result for all wave shapes and frequencies. 

Thus 

y=ae™(e *—e'*) = (—2i)a e™ sin kx (4.9) 


an expression for y which satisfies the standing wave time independent form of 
the wave equation 

ay/ax?+k*y =0 
because (1/c?)(d*y/at”) = (—w?/c*)y =—k’y. The condition that y =0 at x =/ 
for all ¢ requires 


i al 
sinkl=sin—=0 or S=nm 
ic c 
limiting the values of allowed frequencies to 
nc 
Siouhi 
or 
at & 
Ya Qe 
that is 
nd 
[=—* 
2 
giving 
. WX, ATX 
sin— = sin —— 
e l 


These frequencies are the normal frequencies or modes of vibration we first 
met in Chapter 3. They are often called eigenfrequencies, particularly in wave 
mechanics. 

Such allowed frequencies define the length of the string as an exact number 
of half wavelengths, and fig. 4.10 shows the string displacement for the first four 
harmonics (n = 1, 2, 3, 4). The value for n = 1 is called the fundamental. 


Fig. 4.10. The first four harmonics, n = 1,2,3,4 of the 
standing waves allowed between the two fixed ends of a 
string 
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As with the loaded string of Chapter 3, all normal modes may be present at 
the same time and the general displacement is the superposition of the 
displacements at each frequency. This is amore complicated problem which we 
discuss in Chapter 9 (Fourier Methods). 

For the moment we see that for n >1 there will be a number of positions 
along the string which are always at rest. These points occur where 

sin =sin a 0 
fy l 
or 


—=rr yee 2. Ss a) 


The values r=0 and r=n give x =0 and x =I, the ends of the string, but 
between the ends there are n — 1 positions equally spaced along the string in the 
nth harmonic where the displacement is always zero. These positions are called 
nodes or nodal points, being the positions of zero motion in a system of standing 
waves. Standing waves arise from the superposition of wave systems travelling 
in opposite directions. If the amplitudes of these progressive waves are equal 
and opposite (resulting from complete reflexion), nodal points will exist. Often, 
however, the reflexion is not quite complete and the waves in the opposite 
direction do not cancel each other to give complete nodal points. In this case we 
speak of a standing wave ratio which we shall discuss in the next section but 
one. 

Whenever nodal points exist, however, we know that the waves travelling in 
opposite directions are exactly equal in all respects so that the energy carried in 
one direction is exactly equal to that carried in the other. This means that the 
total energy flux, that is, the energy carried across unit area per second in a 
standing wave system, is zero. 

Returning to equation (4.9), we see that the complete expression for the 
displacement of the nth harmonic is given by 


Yn =2a(—i)(cOs wat +isin wt) sin“ 
We can express this in the form 

Yn =(A,, COS w,t+ B,, sin w,t) sin“ (4.10) 
where the amplitude of the nth mode is given by (A2+B?)'/? = 2a. 
(Problem 4.11) 


Energy of a Vibrating String 


A vibrating string possesses both kinetic and potential energy. The kinetic 
energy of an element of length dx and linear density p is given by 3p dx y’; the 
total kinetic energy is the integral of this along the length of the string. 
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Thus 


The potential energy is the work done by the tension T in extending an element 
dx to a new length ds when the string is vibrating. 


Thus 
Ena = | Tids—ax)= [7 {1 +(2)] ie i} ax 


! ay)" 
3 d 
ir{(2 x 


if we neglect higher powers of dy/dx. 

Now the change in the length of the element dx is (dy/dx)° dx, and if the 
string is elastic the change in tension is proportional to the change in length so 
that, provided (dy/dx) in the wave is of the first order of small quantities, the 
change in tension is of the second order and T may be considered constant. 


Energy in each Normal Mode of a Vibrating String 


The total displacement y in the string is the superposition of the displacements 
yn Of the individual harmonics and we can find the energy in each harmonic by 
replacing y, for y in the results of the last section. Thus the kinetic energy in the 
nth harmonic is 


t 
E, (kinetic) = 4 pyndx 
) 


and the potential energy is 
F 2 
OYn\~ 
E,, (potential) = al (2) dx 
lo \ Ox 
Since we have already shown for standing waves that 
4 One 
Yn = (Ay, COS Wt + B, Sin w,t) sin a 
then 


; : WX 
Yn = (—An@y SiN @,t + B,@, COS wf) sin = 


and 


an 


w, * @Wy)X 
=—(A,, cos w,f+B,, sin w,t) cos —— 
ORAS. c 
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Thus 


t 
YP y 4.2 WnX 
E, (kinetic) =3pw,[—A,, sin @,t+B,, cos oni sin’ —= dx 
lo ¢ 


and 
2 


2 t 
w F 2 
E, (potential) = aT IA, COs w,t+B, sinw,t] | cos” 
0 


@,X 


dx 


Remembering that T= pc” we have 
E, (kinetic+ potential) = jplw3(A2+B2) 
=jmw (A+ Br) 
where m is the mass of the string and (A2+B?) is the square of the maximum 
displacement (amplitude) of the mode. To find the exact value of the total 
energy E,, of the mode we would need to know the precise values of A,, and B,, 


and we shall evaluate these in Chapter 9 on Fourier Methods. The total energy 
of the vibrating string is, of course, the sum of all the E,,'s of the normal modes. 


(Problem 4.12) 


Standing Wave Ratio 


When a wave is completely reflected the superposition of the incident and 
reflected amplitudes will give nodal points (zero amplitude) where the incident 
and reflected amplitudes cancel each other, and points of maximum displace- 
ment equal to twice the incident amplitude where they reinforce. 

If a progressive wave system is partially reflected from a boundary let the 
amplitude reflexion coefficient B;/A, of the earlier section be written as r, 
where r<1. 

The maximum amplitude at reinforcement is then A, +B,; the minimum 
amplitude is given by A; — B;. In this case the ratio of maximum to minimum 
amplitudes in the standing wave system is called the 


. Seeagteey br 
S We pe 

tanding Wave Ratio a) Ree 
where r= B,/A,. 


Measuring the values of the maximum and minimum amplitudes gives the 
value of the reflexion coefficient for 


_SWR-1 


r= Bil Ai=swrei 


where SWR refers to the Standing Wave Ratio. 


(Problem 4.13) 
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Wave Groups and Group Velocity 


Our discussion so far has been limited to monochromatic waves—waves of a 
single frequency and wavelength. It is much more common for waves to occur 
as a mixture of a number or group of component frequencies; white light, for 
instance, is composed of a continuous visible wavelength spectrum extending 
from about 3000 A in the blue to 7000 A in the red. Examining the behaviour 
of such a group leads to the third kind of velocity mentioned at the beginning of 
this chapter, that is, the group velocity. 


Superposition of Two Waves of almost Equal Frequencies 


We begin by considering a group which consists of two components of equal 
amplitude a but frequencies w, and w2 which differ by a small amount. 
Their separate displacements are given by 


yi =a cos (wt—k x) 
and 
y2= a COS (w2t—k2x) 


Superposition of amplitude and phase gives 


Sak wn Saat [“ =wr)t (kim <n ane [‘" twr)t (ki eel 
y — Face ra ile s aseaath = 
a wave system with a frequency (w; + @2)/2 which is very close to the frequency 
of either component but with a maximum amplitude of 2a, modulated in space 
and time by a very slowly varying envelope of frequency (w; — 2)/2 and wave 
number (k; — k2)/2. 

This system is shown in fig. 4.11 and shows, of course, a behaviour similar to 
that of the equivalent coupled oscillators in Chapter 3. The velocity of the new 
wave is (w;—w2)/(k;—k2) which, if the phase velocities w1/k;=w2/k2=c, 
gives 

Oi @2 _ (kia ka) _ 
ki —k2 k,-k, 


so that the component frequencies and their superposition, or group will travel 
with the same velocity, the profile of their combination in fig. 4.11 remaining 
constant. 

If the waves are sound waves the intensity is a maximum whenever the 
amplitude is a maximum of 2a; this occurs twice for every period of the 
modulating frequency, that is, at a frequency v;— v2. 

The beats of maximum intensity fluctuations thus have a frequency equal to 
the difference v;—v2 of the components. In the example here where the 
components have equal amplitudes a, superposition will produce an amplitude 
which varies between 2a and 0; this is called complete or 100% modulation. 


Transverse Wave Motion 123 


Envelope of 
frequency “s “2 
2 


Oscillation of 
frequency “4* “2 
2 


Fig. 4.11. The superposition of two 
waves of slightly different frequency 
@, and w2 forms a group. The faster 
oscillation occurs at the average fre- 
quency of the two components (@; + 
@2)/2 and the slowly varying group 
envelope has a frequency (#,— 
w>)/2, half the frequency difference 
between the components 


More generally an amplitude modulated wave may be represented by 
y=A cos (wt—kx) 
where the modulated amplitude 
A=atbcosw't 


This gives 
y =a cos (wt—kx) +F4foos (w +@')t—kx]+[cos (w—w')t—kx]} 


so that here amplitude modulation has introduced two new frequencies w+’, 
known as combination tones or sidebands. Amplitude modulation of a carrier 
frequency is a common form of radio transmission, but its generation of 
sidebands has led to the crowding of radio frequencies and interference 
between stations. 


Wave Groups and Group Velocity 


Suppose now that the two frequency components of the last section have 
different phase velocities so that w,/k, # 2/k2. The velocity of the maximum 
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amplitude of the group, that is, the group velocity 

Cree 

ki-k, Ak 
is now different from each of these velocities; the superposition of the two 


waves will no longer remain constant and the group profile will change with 
time. 


A medium in which the phase velocity is frequency dependent (#/k not 
constant) is known as a dispersive medium and a dispersion relation expresses 
the variation of w as a function of k. If a group contains a number of 
components of frequencies which are nearly equal the original expression for 
the group velocity is written 


Aw _ de 
Ak dk 
The group velocity is that of the maximum amplitude of the group so that it is 


the velocity with which the energy in the group is transmitted. Since w = kv, 
where v is the phase velocity, the group velocity 


dw d dv 
Me = ae aK he = Ot kage 
=o 


where k =27/A. 
Usually dv/da is positive, so that vy <v. This is called normal dispersion, but 
anomalous dispersion can arise when dv/da is negative, so that v, > v. 

We shall see when we discuss electromagnetic waves that an electrical 
conductor is anomalously dispersive to these waves whilst a dielectric is 
normally dispersive except at the natural resonant frequencies of its atoms. In 
the chapter on forced oscillations we saw that the wave then acted as a driving 
force upon the atomic oscillators and that strong absorption of the wave energy 
was represented by the dissipation fraction of the oscillator impedance, whilst 
the anomalous dispersion curve followed the value of the reactive part of the 
impedance. 

The three curves of fig. 4.12 represent 

(a) a non-dispersive medium where w/k is constant, so that v,=v, for 
instance free space behaviour towards light waves. 

(b) a normal dispersion relation v, < v. 

(c) an anomalous dispersion relation v, > v. 


Example. The electric vector of an electromagnetic wave propagates in a 
dielectric with a velocity v = (je) '”? where p is the permeability and e is the 
permittivity. In free space the velocity is that of light, c =(to€0) '/*. The 
refractive index n=c/v=Vpe/poeo=V me, Where w, = w/fo and €, = €/€p. 
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¥ >V¥ anomalous 
(c) dispersion 


(a) y =V no dispersion 


w (*) 


(b) {<V normal 
dispersion 


Fig. 4.12. Curves illustrating dispersion 

relations: (a) a straight line representing 

a non-dispersive medium, v = v,; (b) a 

normal dispersion relation where the 

gradient v=@/k >v,=dw/dk; (c) an 

anomalous dispersion relation where 
V<d, 


Refractive fa 
index ni \ 
ne2 / \ 


\ 
/ \ Absorption 
\ curve 


nz/e, 


Fig. 4.13. Anomalous dispersion 
showing the behaviour of the refrac- 
tive index n =Ve, versus @ and A, 
where wo is a resonant frequency of 
the atoms of the medium. The 
absorption in such a region is also 
shown by the dotted line 
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For many substances yz, is constant and ~1, but e, is frequency dependent, so 
that v depends on A. 
The group velocity 
Xr 2«1) 


=v- Sale 
Vg =v—A dv/ddA o(1 2e aA 


so that v, >v (anomalous dispersion) when de,/dA is +ve. Fig. 4.13 shows the 
behaviour of the refractive index n = Ve, versus w, the frequency, and A, the 
wavelength, in the region of anomalous dispersion associated with a resonant 
frequency. The dotted curve shows the energy absorption (compare this with 
fig. 2.9). 


(Problems 4.14, 4.15, 4.16, 4.17, 4.18, 4.19) 


Wave Group of Many Components. The Bandwidth Theorem 


We have so far considered wave groups having only two frequency compo- 
nents. We may easily extend this to the case of a group of many frequency 
components, each of amplitude a, lying within the narrow frequency range Aw. 

We have already covered the essential physics of this problem on page 20, 
where we found the sum of the series 


n> 


1 
R= ¥ acos(wt+né) 
0 


where 6 was the constant phase difference between successive components. 
Here we are concerned with the constant phase difference (Sw)t which results 
from a constant frequency difference dw between successive components. The 
frequency spectrum of this group is shown in fig. 4.14a and we wish to follow its 
behaviour with time. 

We seek the amplitude which results from the superposition of the frequency 
components and write it 


R=4 cos wit+a cos (wi +dw)t+a cos (w;+26w)t+... 
+a cos[w,+(n—1)(6w)]t 


The result is given on page 21 by 


__ sin [n(Sw)t/2] x 
Se TTC 


where the average frequency in the pulse is 


6 =, +3(n—1)(5w) 
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Now n(Sw) = Aq, the pulse width, so the behaviour of the resultant R with time 
may be written 


_ sin(Awt/2) = _ _ sin (Aw.t/2) x 
R(t)= aor (Aa.t/n2) (Aeo.t/n2) cos @t =na SADu/D cos ot 


when n is large, 
or 
sin a 
R(t)= A—— cos ot 
a 


where A = na and a = Aw.t/2 is half the phase difference between the first and 
last components at time t. 


(a) a ae sees “ 
Q 
w 
. : "asian 
_ Aw 
120 
(b) RU ngy2A diy 
v a 
Rit): 24-------- +At \ spe 2 
half width--7~ | ; Qe 


of maximum H 


‘ 


Fig. 4.14. (a) A rectangular wave pulse of width Aw having n 

components of amplitude a with a common frequency difference 

Sw. (b) Representation of the pulse on a time axis is a cosine curve at 

the average frequency @, amplitude modulated by a sin a/a curve 

where a = Aw.t/2. After a time t = 27/Aw the superposition of the 
components gives a zero amplitude 


This expression gives us the time behaviour of the pulse and is displayed on a 
time axis in fig. 4.14b. We see that the amplitude R(t) is given by the cosine 
curve of the average frequency @ modified by the A sin a/a term. 

At t=0, sina@/a@>1 and all the components superpose with zero phase 
difference to give the maximum amplitude R(t)=A=na. After some time 
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interval At when 


_ Aw At_ 
2s 


Qa 7 
the phases between the frequency components are such that the resulting 
amplitude R(t) is zero. 

The time Ar which is a measure of the width of the central pulse of fig. 4.14b 
is therefore given by 


Aw At 


S 


TT 


or Av At=1 where Aw = 27 Av. 

The true width of the base of the central pulse is 2Ar but the interval At is 
taken as an arbitrary measure of time, centred about ¢ = 0, during which the 
amplitude R(t) remains significantly large (>A/2). With this arbitrary defini- 
tion the exact expression 


Av At=1 
becomes the approximation 
AvAt=1 or (Aw At~27) 


and this approximation is known as the Bandwidth Theorem. 

It states that the components of pulse of width Aw in the frequency range will 
superpose to produce a significant amplitude R(t) only for a time Ar before the 
pulse decays from random phase differences. The greater the range Aw the 
shorter the period At. 

Alternatively, the theorem states that a single pulse of time duration At is the 
result of the superposition of frequency components over the range Aw; the 
shorter the period At of the pulse the wider the range Aw of the frequencies 
required to represent it. 

When Aa is zero we have a single frequency, the monochromatic wave which 
is therefore required (in theory) to have an infinitely long time span. 

We have chosen to express our wave group in the two parameters of 
frequency and time (having a product of zero dimensions), but we may just as 
easily work in the other pair of parameters wave number k and distance x. 

Replacing w by k and t by x would define the length of the wave group as Ax 
in terms of the range of component wavelengths A(1/A). 

The Bandwidth Theorem then becomes 


Ax Ak =27 
or 
AxA(1/A)~1 ive. Ax ~A7/AA 


Note again that a monochromatic wave with Ak = 0 requires Ax > 00 that is, an 
infinitely long wavetrain. 
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In the wave group we have just considered the problem has been simplified 
by assuming all frequency components to have the same amplitude a. When 
this is not the case, the different values a(w) are treated by Fourier methods as 
we shall see in Chapter 9. 

We shall meet the ideas of this section several times in the course of this text, 
noting particularly that in modern physics the Bandwidth Theorem becomes 
Heisenberg’s Uncertainty Principle. 


(Problem 4.20) 


Transverse Waves in a Periodic Structure 


At the end of the chapter on coupled oscillations we discussed the normal 
transverse vibrations of n equal masses of separation a along a light string of 
length (n + 1)a under a tension T with both ends fixed. The equation of motion 
of the rth particle was found to be 


epee 
my, =F (yee +y,-1—2y,) 


and for n masses the frequencies of the normal modes of vibration were given 
by 


2 27 s) 
ao, =—| 1 =—cos—— 
ma i fe | 


where s = 1, 2,3,...n. When the separation a becomes infinitesimally small 
(=dx, say) the term in the equation of motion 


1 1 
baal +y,-1 —2y) > art ity,-1—2y,) 


a= ist) Oe (2) ~(2) = (2) 
dx dx OxX/r41/2  \OX/p-1/2 ax?/, 


so that the equation of motion becomes 


ay Tay 
= =, 
at” pax” 


the wave equation, where p = m/dx, the linear density and 


yo eer) 
We are now going to consider the propagation of transverse waves along a 
linear array of atoms, mass m, in a crystal lattice where the tension T now 
represents the elastic force between the atoms (so that T/a is the stiffness) and 
a, the separation between the atoms, is about 1 A or 10°'°m. When the 
clamped ends of the string are replaced by the ends of the crystal we can express 
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the displacement of the rth particle due to the transverse waves as 

(= A ene) =A ellarkra) 
since x = ra. The equation of motion then becomes 


Caste = Tien serie 2) 


ss T (gika/2_ g-ika/2y2 ss 4T . oka 
a 


giving the permitted frequencies 


This expression for w’ is equivalent to our earlier value at the end of Chapter 3: 


Sqr )= AT os? Sqr 
n+l ma 2(n+1) 


20; 
o,= (1-cos 
ma 


ka ST 


2 n+l) 


where s=1,2,3,...n. 

But (n+ 1)a=l, the length of the string or crystal, and we have seen that 
wavelengths A are allowed where pA/2=1=(n+1)a. 

Thus 


if s=p. When s=p, a unit change in s corresponds to a change from one 
allowed number of half wavelengths to the next so that the minimum 
wavelength is A = 2a, giving a maximum frequency w,;, =47T/ma. Thus both 
expressions may be considered equivalent. 

When A = 2a, sin ka/2=1 because ka =, and neighbouring atoms are 
exactly 7 radians out of phase because 


Yr oc gika — git 4 
Yr+1 
The highest frequency is thus associated with maximum coupling, as we expect. 


For long wavelengths or low values of the wave number k, sin ka/2 > ka/2 so 
that 
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and the velocity of the wave is given by 


as before, where p = m/a. 
In general the phase velocity is given by 


=2. al 
ok L ka/2 


a dispersion relation which is shown in fig. 4.15. Only at very short wave- 
lengths does the atomic spacing of the crystal structure affect the wave 
propagation, and here the limiting or maximum value of the wave number 
km = 17/a~=10'° m™'. 


Fig. 4.15. The dispersion relation w(k) versus k for 
waves travelling along a linear one-dimensional 
array of atoms ina periodic structure 


The elastic force constant T/a for a crystal is about 15 newtons metre '; a 
typical ‘reduced’ atomic mass is about 60x 10°’ kg. These values give a 
maximum frequency 

_4T 60 


27 2 
ee es ee 
that is, a frequency v~5 x 10'* Hertz. 

(Note that the value of T/a used here for the crystal is a factor of 8 lower than 
that found in problem 3.4 for a single molecule. This is due to the interaction 
between neighbouring ions and the change in their equilibrium separation.) 

This frequency is in the infrared region of the electromagnetic spectrum. We 
shall see in a later chapter that electromagnetic waves of frequency w have a 
transverse electric field vector E=E,e”, where Ep is the maximum amp- 
litude, so that charged atoms or ions in a crystal lattice could respond as forced 
oscillators to radiation falling upon the crystal, which would absorb any 
radiation at the resonant frequency of its oscillating atoms. 
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Linear Array of Two Kinds of Atoms in an Ionic Crystal 


We continue the discussion of this problem using a one dimensional line 
which contains two kinds of atoms with separation a as before, those atoms of 
mass M occupying the odd numbered positions, 2r— 1, 2r + 1, etc., and those of 
mass m occupying the even numbered positions, 2r, 2r+2, etc. The 
equations of motion for each type are 


fe T 
myo, = given + Y2rm-1—2Y2r) 


and 


with solutions 


i(wt~ 2rka) 
Yar =Am & 


—(2r+)k 
Yort1 = Am ellwr-(ar+ a) 


where A,, and Ay are the amplitudes of the respective masses. 
The equations of motion thus become 


2 TAm, - 
a ees +eitt)_2TAm 
a a 
and 
a? MAy = Tange 4 te) 2 TA 


equations which are consistent when 


2 T(L 1). T[(1, 1) san ea 
°a\m_M)al\m M/ mM 


Plotting the dispersion relation w versus k for the positive sign and m>M 
gives the upper curve of fig. 4.16 with 


2 271 “) 
2 =—(—4+— = 
apse eatin, for k=0 


and 


ates 7 


i) Sry, for. "Ki, 43a (minimum A = 4a) 
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Optical branch 


4 


(eet 


Fig. 4.16. Dispersion — rela- 

tions for the two modes of 

transverse oscillation in a 
crystal structure 


The negative sign gives the lower curve of fig. 4.16 with 
2 _2Tk?a* 


2) = aM) for very small k 


and 


05 fh 
w° =— for k= aoe 
am 2a 

The upper curve is called the ‘optical’ branch and the lower curve is known as 
the ‘acoustical’ branch. The motions of the two types of atom for each branch 
are shown in fig. 4.17. 


Optical mode 


Acoustical mode 


Fig. 4.17. The displacements of the 

different atomic species in the two 

modes of transverse oscillations in a 

crystal structure (a) the optical mode, 
and (b) the acoustic mode 
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In the optical branch for long wavelengths and small k, A,,/ Ay =—M/m, 
and the atoms vibrate against each other, so that the centre of mass of the unit 
cell in the crystal remains fixed. This motion can be generated by the action of 
an electromagnetic wave when alternate atoms are ions of opposite charge; 
hence the name ‘optical branch’. In the acoustic branch, long wavelengths and 
small k give A,, = Ay, and the atoms and their centre of mass move together 
(as in longitudinal sound waves). We shall see in the next chapter that the atoms 
may also vibrate in a longitudinal wave. 

The transverse waves we have just discussed are polarized in one plane; 
they may also vibrate in a plane perpendicular to the plane considered here. 
The vibrational energy of these two transverse waves, together with that 
of the longitudinal wave to be discussed in the next chapter, form the basis 
of the theory of the specific heats of solids, a topic to which we shall return in 
Chapter 8. 


Absorption of Infrared Radiation by Ionic Crystals 


Radiation of frequency 3x 10'? Hertz gives an infrared wavelength of 
100 microns (10°* m) and a wave number k = 277/A ~6.10" m_'. We found the 
cut-off frequency in the crystal lattice to give a wave number k,, ~ 10'° m~', so 
that the k value of infrared radiation is a negligible quantity relative to k,, and 
may be taken as zero. When the ions of opposite charge +e move under the 
influence of the electric field vector E = Eye" of electromagnetic radiation, 


the equations of motion (with k = 0) become 


2 21 
—w' MA, = = (Am —A,,)—eEp 


and 


—w*MAy = at AN —Am)+ eEo 


which may be solved to give 


eEo =e Eo 
Am = 7 a A 
M M(wa-w") a) m (w@-@) 
where 
ee 5 
oa \m M 


the low k limit of the optical branch. 

Thus when = wp infrared radiation is strongly absorbed by ionic crystals 
and the ion amplitudes Ay, and A,,, increase. Experimentally, sodium chloride 
is found to absorb strongly at A=61 microns; potassium chloride has an 
absorption maximum at A =71 microns. (Problem 4.21.) 
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Doppler Effect 


In the absence of dispersion the velocity of waves sent out by a moving source is 
constant but the wavelength and frequency noted by a stationary observer are 
altered. 

In fig. 4.18 a stationary source S$ emits a signal of frequency v and 
wavelength A for a period 1 so the distance to a stationary observer O is vAt. If 


vt 


Fig. 4.18. If waves from a stationary source § are 
received by a stationary observer O at frequency v 
and wavelength A the frequency is observed as v’ and 
the wavelength as A’ at O if the source S’ moves 
during transmission. This is the Doppler effect 


the source S’ moves towards O at a velocity u during the period ¢ then O 
registers a new frequency v’. 


We see that 
vAt=ut+va't 
which, for 
c=vA=v')' 
gives 
eu 
v 
Hence 
Oe 
= . 
c=u 


This observed change of frequency is called the Doppler Effect. 

Suppose that the source S is now stationary but that an observer O’ moves 
with a velocity v away from S. If we superimpose a velocity —v on observer, 
source and waves, we bring the observer to rest; the source now has a velocity 
—v and waves a velocity of c —v. 
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Using these values in the expression for v’ gives a new observed frequency 


_ v(c—v) 
eae! 


(Problems 4.22, 4.23, 4.24, 4.25, 4.26, 4.27, 4.28, 4.29, 4.30, 4.31) 


” 


Problem 4.1 


Show that y = f,(ct+x) is a solution of the wave equation 
ay _léy 


ax? car 


Problem 4.2 
Show that the wave profile, that is, 


y=filet—x) 


remains unchanged with time when c is the wave velocity. To do this consider the 
expression for y at a time ¢+ Ar where Ar = Ax/c. 


Repeat the problem for y = f,(ct +x). 


Problem 4.3 

Show that 
aya 
ot ox 


for a left going wave drawing a diagram to show the particle velocities as in fig. 4.5 (note 
that c is a magnitude and does not change sign). 


Problem 4.4 

A triangular shaped pulse of length / is reflected at the fixed end of the string on which it 
travels (Z, = 00). Sketch the shape of the pulse (see fig. 4.8) after a length (a) [/4 (b) I/2 
(c) 31/4 and (d) | of the pulse has been reflected. 


Problem 4.5 

A point mass M is concentrated at a point on a string of characteristic impedance pc. A 
transverse wave of frequency w moves in the positive x direction and is partially 
reflected and transmitted at the mass. The boundary conditions are that the string 
displacements just to the left and right of the mass are equal (y, + y, = y,) and that the 
difference between the transverse forces just to the left and right of the mass equal the 
mass times its acceleration. If A,, B, and A, are respectively the incident, reflected and 
transmitted wave amplitudes show that 

B, —ig A, 1 


Ay ge A eg 


where q = @M/2pc and i> =—1. 


Problem 4.6 
In problem 4.5, writing q = tan 0, show that A; lags A, by @ and that B, lags A, by 
(n/2+ 0) for0<0< 7/2. 

Show also that the reflected and transmitted energy coefficients are represented by 
sin? @ and cos @ respectively. 
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Problem 4.7 
If the wave on the string in fig. 4.6 propagates with a displacement 


y=a sin (wt—kx) 


Show that the average rate of working by the force (average value of transverse force 
times transverse velocity) equals the rate of energy transfer along the string. 


Problem 4.8 

A transverse harmonic force of peak value 0-3 Newtons and frequency 5 Hertz initiates 
waves at one end of a very long string of linear density 0-01 kg/metre. Show that the rate 
of energy transfer along the string is 32/20 watts and that the wave velocity is 30/7 
metres per sec. 


Problem 4.9 
In the figure, media of impedances Z, and a 'S Zz, 
Z, are separated by a medium of inter- 
mediate impedance Z,. A normally inci- 
dent wave in the first medium has unit 
amplitude and the reflection and transmis- 
sion coefficients for multiple reflections 
are shown. Show that the total reflected 
amplitude in medium 1 which is 


R+tTR'(1+rR'+r°R”...) 
is zero if R=—R' and show that this 
defines the condition 
Z3=Z,Z; 
(Note that for zero total reflection in 
medium 1, the first reflection R is cancel- 


led by the sum of all subsequent reflec- 
tions.) 


Problem 4.10 

The relation between the impedance Z and the refractive index n of a dielectric is given 
by Z = 1/n. Light travelling in free space enters a glass lens which has a refractive index 
of 1:5 for a free space wavelength of 5:5 10°’ metres. Show that reflections at this 
wavelength are avoided by a coating of refractive index 1-22 and thickness 1-12 x 
107’ metres. 


Problem 4.11 
Prove that the displacement y,, of the’standing wave expression in equation (4.10) 
satisfies the time independent form of the wave equation 


EDN re) 
—tk*y=0. 
Fre 
Problem 4.12 

The total energy E,, of a normal mode may be found by an alternative method. Each 
section dx of the string is a simple harmonic oscillator with total energy equal to the 
maximum kinetic energy of oscillation 


K.€max = 30 AX(Y max = 2P AXO7(Y n)max 
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Now the value of (y%)max at a point x on the string is given by 
(¥3) max = (A 2+ B3) sin® 3 
Show that the sum of the energies of the oscillators along the string, that is, the integral 
tp? | (yAmax Ax 
iH 
gives the expected result. 


Problem 4.13 
The displacement of a wave on a string which is fixed at both ends is given by 


y(x, t)=A cos (wt—kx)+rA cos (wt + kx) 
where r is the coefficient of amplitude reflection. Show that this may be expressed as the 
superposition of standing waves 
y(x, t)= A(1 +r) cos wt cos kx + A(1—r) sin wt sin kx. 


Problem 4.14 

A wave group consists of two wavelengths A and A +AA where AA/A is very small. 
Show that the number of wavelengths A contained between two successive zeros of 

the modulating envelope is ~A/AA. 


Problem 4.15 
The phase velocity v of transverse waves ina crystal of atomicseparation a is given by 
2 (= Lai?) 
(ka/2) 


where k is the wave number and c is constant. Show that the value of the group velocity 
is 


Rees 
2 


What is the limiting value of the group velocity for long wavelengths? 


Problem 4.16 
The dielectric constant of a gas at a wavelength A is given by 


c 


B 
6 =GaAt GDM 


where A, B and D are constants, c is the velocity of light in free space and v is its phase 
velocity. If the group velocity is V, show that 
V,€, = v(A —2Dd*) 
Problem 4.17 
Problem 2.10 shows that the relative permittivity of an ionized gas is given by 


where v is the phase velocity, c is the velocity of light and w, is the constant value of the 
electron plasma frequency. Show that this yields the dispersion relation @* = w2+c7k*, 
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and that as w > w, the phase velocity exceeds that of light, c, but that the group velocity 
(the velocity of energy transmission) is always less than c. 
Problem 4.18 
The electron plasma frequency of problem 4.17 is given by 
w=", 
Mo 
Show that for an electron number density n, ~ 10° (10°° of an atmosphere), elec- 
tromagnetic waves must have wavelengths A <3 . 10° m (in the microwave region) to 


propagate. These are typical wavelengths for probing thermonuclear plasmas at high 
temperatures. 


20 


€ ) = 8-8 x 107 '* farads/metre 
m, = 9:1 10" kg 
e= 1-6 10°" coulombs 


Problem 4.19 

In wave mechanics the dispersion relation for an electron of velocity v = hk/m is given 
by w?/c?=k?+m7c?/h, where c is the velocity of light, m is the electron mass 
(considered constant at a given velocity) h=h/2m and h is Planck's constant. Show 
that the product of the group and particle velocities is c’. 


Problem 4.20 
The figure shows a pulse of length Ar given by y = A cos wo. 
Show that the frequency representation 


y(w) =a cos wt +a cos (w,+dw)t... +a cos[w,+(n—1)(Sw))t 


is centred on the average frequency w, and that the range of frequencies making 
significant contributions to the pulse satisfy the criterion 


Aw At=2a 


Repeat this process for a pulse of length Ax with y = A cos kox to show that in k space 
the pulse is centred at kp with the significant range of wave numbers Ak satisfying the 
criterion Ax Ak ~27. 


4, me y=A cos wt 
/ 


Ar 


Problem 4.21 


The elastic force constant for an ionic crystal is ~15 newtons/metre. Show that the 
experimental values for the frequencies of infrared absorption quoted at the end of this 
chapter for NaCl and KCl are in reasonable agreement with calculated values. 


1a.m.u.= 1-66 x 10°’ kg 
Na mass = 23 a.m.u. 
K mass = 39 a.m.u. 


Cl mass = 35 a.m.u. 
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Problem 4.22 
Show that, in the Doppler effect, the change of frequency noted by a stationary observer 
O as a moving source S' passes him is given by 


ie aoe 
(c*—u*) 
where c = vA, the signal velocity and u is the velocity of S’. 


Problem 4.23 
Suppose, in the Doppler effect, that a source S' and an observer O' move in the same 
direction with velocities u and v respectively. Bring the observer to rest by superimpos- 
ing a velocity —v on the system to show that O' now registers a frequency 
_ v(c—v) 

(c=u) 


” 


Problem 4.24 

Light from a star of wavelength 6X 107’ metres is found to be shifted 10~'' metres 
towards the red when compared with the same wavelength from a laboratory source. If 
the velocity of light is 3 x 10° metres sec ' show that the earth and the star are separating 
at a velocity of 5 kilometres per second. 


Problem 4.25 

An aircraft flying on a level course transmits a signal of 3 x 10” Hertz which is reflected 
from a distant point ahead on the flight path and received by the aircraft with a 
frequency difference of 15 kHertz. What is the aircraft speed. 


Problem 4.26 

Light from hot sodium atoms is centred about a wavelength of 6x 10~” metres but 
spreads 2 x 107'? metres on either side of this wavelength due to the Doppler effect as 
radiating atoms move towards and away from the observer. Calculate the thermal 
velocity of the atoms to show that the gas temperature is ~900 K. 


Problem 4.27 
Show that in the Doppler effect when the source and observer are not moving in the 
same direction that the frequencies 


and 


are valid if u and v are not the actual velocities but the components of these velocities 
along the direction in which the waves reach the observer. 


Problem 4.28 

In extending the Doppler principle consider the accompanying figure where O is a 
stationary observer at the origin of the coordinate system O(x, t) and O' is an observer 
situated at the origin of the system O’(x', t') which moves with a constant velocity v in 
the x direction relative to the system O. When O and O' are coincident at t= t'=Oa 
light source sends waves in the x direction with constant velocity c. These waves obey 
the relation 


0=x?—c?P? (seen by O)=x'?—c7t” (seen by O’). 60) 
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Since there is only one relative velocity v, the transformation 

x'=k(x—vt) (2) 
and 

x=k'(x'+or') (3) 


must also hold. Use (2) and (3) to eliminate x' and ¢’ from (1) and show that this identity 
is satisfied only by k=k'=1/(1—”)'”?, where B =v/c. (Hint—in the identity of 
equation (1) equate coefficients of the variables to zero.). 


fe) mea: (oy 


This is the Lorentz transformation in the theory of relativity giving 


7. ©%=08) x'+o¢' 


x “7-py' *“-B)” 
» C= (o/c*x)—, _(t +(v/e*)x’) 


(—p?)'?° (—B)'? 


Problem 4.29 
Show that the interval Ar=r,—1, seen by O in problem 4.28 is seen as At’ = kAt by O' 
and that the length / = x.—x, seen by O is seen by O' as I'=I/k. 


Problem 4.30 

Show that two simultaneous events at x, and x,(t,=1,) seen by O in the previous 
problems are not simultaneous when seen by O! (that is f; 4 f). 

Problem 4.31 


Show that the order of events seen by O(t,>1,) of the previous problems will not be 
reversed when seen by O’ (that is #3 > t{) as long as the velocity of light c is the greatest 
velocity attainable. 


Summary of Important Results 


a2. 2 
oy Lary 
Wave Equat 3=— 
See ae. Clan 
@ Ox 
Wi hi velocity = c =—=— 
ave (phase) ity=c eee 


k =wave number = 7 
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where the wavelength A defines separation between two oscillations with phase 
difference of 27 radians. 


a een) 
Particle velocity = =-c— 


. —k. 
Displacement y = ae’ *” 


where a is wave amplitude. 


Characteristic Impedance of a string 


__transverse force _ dy /dy _ 
transverse velocity ax/ at 


Reflexion and Transmission Coefficients 


Reflected Amplitude _ Z-Z2 
Incident Amplitude Bie Le 
Transmitted Amplitude = 2Z, 
Incident Amplitude Z+Z, 
Reflected Energy _ -(4-2 Za’ 
Incident Energy Z,+Z2 


Transmitted Energy 42, Z 
Incident Energy (Z,+Zo) 


Impedance Matching 

Impedances Z, and Z; are matched by insertion of impedance Z, where 
Z3=Z,Z; 

Thickness of Z> is A/4 measured in Z>. 


Standing waves. Normal Modes. Harmonics. 
Solution of wave equation separates time and space dependence to satisfy time 
independent wave equation 


e i , 
hey =0 (cancel e'") 
ox 


Standing waves on string of length / have wavelength A,, where 


n=l 


Pr 


Transverse Wave Motion 143 


Displacement of nth harmonic is 
: < Ont 
yn = (A, COS wt + B, sin w,t) sin i 


Energy of nth harmonic (string mass m) 
E, = KE, + PE, =4mw,(A;,+B,) 


Group Velocity 


In a dispersive medium the wave velocity v varies with frequency w (wave 
number k). The energy of a group of such waves travels with the group velocity 
_ dw a k dv dv 
dk dk da 


Rectangular Wave Group of n components amplitude a, width Aw, represented 
in time by 
sin(Aw. t/2) 


SUIStomerav mIRC Ee 


where @ is average frequency. R(t) is zero when 


Aw. bia 
Peat T 
i.e. Bandwidth Theorem gives 
Aw. At=27 
or 
AxAk =27 


A pulse of duration At requires a frequency width Aw to define it in frequency 
space and vice versa. 


Doppler Effect 


Signal of frequency v and velocity c transmitted by a stationary source S and 
received by a stationary observer O becomes 


ve 


es 
c—-u 


when source is no longer stationary but moves towards O with a velocity u. 


Chapter 5 


Longitudinal Waves 


In deriving the wave equation 


in Chapter 4, we used the example of a transverse wave and continued to 
discuss waves of this type on a vibrating string. In this chapter we consider 
longitudinal waves, waves in which the particle or oscillator motion is in the 
same direction as the wave propagation. Longitudinal waves propagate as 
sound waves in all phases of matter, plasmas, gases, liquids and solids, but we 
shall concentrate on gases and solids. In the case of gases, limitations of 
thermodynamic interest are imposed; in solids the propagation will depend on 
the dimensions of the medium. Neither a gas nor a liquid can sustain the 
transverse shear necessary for transverse waves, but a solid can maintain both 
longitudinal and transverse oscillations. 


Sound Waves in Gases 


Let us consider a fixed mass of gas, which at a pressure Pp occupies a volume Vo 
with a density po. These values define the equilibrium state of the gas which is 
disturbed, or deformed, by the compressions and rarefactions of the sound 
waves. Under the influence of the sound waves 


the pressure Py becomes P = Po +p 
the volume Vp) becomes V= Vp +v 
and 
the density py becomes p = po+ pa. 


The excess pressure p is the maximum pressure amplitude of the sound wave 
and is an alternating component superimposed on the equilibrium gas pressure 
Po. 

The fractional change in volume is called the dilatation, written v/ Vo= 5, 
and the fractional change of density is called the condensation, written p4/po = 


144 
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s. The values of 6 and s are ~ 10° for ordinary sound waves, and a value of 
p=2X10 °N/m’ (about 10°'” of an atmosphere) gives a sound wave which is 
still audible at 1000 Hertz. Thus the changes in the medium due to sound waves 
are of an extremely small order and define limitations within which the wave 
equation is appropriate. 

The fixed mass of gas is equal to 


PoVo= pV = poVo(l+5)(1+s) 


so that (1+6)(1+s)=1, giving s=—6 to a very close approximation. The 
elastic property of the gas, a measure of its compressibility, is defined in terms 
of its bulk modulus 


the difference in pressure for a fractional change in volume, a volume increase 
with fall in pressure giving the negative sign. The value of B depends on 
whether the changes in the gas arising from the wave motion are adiabatic or 
isothermal. They must be thermodynamically reversible in order to avoid the 
energy loss mechanisms of diffusion, viscosity and thermal conductivity. The 
complete absence of these random, entropy generating processes defines an 
adiabatic process, a thermodynamic cycle with a 100% efficiency in the sense 
that none of the energy in the wave, potential or kinetic, is lost. In a sound wave 
such thermodynamic concepts restrict the excess pressure amplitude; too great 
an amplitude raises the local temperature in the gas at the amplitude peaks and 
thermal conductivity removes energy from the wave system, Local particle 
velocity gradients will also develop, leading to diffusion and viscosity. 

Using a constant value of the adiabatic bulk modulus limits sound waves to 
small oscillations since the total pressure P = Py +p is taken as constant; larger 
amplitudes lead to non-linear effects and shock waves, which we shall discuss 
separately in Chapter 11. 

All adiabatic changes in the gas obey the relation PV” = constant, where y is 
the ratio of the specific heats at constant pressure and volume respectively. 

Differentiation gives 


V’ dP+yPV” 'dV=0 
or 


dP 
= Vav = yP = B, (where the subscript a denotes adiabatic) 


so that the eleastic property of the gas is yP, considered to be constant. Since 
P=P,+p, then dP =p, the excess pressure, giving 


P 
Bo=- 
v/Vo 


or p=—B,6=B,s 
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In a sound wave the particle displacements and velocities are along the x-axis 
and we choose the co-ordinate 7 to define the displacement. 

In obtaining the wave equation we consider the motion of an element of the 
gas of infinitesimal thickness dx and unit cross section. Under the influence of 
the sound wave the behaviour of this element is shown in fig, 5.1. The particles 
in the layer x are displaced a distance n and those at x +dx are displaced a 
distance 7 +d7, so that the increase in the thickness dx of the element of unit 


dx +dn=dx Zax 
x 


S 


Fig. 5.1. Thin element of gas of unit cross- 
section and thickness dx displaced an 
amount 7 and expanded by an amount 
(dn/ax) dx under the influence of a pressure 
difference —(0P,/ax) dx 


cross section (which therefore measures the increase in volume) is 


an 
dn =—dx 
i Ox 


and 


v an én 
6=—= (2) dx/dx =—=~—s 
Vo \ox dx/dx Ox 

where @7/0x is called the strain. 

The medium is deformed because the pressures along the x-axis on either 
side of the thin element are not in balance (fig. 5.1). The net force acting on the 
element is given by 


P,— Pera =| P.—(Pe+ dx) 
ax 

_, 

Ox 


C) op 
= ——(Py+ =—-— 
dx ie (Po+p) dx ar dx 


The mass of the element is po dx and its acceleration is given, to a close 
ners 2 2 
approximation, by d°n/dt’. 
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From Newton's Law we have 


op an 
— dx = po dx—z 
Big fo ar 
where 
an 
= —B,6 = — B,— 
P ox 
so that 
op ? ri dj an 
ae Bagge? giving B, 2= Pose 


But B./po= yP/po is the ratio of the elasticity to the inertia or density of the 
gas, and this ratio has the dimensions 


force volume . lig 
ae soit =(velocity)*, so =c? 
area mass Po 
where c is the sound wave velocity. 
Thus 

an 1d 

os 

ox co Or 


is the wave equation. Writing »,,, as the maximum amplitude of displacement 
we have the following expressions for a wave in the positive x-direction: 


= i(wt—kx) rl ae 
N=Tm © 9=5, ~ ion 
an a . 
§6=— = -ikn=-— =ik 
5s ikn s (sos =ikn) 
p=B,s =iB,kn 


The phase relationships between these parameters (fig. 5.2a) show that when 
the wave is in the positive x-direction, the excess pressure p, the fractional 
density increase s and the particle velocity 7 are all 7/2 radians in phase ahead 
of the displacement n, whilst the volume change (7 radians out of phase with 
the density change) is 7/2 radians behind the displacement. These relation- 
ships no longer hold when the wave direction is reversed (fig. 5.2b); for a wave 
in the negative x-direction 
i(wtt+kx) 


Fp 
n1=MTNm © Oh re AON 


BO ere er 
6 ae ikn s (sos ikn) 


p=B,s = —iB,kn 
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Ey) 7, 97 8 
Ox 
‘] 7 
(a) (b) 
27,8 3 
ox A 


Wave in+ve x Wave in-ve x 
direction direction 


Fig. 5.2. Phase _ relationships 
between the particle displace- 
ment 7, particle velocity 7), excess 
pressure p and condensation s = 
—6 (the dilatation) for waves 
travelling in the positive and 
negative x directions. The dis- 
placement 7 is taken in the posi- 
tive x direction for both waves 


In both waves the particle displacement 7 is measured in the positive x- 
direction and the thin element dx of the gas oscillates about the value y = 0, 
which defines its central position. For a wave in the positive x-direction the 
value 7 =0, with 7 a maximum in the positive x-direction, gives a maximum 
positive excess pressure (compression) with a maximum condensation s (max- 
imum density) and a minimum volume. For a wave in the negative x-direction, 
the same value 7 =0, with 7 a maximum in the positive x-direction, gives a 
maximum negative excess pressure (rarefaction), a maximum volume and a 
minimum density. To produce a compression in a wave moving in the negative 
x-direction the particle velocity 7 must be a maximum in the negative 
x-direction at 7 =0. This distinction is significant when we are defining the 
impedance of the medium to the waves. A change of sign is involved with a 
change of direction—a convention we shall also have to follow when discussing 
the waves of Chapters 6 and 7. 


Energy distribution in Sound Waves 


The kinetic energy in the sound wave is found by considering the motion of the 
individual gas elements of thickness dx. 
Each element will have a kinetic energy 


AE in = 2Po dx v 


where 7 will depend upon the position x of the element. The average value of 
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the kinetic energy density is found by taking the value of H° averaged over a 
region of n wavelengths. 
Now 


<a 
1 =m Sin te) 
so that 


tino sin® 2a(ct—x)/A dx 
Gio eee 


-2 
nd é 


Nm 


Rie 


so that the average kinetic energy density in the medium is 


AE gin = 4P 07 m= 420 Nm 


(a simple harmonic oscillator of maximum amplitude a has an average kinetic 
energy over one cycle of mwa’). 

The potential energy density is found by considering the work p d V done on 
the fixed mass of gas of volume Vo during the adiabatic changes in the sound 
wave. This work is expressed as 


AE pot = -{pav 


where the negative sign shows that the potential energy change is positive in 
both a compression (p positive, d V negative) and a rarefaction (p negative, dV 
positive) fig. 5.3. 


Work done — 
+p in compression 
R Work done 
in rarefaction 
-p 


ok, 


Fig. 5.3. Shaded triangles show that 

potential energy pv/2 gained by gas in 

compression equals that gained in rarefac- 
tion when both p and v change sign 


The condensation 


auld 


s Vi 
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where {dV=v the incremental change in the original volume Vp so 
dV=—Vods 
which, with 
p=B,s 


gives 
5 


AB bo = -{ pav=[ B,sVo ds 


it) 
=4B,s° dx =3B,8° dx 


where s=-—6 and the thickness dx of the element of unit cross section 
represents its volume Vo. 


Now 
n=n, Fiat aud) 
1m 
so that 
an 1 an @ 
6=—=+-—, wherec=— 
ox ca k 
Thus 
1 B, 2 1 2 
AE bot = 2 nH dx =spon” dx 


and its average value over nA gives the potential energy density 


1 +2 

AE por = 4P07 m 
Total 
energy 
in sound 
wave 

x 
Distance 


Fig. 5.4. Energy distribution is space 
for a sound wave in a gas. Both poten- 
tial and kinetic energies are at a max- 
imum when the particle velocity 7 is a 
maximum and zero at 7 =0 


We see that the average values of the kinetic and potential energy density in 
the sound wave are equal, but more important, since the value of each for the 
element dx is pon dx, we observe that the element possesses maximum (or 
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minimum) potential and kinetic energy at the same time. A compression or 
rarefaction produces a maximum in the energy of the element since the value 
governs the energy content. Thus the energy in the wave is distributed in the 
wave system with distance as shown in fig. 5.4. 


Intensity of Sound Waves 


This is a measure of the energy flux, the rate at which energy crosses unit area, 
so that it is the product of the energy density (kinetic plus potential) and the 
wave velocity c. Normal sound waves range in intensity between 10°? and 1 
watt per square metre, extremely low levels which testify to the sensitivity of 
the ear. The roar of a large football crowd greeting a goal will just about heat a 
cup of coffee. 

The intensity may be written 


I =3p0C%m = 3P0CH Nin = PoCTiems = Prms/ PoC = PemsTems 


A commonly used standard of sound intensity is given by 
Ip= 10° watts/metre* 


which is about the level of the average conversational tone between two people 
standing next to each other. Shouting at this range raises the , intensity bya 
factor of 100 and in the range 100 Jp to 1000 Ip (10 watts/m?) the sound is 
painful. 

Whenever the sound intensity increases by a factor of 10 it is said to have 
increased by 1 bel so the dynamic range of the ear is about 12 bels. An intensity 
increase by a factor of 


10°! = 1-26 


increases the intensity by 1 decibel (1 db), a change of loudness which is just 
detected by a person with good hearing. 

We see that the product poc appears in most of the expressions for the 
intensity; its significance becomes apparent when we define the impedance of 
the medium to the waves as the 


excess pressure 


ific A , = 
Specific Acoustic Impedance Sot Seve 


ee 
n 
(the ratio of a force per unit area to a velocity). 
Now, for a wave in the positive x-direction, 
=B,s=iB,kn and 17=iwn,so that, 
_Bk_B, 


=—=poc 
es 


oo 


3/3 


Thus the acoustic impedance presented by the medium to these waves, as in the 


152 The Physics of Vibrations and Waves 


case of the transverse waves on the string, is given by the product of the density 
and the wave velocity and is governed by the elasticity and inertia of the 
medium. For a wave in the negative x-direction, the specific acoustic impe- 
dance 
iBkn 
iwn 


L = == Poe 
n 
with a change of sign because of the changed phase relationship. 

The units of poc are normally stated as kgm “sec ' in books on practical 
acoustics; in these units air has a specific acoustic impedance value of ~ 400, 
water a value of 1-45x 10° and steel a value of 3-9x 10’. These values will 
become more significant when we use them later in examples on the reflexion 
and transmission of sound waves. 

Although the specific acoustic impedance poc is a real quantity for plane 
sound waves, it has an added reactive component ik/r for spherical waves, 
where r is the distance travell=d by the wavefront. This component tends to 
zero with increasing r as the spherical wave becomes effectively plane. 


(Problems 5.1, 5.2, 5.3, 5.4, 5.5, 5.6, 5.7, 5.8) 


Longitudinal Waves in a Solid 


The velocity of longitudinal waves in a solid depends upon the dimensions of 
the specimen in which the waves are travelling. If the solid is a thin bar of finite 
cross section the analysis for longitudinal waves in a gas is equally valid, except 
that the bulk modulus B, is replaced by Young’s modulus Y, the ratio of the 
longitudinal stress in the bar to its longitudinal strain. 

The wave equation is then 


oe Lede 5 2 
SE ie AE! with co =— 
OX ak a0! 


A longitudinal wave in a medium compresses the medium and distorts it 
laterally. Because a solid can develop a shear force in any direction, such a 
lateral distortion is accompanied by a transverse shear. The effect of this upon 
the wave motion in solids of finite cross section is quite complicated and has 
been ignored in the very thin specimen above. In bulk solids, however, the 
longitudinal and transverse modes may be considered separately. 

We have seen that the longitudinal compression produces a strain 4y/dx; the 
accompanying lateral distortion produces a strain dB/dy (of opposite sign to 
dn/ax and perpendicular to the x-direction). 

Here 8 is the displacement in the y-direction and is a function of both x and 
y. The ratio of these strains 


nok jen 
dy/ ax 
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is known as Poisson’s ratio and is expressed in terms of Lamé’s elastic constants 
A and p for a solid as 


Se ays 
SSN) (i+0)(1—20) 


These constants are always positive, so that o <3, and is commonly =}, In 
terms of these constants Young’s modulus becomes 


Y=(A+2py-—2Ac) 


The constant mu is the transverse coefficient of rigidity, that is, the ratio of the 
transverse stress to the transverse strain. It plays the role of the elasticity in the 
propagation of pure transverse waves in a bulk solid which Young’s modulus 
plays for longitudinal waves in a thin specimen. Fig 5.5 illustrates the shear in a 


B=B (xy) 


a8 | 
ox =transverse strain 


Fig. 5.5. Shear in a bulk solid producing a 

transverse wave. The transverse shear 

strain is 0B/dx and the transverse shear 

stress is « 08/dx, where yw is the shear 
modulus of rigidity 


transverse plane wave, where the transverse strain is defined by 08/dx. The 
transverse stress at x is therefore T, = 08/dx. The equation of transverse 
motion of the thin element dx is then given by 


Ty+ax — Tax = p dx ¥ 


where p is the density, or 


but § =0°B/at’, hence 


the wave equation with a velocity given by c’ = 4/p. 
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The effect of the transverse rigidity yz is to stiffen the solid and increase the 
elastic constant governing the propagation of longitudinal waves. In a bulk 
solid the velocity of these waves is no longer given by c’ = Y/p, but becomes 


2 At+2Qu 
C= 
p 


Since Young’s modulus Y = A + 2 —2Aa, the elasticity is increased by the 
amount 2Aa0 ~A, so that longitudinal waves in a bulk solid have a higher 
velocity than the same waves along a thin specimen. 

In an isotropic solid, where the velocity of propagation is the same in all 
directions, the concept of a bulk modulus, used in the discussion on waves in 
gases, holds equally well. Expressed in terms of Lamé’s elastic constants the 
bulk modulus for a solid is written 


B=A+3u= Y[3(1—20)]' 
the longitudinal wave velocity for a bulk solid becomes 
(24S 
cL= are ne 


whilst the transverse velocity remains as 
1/2 
aa(( 
p 


Application to Earthquakes 


The values of these velocities are well known for seismic waves generated by 
earthquakes. Near the surface of the earth the longitudinal waves have a 
velocity of 8 kilometres per second and the transverse waves travel at 4-45 
kilometres per second. The velocity of the longitudinal waves increases with 
depth until, at a depth of about 1800 miles, no waves are transmitted because of 
a discontinuity and severe mismatch of impedances associated with the fluid 
core. 

At the surface of the earth the transverse wave velocity is affected by the fact 
that stress components directed through the surface are zero there and these 
waves, known as Rayleigh Waves, travel with a velocity given by 


c= floy(t)” 


where 

f(a) =0-9194 when 7 =0-25 
and 

f(a) =0-:9553 when «=0°5 
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The energy of the Rayleigh Waves is confined to two dimensions; their 
amplitude is often much higher than that of the three dimensional longitudinal 
waves and therefore they are potentially more damaging. 

In an earthquake the arrival of the fast longitudinal waves is followed by the 
Rayleigh Waves and then by a complicated pattern of reflected waves including 
those affected by the stratification of the earth’s structure, known as Love 
Waves. 


(Problem 5.9) 


Longitudinal Waves in a Periodic Structure 


Lamé’s elastic constants, A and 1, which are used to define such macroscopic 
quantities as Young’s modulus and the bulk modulus, are themselves deter- 
mined by forces which operate over interatomic distances. The discussion on 
transverse waves in a periodic structure has already shown that in a one- 


1-4 1 Ar +4 


Fig. 5.6. Displacement of atoms in a linear array 
due to a longitudinal wave in a crystal structure 


dimensional array representing a crystal lattice a stiffness s = T/a dyne cm ' 


can exist between two atoms separated by a distance a. 

When the waves along such a lattice are longitudinal the atomic displace- 
ments from equilibrium are represented by 7 (fig. 5.6). An increase in the 
separation between two atoms from a to a+7 gives a strain e = n/a, anda 
stress normal to the face area a” of a unit cell in a crystal equal to sy/a*=se/a, 
a force per unit area. 

Now Young’s modulus is the ratio of this longitudinal stress to the longitudi- 
nal strain, so that Y = se/ea or s = Ya. The longitudinal vibration frequency of 
the atoms of mass m connected by stiffness constants s is given, very approxi- 


mately by 
a a a G25 1 = Co 
2a 247 Vm 2ma Vp 22a 


where m=pa* and co is the velocity of sound in a solid. The value of 
co~5X10° msec ', and a~2x10 '°m, so that y~3x 10"? Hertz, which is 
almost the same value as the frequency of the transverse wave in the infrared 
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region of the electromagnetic spectrum. The highest ultrasonic frequency 
generated so far is about a factor of 10 lower than v = co/27ra. At frequencies 
~5x10' to 10'° Hertz many interesting experimental results must be ex- 
pected. A more precise mathematical treatment yields the same equation of 
motion for the rth particle as in the transverse wave, namely 


mij, = 8(n+1+ 1-1 —2n,) 
where s = T/a and 
= hiaw Plc) 

The results are precisely the same as in the case of transverse waves and the 
shape of the dispersion curve is also similar. The maximum value of the cut-off 
frequency @,, is, however, higher for the longitudinal than for the transverse 
waves. This is because the longitudinal elastic constant Y is greater than the 
transverse constant yu, that is, the force required for a given displacement in the 
longitudinal direction is greater than that for the same displacement in the 
transverse direction. 


Reflexion and Transmission of Sound Waves at Boundaries 


When a sound wave meets a boundary separating two media of different 
acoustic impedances two boundary conditions must be met in considering the 
reflexion and transmission of the wave. They are that 


(i) the particle velocity 7 
and 


(ii) the acoustic excess pressure p 


are both continuous across the boundary. Physically this ensures that the two 
media are in complete contact everywhere across the boundary. 


incident 
—_—_- transmitted 
Fig. 5.7. Incident, reflected and transmitted sound reflected 
waves at a plane boundary between media of 
specific acoustic impedances pc; and p2c2 
Pye P26 


Fig. 5.7 shows that we are considering a plane sound wave travelling in a 
medium of specific acoustic impedance Z,=p,c, and meeting, at normal 
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incidence, an infinite plane boundary separating the first medium from another 
of specific acoustic impedance Z,= 2c. If the subscripts i, r and t denote 
incident, reflected and transmitted respectively, then the boundary conditions 
give 

N+ = (5.1) 
and 

Pi+Pe=P, 2 


For the incident wave p; = 1c: 7 and for the reflected wave p, =—p,C1%,, SO 
equation (5.2) becomes 


Pili Mi — Pili Nr = P2C2M 


or 


’ 5 P De 
Zin — Zin, = Zo% Gt) 


Eliminating 7, from (5.1) and (5.3) gives 


Te _ 2 _ he _ Zi~Za 
Hh on 1 Z1t+Z, 


Eliminating 7, from (5.1) and (5.3) gives 


Now 


and 


We see that if Z, > Z, the incident and reflected particle velocities are in phase, 
whilst the incident and reflected acoustic pressures are out of phase. The 
superposition of incident and reflected velocities which are in phase leads to a 
cancellation of pressure (a pressure node in a standing wave system). If Z; < Z) 
the pressures are in phase and the velocities are out of phase. 

The transmitted particle velocity and acoustic pressure are always in phase 
with their incident counterparts. 

Atarigid wall, where Z, is infinite, the velocity 7 = 0 = 7; + 7,, which leads to 
a doubling of pressure at the boundary. (See Summary on page 412.) 
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Reflexion and Transmission of Sound Intensity 
The intensity coefficients of reflexion and transmission are given by 


Tee Zale raat ee) 
I Zi(iiems \ZitZz 


and 


L2G) ae = 2 2Z, y= 4ZiZ, 
I Zi ems Zi\Zi+Z2/ (Zi + Zp)? 


The conservation of energy gives 


The great disparity between the specific acoustic impedance of air on the one 
hand and water or steel on the other leads to an extreme mismatch of 
impedances when the transmission of acoustic energy between these media is 
attempted. 

There is an almost total reflexion of sound wave energy at an air—water 
interface, independent of the side from which the wave approaches the 
boundary. Only 14% of acoustic energy can be transmitted at a steel-water 
interface, a limitation which has severe implications for underwater transmis- 
sion and detection devices which rely on acoustics. 


(Problems 5.10, 5.11, 5.12, 5.13, 5.14, 5.15, 5.16, 5.17) 


Problem 5.1 

Show that in a gas at temperature T the average thermal velocity of a molecule is 
approximately equal to the velocity of sound. - 

Problem 5.2 

The velocity of sound in air of density 1:29 kg m™* may be taken as 330 metres sec '. 
Show that the acoustic pressure for the painful sound of 10 watts metre *~6-5 x 10°“ of 
an atmosphere. 

Problem 5.3 

Show that the displacement amplitude of an air molecule at a painful sound level of 
10 watts metre ~* at 500 Hert2~3-10~* metre, 

Problem 5.4 

Barely audible sound in air has an intensity of 10~'° J,. Show that the displacement 
amplitude of an air molecule for sound at this level at 500 Hertz is ~107'° metre, that is, 
about the size of the molecular diameter. 

Problem 5.5 


Hi-fi equipment is played very loudly at an intensity of 100 J, in a small room of cross 
section 3 metres X 3 metres. Show that this audio output is about 10 watts. 
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Problem 5.6 


Two sound waves, one in water and one in air, have the same intensity. Show that the 
ratio of their pressure amplitudes (p water/p air) is about 60, When the pressure 
amplitudes are equal show that the intensity ratio is ~3 x 10°. 


Problem 5.7 
A spring of mass m, stiffness s and length L is stretched to a length L+/. When 
longitudinal waves propagate along the spring the equation of motion of a length dx may 
be written 

an a 
m dx? als dx 
or ax 


where 7 is the longitudinal displacement and F is the restoring force. Derive the wave 
equation to show that the wave velocity v is given by v* = s/p where p is the mass per 
unit length of the spring. 


Problem 5.8 
In problem 1.9 we showed that a mass M suspended by a spring of stiffness s and mass m 
oscillated simple harmonically at a frequency given by 


2 s 


oO M+m/3 


We may consider the same problem in terms of standing waves along the vertical spring 
with displacement 


n=(A cos kx +B sin kx) sin wt 


where k = w/v is the wave number. The boundary conditions are that n = 0 at x = 0 (the 
top of the spring) and 


os d 
ao =-sL—! atx=L 
or ax 
(the bottom of the spring). Show that these lead to the expression 
m 
kL tan kL =— 
an M 


and expand tan kL in powers of kL to show that, in the second order approximation 


The value of v is given in problem 5.7. 


Problem 5.9 

A solid has a Poissons ratio o = 0.25. Show that the ratio of the longitudinal wave 
velocity to the transverse wave velocity is V3. Use the values of these velocities given in 
the text to derive an appropriate value of o for the earth. 


160 The Physics of Vibrations and Waves 
Problem 5.10 


Show that when sound waves are normally incident ona plane steel water interface 86% 
of the energy is deflected. If the waves are travelling in water and are normally incident 
on a plane water-ice interface show that 82:3% of the energy is transmitted. 
(pc values in kg m~* sec” ') 
water = 1:43 x 10° 
ice =3-49x10° 
steel =3-9 x10’ 


Problem 5.11 
Use the boundary conditions for standing acoustic waves in a tube to confirm the 
following: 


Particle displacement Pressure 


closedend openend  closedend openend 
Phase change on reflexion 180° 0 0 180° 
node antinode antinode node 


Problem 5.12 


Standing acoustic waves are formed in a tube of length / with (a) both ends open and (b) 
one end open and the other closed. If the particle displacement 


n=(A cos kx +B sin kx) sin wt 
and the boundary conditions are as shown in the diagrams, show that for 


(a) n=Acoskxsinwt with A=2l/n 
and for 


(b) »=Acoskxsinwt with A=41/(2n+1) 


Sketch the first three harmonics for each case. 


(a) (b) 


Problem 5.13 


On page 1 14 we discussed the problem of matching two strings of impedances Z, and Z, 
by the insertion of a quarter wave element of impedance 


Z,=(Z,Z,)'" 


Repeat this problem for the acoustic case where the expressions for the string displace- 
ments 


Ys Yn Ve 
now represent the appropriate acoustic pressures p,, p, and p,. 
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Show that the boundary condition for pressure continuity at x =0 is 
A,+B,=A,+B, 
and that for continuity of particle velocity is 
Z,(A,—B,) = Z,(A,—B,) 
Similarly, at x =/, show that the boundary conditions are 


Ae"! +B, el! = A, 


and 
Z,(A, e7" —B, e') = Z,A, 


Hence prove that the coefficient of sound transmission 


when 
rN 
Zi=Z,Z, and tae 


(Note that the expressions for both boundary conditions and transmission coefficient 
differ from those in the case of the string.) 


Problem 5.14 
For sound waves of high amplitude the adiabatic bulk modulus may no longer be 
considered as a constant. Use the adiabatic condition that 


f-[ ve)’ 
Py LVo(1+68) 


in deriving the wave equation to show that each part of the high amplitude wave has its 
own sound velocity co(1 +s)""*!”*, where c= yPo/po, 4 is the dilatation, s the conden- 
sation and y the ratio of the specific heats at constant pressure and volume. 


Problem 5.15 


Some longitudinal waves in a plasma exhibit a combination of electrical and acoustical 
phenomena. They obey a dispersion relation at temperature T of w?=w2+3aTk’, 
where w, is the constant electron plasma frequency (see problem 4.18) and the 
Boltzmann constant is written as a to avoid confusion with the wave number k. Show 
that the product of the phase and group velocities is related to the average thermal 
energy of an electron (found from pV = RT). 


Problem 5.16 

Itis possible to obtain the wave equation for tidal waves (long waves in shallow water) by 
the method used in deriving the acoustic wave equation. In the figure a constant mass of 
fluid in an element of unit width, height h and length Ax moves a distance 7 and assumes 
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| 


anew height h + a and length (1 +4/dx) Ax, but retains unit width. Show that, to a first 
approximation, 


a 
422 
Ox 


a= 


Neglecting surface tension, the force on the element face of height h + & arises from.the 
product of the height and the mean hydrostatic pressure. Show that the net force on the 
liquid element is given by 


oF da 
——Ax = —pgh—A. 
ox " ve Ox “3 


Continue the derivation using the acoustic case as a model to show that these waves are 
non-dispersive with a phase velocity given by v*= gh. 


Problem 5.17 
Waves near the surface of a non-viscous incompressible liquid of density p have a phase 
velocity given by 


v°(k)= [f+=] tanh kh 
kp 


where g is the acceleration due to gravity, T is the surface tension, k is the wave number 
and h is the liquid depth. When h « A the liquid is shallow; when h > A the liquid is deep. 

(a) Show that, when gravity and surface tension are equally important and h » A, the 
wave velocity is a minimum at v*=4gT/p, and show that this occurs for a ‘critical’ 
wavelength A. = 27(T/pg)'”*. 

(b) The condition A >A, defines a gravity wave, and surface tension is negligible. 
Show that gravity waves in a shallow liquid are non dispersive with a velocity v = Vgh 
(see problem 5.16). 

(c) Show that gravity waves in a deep liquid have a phase velocity v = Vg/k and a 
group velocity of half this value. 

(d) The condition A <A, defines a ripple (dominated by surface tension). Show that 
short ripples in a deep liquid have a phase velocity v = V Tk/pand a group velocity of 3v. 
(Note the anomalous dispersion.) 
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Summary of Important Results 
Wave velocity 
2 Bulk Modulus yP 
— - © 


Specific Acoustic Impedance 


__ acoustic pressure 
particle velocity 


Z=pc (for right going wave) 


= —pc (for left going wave because pressure 
and particle velocity become anti-phase) 


2 
Intensity = 3pc7;, = ee = Prms ems 


Reflexion and Transmission Coefficients 


Reflected Ampitude {displacement _2Z\-Z,__ Reflected pressure 
Incident Amplitude | and velocity} Z,+Z> Incident pressure 


Transmitted Amplitude (displacement) ee a2} 


Incident Amplitude (and velocity) 4 Z,\+Zr 
_ Z,_ Transmitted pressure 


~ Z, Incident pressure 
eaeay 


Reflected Intensity Grin ( 
Incident Intensity ay Z\+Z> 


Transmitted Intensity (ener 4Z,Z, 
Incident Intensity BY (z+ Zay 


Chapter 6 


Waves on Transmission Lines 


In the wave motion discussed so far four major points have emerged. They are 

(i) Individual particles in the medium oscillate about their equilibrium 
positions with simple harmonic motion but do not propagate through the 
medium. 

(ii) Crests and troughs and all planes of equal phase are transmitted through 
the medium to give the wave motion. 

(iii) The wave or phase velocity is governed by the product of the inertia of 
the medium and its capacity to store potential energy, that is, its elasticity. 

(iv) The impedance of the medium to this wave motion is governed by ratio 
of the inertia to the elasticity (see table on p. xiv). 

In this chapter we wish to investigate the wave propagation of voltages and 
currents and we shall see that the same physical features are predominant. 
Voltage and current waves are usually sent along a geometrical configuration of 
wires and cables known as transmission lines. The physical scale or order of 
magnitude of these lines can vary from that of an oscilloscope cable on a 
laboratory bench to the electric power distribution lines supported on pylons 
over hundreds of miles or the submarine telecommunication cables lying on an 
ocean bed. 

Any transmission line can be simply represented by a pair of parallel wires 
into one end of which power is fed by an a.c. generator. Fig. 6.1a shows such a 
line at the instant when the generator terminal A is positive with respect to 
terminal B, with current flowing out of the terminal A and into terminal B as 
the generator is doing work. A half cycle later the position is reversed and B is 
the positive terminal, the net result being that along each of the two wires there 
will be a distribution of charge as shown, reversing in sign at each half cycle due 
to the oscillatory simple harmonic motion of the charge carriers (fig. 6.1b). 
These carriers move a distance equal to a fraction of a wavelength on either side 
of their equilibrium positions. As the charge moves current flows, having a 
maximum value where the product of charge density and velocity is greatest. 

The existence along the cable of maximum and minimum current values 
varying simple harmonically in space and time describes a current wave along 
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Fig. 6.1. Power fed continuously by a generator into an 

infinitely long transmission line. Charge distribution and 

voltage waves for (a) generator terminal positive at A 

and (b) a half period later, generator terminal positive at 

B. Laboratory demonstration (c) of voltage maxima 

along a Lecher wire system. The neon lamp glows when 
held near a position of Vinax 


the cable. Associated with these currents there are voltage waves (fig. 6.1a), 
and if the voltage and current at the generator are always in phase then power is 
continuously fed into the transmission line and the waves will always be 
carrying energy away from the generator. In a laboratory the voltage and 
current waves may be shown on a Lecher Wire system (fig. 6.1c). 

In deriving the wave equation for both voltage and current to obtain the 
velocity of wave propagation we shall concentrate our attention on a short 
element of the line having a length very much less than that of the waves. Over 
this element we may consider the variables to change linearly to the first order 
and we can use differentials. 

The currents which flow will generate magnetic flux lines which thread the 
region between the cables, giving rise to a self inductance Lo per unit length 


166 The Physics of Vibrations and Waves 


measured in henries per metre. Between the lines, which form a condenser, 
there is an electrical capacitance Cy per unit length measured in farads per 
metre. In the absence of any resistance in the line these two parameters 
completely decribe the line, which is known as ideal or lossless. 


Ideal or Lossless Transmission Line 


Fig. 6.2 represents a short element of zero resistance of an ideal transmission 
line length dx « A (the voltage or current wavelength). The self inductance of 
the element is Ly dx henries and its capacitance is Co dx farads. 


Lodx 


or 
a a ila et r+ dx 


Fig. 6.2. Representation of element of an 
ideal transmission line of inductance Lo 
henries per unit length and capacitance Cy 
farads per unit length. The element length 
« A, the voltage and current wavelength 


If the rate of change of voltage per unit length at constant time is 9V/ax then 
the voltage difference between the ends of the element dx is aV/dx dx, which 
equals the voltage drop from the self inductance —(Lo dx) al/at. 

Thus 


or 


(6.1) 


If the rate of change of current per unit length at constant time is 4//dx there is a 
uot Noss of current along thealength dx of —d1/ax dx because some current has 
f charged the capacitance Cy dx of the line to a voltage V. 
If the amount of charge is q =(Cy dx) V, 


edged) 
d= 7 =5,(CodxV 
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so that 
el! § a 
oF dx= Price dx)V 
or 
=0r av 
= oF, (6.2) 


Since 4°/axat =0°/atdx it follows, by taking 4/dx of equation (6.1) and a/dt of 
equation (6.2) that 


av av 
eo LoCo (6.3) 


a pure wave equation for the voltage with a velocity of propagation given by 
v =1/LoC. 
Similarly 4/dt of (6.1) and 0/ax of (6.2) gives 


al al 
axe LoCo (6.4) 


showing that the current waves propagate with the same velocity v*=1/L Co. 
We must remember here, in checking dimensions, that Ly and Cy are defined 
per unit length. 

So far then, the oscillatory motion of the charge carriers (our particles in a 
medium) has led to the propagation of voltage and current waves with a 
velocity governed by the product of the magnetic inertia or inductance of the 
medium and its capacity to store potential energy. 


Coaxial Cables 


Many transmission lines are made in the form of coaxial cables, e.g. a cylinder 
of dielectric material such as polythene having one conductor along its axis and 
the other surrounding its outer surface. This configuration has an inductance 
per unit length of 


BK 1 " 
Lo==— log. = henries 
0" ln Be ry 


where r, and r, are the radii of the inner and outer conductors respectively and 
w is the magnetic permeability of the dielectric (henries per metre). Its 
capacitance per unit length 


27€ 


ae log. r2/r1 


farads 
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where e is the permittivity of the dielectric (farads per metre) so that v>= 
1/LoCo= 1/pe. 

The velocity of the voltage and current waves along such a cable is wholly 
determined by the properties of the dielectric medium. We shall see in the next 
chapter on electromagnetic waves that u and € represent the inertial and elastic 
properties of any medium in which such waves are propagating; the velocity of 
these waves will be given by v’ = 1/e. In free space these parameters have the 
values 


fo =477X 10’ henries per metre 


€9 = (367 x 10°) ' farads per metre 


and v*> becomes c*=(o€) | where c is the velocity of light, equal to 
3x 10° metres per second. 

Coaxial cables can be made to a very high degree of precision and the time 
for an electrical signal to travel a given length can be accurately calculated 
because the velocity is known. 

Such a cable can be used as a ‘delay line’ in order to separate the arrival of 
signals at a given point by very small intervals of time. 


Characteristic Impedance of a Transmission Line 


The solutions to equations (6.3) and (6.4) are, of course, 
V, = Vos sin 2 =e) 

and 
L, = Ip, sin = (o1-x) 


where Vp and Ip are the maximum values and where the subscript + refers toa 
wave moving in the positive x-direction. Equation (6.1), 9V/ax = —Lo al/dt, 
therefore gives — V'. = —vLol'., where the superscript refers to differentiation 
with respect to the bracket (vt—x). 

Integration of this equation gives 


Vi =vLol, 


where the constant of integration has no significance because we are consider- 
ing only oscillatory values of voltage and current whilst the constant will change 
merely the d.c. level. 

The ratio 


and the value of VL/Cpo, written as Zo, is a constant for a transmission line of 
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given properties and is called the characteristic impedance. Note that it is a pure 
resistance (no dimensions of length are involved) and it is the impedance seen 
by the wave system propagating along an infinitely long line, just as an acoustic 
wave experiences a specific acoustic impedance pc. The physical correspon- 
dence between pc and Lov =v Lo/Cy = Zp is immediately evident. 

The value of Z, for the coaxial cable considered earlier can be shown to be 


on hn 
Or Fa € Chee 


Electromagnetic waves in free space experience an impedance Zp = VMo/€o 
= 376-6 ohms. 

So far we have considered waves travelling only in the x-direction. Waves 
which travel in the negative x-direction will be represented (from solving the 
wave equation) by 


V_=V>_-sin =A or +x) 
and 
2 
IL=Ip_sin F(or+x) 


where the negative subscript denotes the negative x-direction of propagation. 
Equation (6.1) then yields the result that 


so that, in common with the specific acoustic impedance, a negative sign is 
introduced into the ratio when the waves are travelling in the negative 
x-direction. 

When waves are travelling in both directions along the transmission line the 
total voltage and current at any point will be given by 


V=V,+V- 
and 
I=1L,.+1 
When a transmission line has waves only in the positive direction the voltage 
and current waves are always in phase, energy is propagated and power is being 
fed into the line by the generator at all times. This situation is destroyed when 
waves travel in both directions; waves in the negative x-direction are produced 


by reflexion at a boundary when a line is terminated or mismatched; we shall 
now consider such reflexions. 


(Problems 6.1 and 6.2) 
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Reflexions from the End of a Transmission line 


Suppose that a transmission line of characteristic impedance Zp has a finite 
length and that the end opposite that of the generator is terminated by a load of 
impedance Z, as shown in fig. 6.3. 


Fig. 6.3. Transmission line termi- 

nated by impedance Z, to produce 

reflected waves unless Z,; = Zo, the 
characteristic impedance 


A wave travelling to the right (V,, I.) may be reflected to produce a wave 
CVS ae): 

The boundary conditions at Z, must be V,+V_=V,, where V, is the 
voltage across the load and I, + J_ = I. In addition V,/I,.= Zo, V-/I_= — Zo 
and V,/I, = Z,. It is easily shown that these equations yield 


V-_Z,-Z 
Vi Zp+Zo 
(the voltage amplitude reflexion coefficient), 
i ZoaZi 
I, Zp+Zo 
(the current amplitude reflexion coefficient), 
Ve 2% 
Vi. Zet+Zo 
and 
h__2Zo 
lL. Zp+Zo 


in complete correspondence with the reflexion and transmission coefficients we 
have met so far. (See summary on page 412.) 

We see that if the line is terminated by a load Z, = Zo, its characteristic 
impedance, the line is matched, all the energy propagating down the line is 
absorbed and there is no reflected wave. When Z, = Zo, therefore, the wave in 
the positive direction continues to behave as though the transmission line were 
infinitely long. 
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Short Circuited Transmission Line (Z,=0) 


If the ends of the transmission line are short circuited (fig. 6.4), Z, =0, and 
we have 


V, = Vi+V_=0 
so that V, = — V_, and there is total reflexion with a phase change of zr. But this 


Voltage 


Current 


Fig. 6.4. Short circuited transmission 

line of length (2n +1)A/4 produces a 

standing wave with a current maximum 
and zero voltage at end of line 


is the condition, as we saw in an earlier chapter, for the existence of standing 
waves; we shall see that such waves exist on the transmission line. 
At any position x on the line we may express the two voltage waves by 


Vv. =: Zaks = Vee Guten) 
and 
V_=—Zol_= Vo-e"*™ 


where, with total reflexion and 7 phase change, Vo, = — Vo_. The total voltage 
at x is 


V, =(Va+ V_) = Vo+(e™* —e'™*) el’ = (-i)2 Vo, sin kx el” 


and the total current at x is 


[,=(I,+1)= Vow (e-iks +el) elt = BV on ioe key 
Zo Zo 

We see then that at any point x along the line the voltage V, varies as sin kx 
and the current J, varies as cos kx, so that voltage and current are 90° out of 
phase in space. In addition the —i factor in the voltage expression shows that 
the voltage lags the currrent 90° in time, so that if we take the voltage to vary 
with cos wt from the e'” term, then the current will vary with —sin wt. If we 
take the time variation of voltage to be as sin wt the current will change with 
COS wh. 

Voltage and current at all points are 90° out of phase in space and time, and 
the power factor cos @ = cos 90° = 0, so that no power is consumed. A standing 
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wave system exists with equal energy propagated in each direction and the total 
energy propagation equal to zero. Nodes of voltage and current are spaced 
along the transmission line as shown in fig. 6.4, with J always a maximum where 
V=0 and vice versa. 

If the current J varies with cos wt it will be at a maximum when V = 0; when 
V is a maximum the current is zero. The energy of the system is therefore 
completely exchanged each quarter cycle between the magnetic inertial energy 
5LoI and the electric potential energy Cy V’. 


(Problems 6.3, 6.4, 6.5, 6.6, 6.7, 6.8, 6.9, 6.10, 6.11) 


Effect of Resistance in a Transmission Line 


The discussion so far has concentrated on a transmission line having only 
inductance and capacitance, i.e. wattless components which consume no 
power. In practice, of course, no such line exists: there is always some 
resistance in the wires which will be responsible for energy losses. We shall take 
this resistance into account by supposing that the transmission line has a series 


or 
7. L,dx Rax I+ 57 dx 
SH5505 ! 
ov 
v Gdx  V+5-dx 


Fig. 6.5. Real transmission line element includes a series resis- 
tance Ro ohms per unit length and a shunt conductance Go 
siemens per unit length 


resistance Ry ohms per unit length and a short circuiting or shunting resistance 
between the wires, which we express as a shunt conductance (inverse of 
resistance) written as Go, where Gp has the dimensions of siemens per metre. 
Our model of the short element of length dx of the transmission line now 
appears in fig. 6.5, with a resistance Rodx in series with Lodx and the 
conductance Go dx shunting the capacitance Cy dx. Current will now leak 
across the transmission line because the dielectric is not perfect. We have seen 
that the time-dependence of the voltage and current variations along a 
transmission line may be written 


V=Voe), and.<I=Ipe* 


so that 


Die} av_. 
Lo,,—ioLol and Com, eGoV 
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The voltage and current changes across the line element length dx are now 
given by 


av__, al 


—Lo=— Rol = —(RotiwLo)I (6.1a) 
ox at 
I 
uae site. G,V = —(Go+iwCy) V (6.2a) 
ox or 


since (Gp dx) V is the current shunted across the condenser. Inserting /ax of 
equation (6.1a) into equation (6.2a) gives 

av al 
ie —(Rotiolo) == (Ro tiwL)(Go+iwCy) V = y’V 


where y* =(Ro+iwl)(Go+iwC), so that y is a complex quantity which may 
be written 


y=atik 
Inserting 4/dx of equation (6.2a) into equation (6.1a) gives 
al V , ; 
ST (Gy +iwC)) = (Ry tial \(GotioC)I= 71 
ox ax 
an equation similar to that for V. 
The equation 
=z-y V=0 (6.5) 


has solutions for the x-dependence of V of the form 
v=Ae™ or V=Be™ 


where A and B are constants. 
We know already that the time-dependence of V is of the form e'”, so that 
the complete solution for V may be written 


V=(Ae *+Be™)e” 
or, since y =a +ik, 
V=(A (tina eo +B on Sai en 
=A er elo le B red etotrks) 

The behaviour of V is shown in fig. 6.6—a wave travelling to the right with an 
amplitude decaying exponentially with distance because of the terme “ anda 
wave travelling to the left with an amplitude decaying exponentially with 
distance because of the term e“*. 


In the expression y = a + ik, y is called the propagation constant, a is called 
the attenuation or absorption coefficient and k is the wave number. 


wow) 
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Fig. 6.6. Voltage and current waves in both direc- 

tions along a transmission line with resistance. The 

effect of the dissipation term is shown by the 
exponentially decaying wave in each direction 


The behaviour of the current wave J is exactly similar and since power is the 
product VI, the power loss with distance varies as (e “*)’, that is, ase °"". 

We would expect this behaviour from our discussion of damped simple 
harmonic oscillations. When the transmission line properties are purely induc- 
tive (inertial) and capacitative (elastic), a pure wave equation with a sine or 
cosine solution will follow. The introduction of a resistive or loss element 
produces an exponential decay with distance along the transmission line in 
exactly the same way as an oscillator is damped with time. 

Such a loss mechanism, resistive, viscous, frictional or diffusive, will always 
result in energy loss from the propagating wave. THese are all examples of 
random collision processes which operate in only one direction in the sense that 
they are thermodynamically irreversible. At the end of this chapter we shall 
discuss their effects in more detail. 


Characteristic Impedance of a Transmission Line with Resistance 


In a lossless line we saw that the ratio V,/I, = Z)=VLo/Cy= Zo ohms, a 
purely resistive term. In what way does the introduction of the resistance into 
the line affect the characteristic impedance? 

The solution to the equation @°I/dx°=y7I may be written (for the x- 
dependence of J) as 


I=(A'e ™+B'e™) 
so that equation (6.2a) 
al 


—=—(Got+iwCy)V 
Ox 
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gives 
—y(A'e ™—B'e™) = —(GotiaC))V 
or 
V(Ro tiwLo)(Go+iwCo) 
G, +iwCo 


iwt 


(A'e “—B'e™)=V=V,+V_ 


But, except for the e” term, 
A’e “=L1, 


the current wave in the positive x-direction, so that 
/RotioL 
pote MiB acest f L=V, 
GotiwCy 
Vv, Rotioly _ _, 
= agt ee yay ee Zo 
I, GotioCy 


for a transmission line with resistance. Similarly B’ e”* = I_ and 


Vv. RotiwLo P 
= 9 ee ee 
1& GotiwCy 
The presence of the resistance term in the complex characteristic impedance 
means that power will be lost through Joule dissipation and that energy will be 
absorbed from the wave system. 
We shall discuss this aspect in some detail in the next chapter on elec- 


tromagnetic waves, but for the moment we shall examine absorption from a 
different (although equivalent) viewpoint. 


or 


(Problems 6.12 and 6.13) 


THE DIFFUSION EQUATION AND ENERGY ABSORPTION 
IN WAVES 


On_page 24 of Chapter 1 we discussed quite briefly the effect of random 
processes. We shall now look at this in more detail. The wave equation 
ab 106 
te if pe 
ax” cat 


is only one of a family of equations which have a double differential with 
respect to space on the left hand side. 
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In three dimensions the left hand side would be of the form 
1G wee wb, %6 


ax? yy az? 


which, in vector language, is called the divergence of the gradient or div grad 
and is written V°. ni wd 

Five members of this family of equations may be written (in one samauaa 
as 


(1) Laplace’s Equation 


on Tis 0 (for d(x) only) 
Ox” 


(2) Poisson’s Equation 


2 


— =constant (for (x) only) 


(3) Helmholtz Equation 


a 
hy =constant X b 
Ox 


(4) Diffusion Equation 
2 


ab 
—3= +ve constant x — 
ax” at 


(5) Wave Equation 


are aro 
—>z = +Vve constant X bese F 
x” ot 


Laplace’s and Poisson’s equations occur very often in electrostatic field 
theory and are used to find the values of the electric field and potential at any 
point. We have already met the Helmholtz equation in this chapter as equation 
(6.5), where the constant was positive (written y’) and we have seen its 
behaviour when the constant is negative, for it is then equivalent to the 
equation for simple harmonic motion except that here the variable i is space and 
not time. The constant in the wave equation is of course 1/c” where c is the 
wave velocity. Where the wave equation has an ‘acceleration’ or d */at? term 
on the right hand side, the diffusion equation has a ‘velocity’ or d/at term. 

All equations, however, have the same term @ */ax’ on the left hand side, 
and we must ask ‘what is its physical significance?’ 

We know that the values of the scalar # will depend upon the point in space 
at which it is measured. Suppose we choose some point at which ¢ has the value 
¢o and surround this point by a small cube of side /, over the volume of which 
may take other values. If the average value of # over the small cube is written 
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&, then the difference between the average ¢ and the value at the centre of the 
cube ¢p is given by 


z rb Fb, 9 4 
mer = constant x (+ + 
o— do ax? ay” az*/o 


frris statement is proved in the appendix at the end of this section and is readily 
understood by those familiar with triple integration/The left hand side of any of 
these equations therefore measures the value 


$— dbo 


In Laplace’s equation the difference is zero, so that @ has a constant value 
over the volume considered. Poisson’s equation tells us that the difference is 
constant and Helmholtz equation states that the value of @ at any point in the 
volume is proportional to this difference. The first two equations are ‘steady 
state’, ie. they do not vary with time. 

The Helmholtz equation states that if the constant is positive the behaviour 
of & with space grows or decays exponentially, e.g. y’ is positive in equation 
(6.5), but if the constant is negative, # will vary sinusoidally or cosinusoidally 
with space as the displacement varies with time in simple harmonic motion and 
the equation becomes the time independent wave equation for standing waves. 
This equation says nothing about the time behaviour of #, which will depend 
only upon the function ¢ itself. 

Both the diffusion and wave equations are time-derivative dependent. The 
diffusion equation states that the ‘velocity’ or change of ¢ with time at a point in 
the volume is proportional to the difference @ — %o, whereas the wave equation 
states that the ‘acceleration’ °/at* depends on this difference. 

The wave equation recalls the simple harmonic oscillator, where the differ- 
ence from the centre (x = 0) was a measure of the force or acceleration term; 
both the oscillator and the wave equation have time varying sine and cosine 
solutions with maximum velocity d¢/dt at the zero displacement from equili- 
brium, that is where the difference 6 — d)=0. 

The diffusion equation, however, describes a different kind of behaviour. It 
describes a non-equilibrium situation which is moving towards equilibrium at a 
rate governed by its distance from equilibrium, so that it reaches equilibrium in 
a time which is theoretically infinite. Readers will have already met this 
situation in Newton’s Law of Cooling, where a hot body at temperature Ty 
stands in a room of lower temperature T. The rate at which the body cools, i.e. 
the value of T/dt, depends on T— Tp; a cooling graph of this experiment is 
given in fig. 6.7. The greatest rate of cooling occurs when the temperature 
difference is greatest and the process slows down as the system approaches 
equilibrium. Here, of course, T- To and dT/dt are both negative. 

All non-equilibrium processes of this kind are unidirectional in the sense that 
they are thermodynamically irreversible. They involve the transport of mass in 
diffusion, the transport of momentum in friction or viscosity and the transport 
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Newton's Cooling Curve 


4% 
of hot body 


Temperature 


Room 7—= 
Temperature 


Fig. 6.7. Newton’s cooling curve 

shows that the rate of cooling of a 

hot body 4T/dt depends on the 

temperature difference between 

the body and its surrounding, this 

difference being directly meas- 
ured by 0° T/ax* 


of energy in conductivity, All such processes involve the loss of useful energy 


and the generation of entropy. 

They are all processes which are governed by random collisions, and we 
found in the first chapter, where we added vectors of constant length and 
random phase, that the average distance travelled by particles involved in these 
processes was proportional, not to the time, but to the square root of the time. 

Rewriting the diffusion equation as 


#6 _1 ad 
ax? d at 


we see that the dimensions of the constant d, called the diffusivity, are given by 


¢ 1 ¢ 


length” ~d time 


so that d has the dimensions of length’/time. The interpretation of this as the 
square of a characteristic length varying with the square root of time has 
already been made in Chapter 1. 

In a viscous process d is given by n/p, where 7 is the coefficient of viscosity 
and p is the density. In thermal conductivity d= K/pC,, where K is the 
coefficient of thermal conductivity, p is the density and C, is the specific heat at 
constant pressure. 

A magnetic field which is non-uniformly distributed in a conductor has a 
diffusivity d =(uo)"', where yz is the permeability and o is the conductivity. 
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Brownian motion is one of the best known examples of random collision 
processes. The distance x travelled in time t by a particle suffering multiple 
random collisions is given by Einstein’s diffusivity relation 


The gas law, pV = RT, gives RT as the energy of a mole of such particles at 
temperature T; a mole contains N particles, where N is Avogadro’s number 
and RT/N=KkT, the average energy of the individual particles, where k is 
Boltzmann’s constant. 

The process is governed, therefore, by the ratio of the energy of the particles 
to the coefficient of viscosity, which measures the frictional force. The higher 
the temperature, the greater is the energy, the less the effect of the frictional 
force and the greater the average distance travelled. 


Wave Equation with Diffusion Effects 


In natural systems we can rarely find pure waves which propagate free from the 
energy-loss mechanisms we have been discussing, but if these losses are not too 
serious we can describe the total propagation in space and time by a combina- 
tion of the wave and diffusion equations. 

If we try to solve the combined equation 


Fo_1 Fb, 190 
ax? cat d at 


we shall not obtain a pure sine or cosine solution. 
Let us try the solution 


(wt yx) 
=¢me ” 
- 


where @,,, is the maximum amplitude. This gives 


Py =P Stic 
Tee a 


or 


giving a complex value for y. But w/c? =k*, where k is the wave number, and 
if we put y= k —ia we obtain 


y=k?—2ika-a*~k*-ika ifa«k 
The solution for ¢ then becomes 


Gade es bee eller ko) 
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i.e. a sine or cosine oscillation of maximum amplitude @¢,, which decays 
exponentially with distance. The physical significance of the condition a « k = 
27/A is that many wavelengths A are contained in the distance 1/a before the 
amplitude decays to }» e! atx= 1/a. Diffusion mechanisms will cause 
attenuation or energy loss from the wave; the energy in a wave is proportional 
to the square of its amplitude and therefore decays as e *“* 


(Problems 6.14, 6.15, and 6.16) 


Appendix 
Physical interpretation of 
Ce A 
9a w 
ax? ay? aa?” & 


Ata certain point O of the scalar field, 6 = do. Constructing a cube around the 
point O having sides of length | gives for the average value over the cube 
volume 


+/2 
o=|{ dx dy dz 


-/2 
Expanding ¢ about the point O by a Taylor series gives 


sali) o+(2) pC) 


wet et Ge] 
+ 24 24 
1G 3x7 /ori a NONC/ On naNEe Han 
Se) se (EE eel) 
+(— =) xy+(— =) yz+ + 
rr He dyaz rie oz0x oF 
Integrating from —1/2 to +1/2 removes all the functions of the form 
she a (as) 
pebicd dy (= 
G Gt Naeaeine 


whose integrals are zero, leaving, since 


41/2 B 
x* dx dy dz=— 
j J i FTE 


ifs ae Ce =) 
+—st—5 
24\ax? ay? az7/o 


Hl = gol? + 
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ie: 
Bes 
o—bo= 24 (V"d)o 
where / is a constant. OK Wr... Dukuanup 
he? 
Problem 6.1 


The figure shows the mesh representation of a transmission line of inductance Ly per 


unit length and capacitance Cy per unit length. Use equations of the form 


d d 
Fah =F 4r= Codx 


V, 
and 
d 
Lodx ah, =V,-Via1 


together with the method of the final section of Chapter 3 to show that the voltage 
and current wave equations are 


Vv eV 

ae? Oa 
and 

ar ar 

ax? LiCora 
Problem 6.2 


Show that the characteristic impedance for a pair of Lecher wires of radius r and 
separation d in a medium of permeability 4 and permittivity € is given by 


acne d 
fa ge Obes 
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Problem 6.3 


In a short-circuited lossless transmission line integrate the magnetic (inductive) energy 
Lol’ and the electric (potential) energy }C, V’ over the last quarter wavelength (0 to 
—A/4) to show that they are equal. 


Problem 6.4 


Show, in problem 6.3, that the sum of the instantaneous values of the two energies over 
the last quarter wavelength is equal to the maximum value of either. 


Problem 6.5 


Show that the impedance of a real transmission line seen from a position x on the line is 
given by 


Ae™-Be*™ 
4-204 4Be™ 


where y is the propagation constant and A and B are the current amplitudes at x = 0 of 
the waves travelling in the positive and negative x-directions respectively. If the line has 
a length / and is terminated by a load Z,, show that 


Problem 6.6 
Show that the input impedance of the line of problem 6.5, that is, the impedance of the 
line at x = 0, is given by 
ze- (2 sinh yl +Z, cosh »\ 
\Z cosh yl+Z, sinh yl 
(Note: 2 cosh yl=e" +e” 
2 sinh yl=e”—e™) 


Problem 6.7 
If the transmission line of problem 6.6 is short-circuited, show that its input impedance 
is given by 

Z,. = Zo tanh yl 


and when it is open-circuited the input impedance is 
Zo. = Zo coth yl 


By taking the product of these quantities, suggest a method for measuring the 
characteristic impedance of the line. 


Problem 6.8 
Show that the input impedance of a short-circuited loss-free line of length | is given by 


wif tan 2! 
zniy 2 tan 
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and by sketching the variation of the ratio Z,/VLo/C, with |, show that for | just greater 
than (2n + 1)A/4, Z, is capacitative, and for / just greater than nA/2 it is inductive. (This 
provides a positive or negative reactance to match another line.) 


Problem 6.9 


Show that a line of characteristic impedance Z, may be matched to a load Z,by a 
loss-free quarter wavelength line of characteristic impedance Z,,, if Z7,= ZoZ,. 
(Hint—calculate the input impedance at the Z,Z,, junction.) 


Problem 6.10 

Show that a short-circuited quarter wavelength loss-free line has an infinite impedance 
and that if it is bridged across another transmission line it will not affect the fundamental 
wavelength but will short-circuit any undesirable second harmonic. 


Problem 6.11 
Show that a loss-free line of characteristic impedance Z, and length nA/2 may be used to 
couple two high frequency circuits without affecting other impedances. 


Problem 6.12 
In a transmission line with losses where Ro/wL, and Go/wC, are both small quantities 
expand the expression for the propagation constant 


y =[(Rotiwlo)(Go+iwC,)]'* 


to show that the attenuation constant 


and the wave number 


wo 
k=oVL,Q=- 
v 


Show that for G)=0 the O value of such a line is given by k/2a. 


Problem 6.13 
Expand the expression for the characteristic impedance of the transmission line of 
problem 6,12 in terms of the characteristic impedance of a lossless line to show that 
if 

Roe Ge 

In G 
the impedance remains real because the phase effects introduced by the series and shunt 
losses are equal but opposite. 


Problem 6.14 
The wave description of an electron ot total energy E in a potential well of depth V over 
the region 0<x <1 is given by Schrédinger’s time independent wave equation 


Fy, 80° 
oe, St (E-Vib=0 
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where m is the electron mass and h is Plancks constant. (Note that V=0 within the 
well.) 


Show that for E> V (inside the potential well) the solution for # is a standing wave 
solution but for E < V (outside the region 0 < x <1) the x dependence of is e*”* where 


2 
y= Vim(V=E) 


Problem 6.15 


A localized magnetic field H in an electrically conducting medium of permeability 4 and 
conductivity o will diffuse through the medium in the x-direction at a rate given by 


Show that the time of decay of the field is given approximately by L*o, where L is 
the extent of the medium, and show that for a copper sphere of radius | metre this time is 
less than 100 seconds. 


u (copper) = 1:26 x 10° henries per metre 


a (copper) = 5-8 x 10” siemens per metre 


(If the earth’s core were molten iron its field would freely decay in approximately 
15 10° years. In the sun the local field would take 10'° years to decay. When a is very 
high the local field will change only by being carried away by the movement of the 
medium—such a field is said to be ‘frozen’ into the medium—the field lines are stretched 
and exert a restoring force against the motion.) 


Problem 6.16 


A point x, at the centre of a large slab of material of thermal conductivity k, specific heat 
C and density p has an infinitely high temperature T at a time f). If the heat diffuses 
through the medium at a rate given by 


show that the heat flow along the x-axis is given by 


i 
fla, )}==e"™" 
va 
where 
a@=(x—X) and a 
2Vdt 


Waves on Transmission Lines 185 


by inserting this solution in the differential equation. The solution is a Gaussian 
function; its behaviour with x and ¢ in this problem is shown in fig. 9.12. At (xo, fo) the 
function is the Dirac delta function. The Gaussian curves decay in height and widen with 
time as the heat spreads through the medium, the total heat, i.e. the area under the 
Gaussian curve, remaining constant. 


Summary of Important Results 


Lossless transmission line 
Inductance per unitlength =Lo or pw 
Capacitance per unitlength=Cy or € 


Wave equation 


&y a oF es e) 
ax? var 8 
vl 108l 

—3 == = (current) 
ox” ov or 


phase velocity 


2 
v 


Le Sg 
LoCo ME 


Characteristic impedance 


Zo= ve ve or ue (for right going wave) 
I C € 


0 


(— Zp for left going wave) 


Transmission line with losses 


Resistance Ro per unit length 
Shunt conductance Gp per unit length 
Wave equation takes form 


iwi(2V_ 2 ) 
os =0 e for I 
e (GS Y (sam ) 
where y = a +ik is the propagation constant 


a = attenuation coefficient 


k =wave number 
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giving 
Wa Aen Ce e* eilattks) 


Characteristic impedance 


»_V_ [Rotiake (ne ooi 
Zo T GotiwC (right going wave) 


(— Zp for left going wave) 


Wave attenuation 
Energy absorption in a medium described by diffusion equation 


ax’ d at 
Add to wave equation to account for attenuation giving 


fo. 1 ao, 1 a 
ox? card at 


with exponentially decaying solution 
o= ¢, em ens kx) 
im & 


Chapter 7 


Electromagnetic Waves 


Earlier chapters have shown that the velocity of waves through a medium is 
determined by the inertia and the elasticity of the medium. These two proper- 
ties are capable of storing wave energy in the medium, and in the absence of 
energy dissipation they also determine the impedance presented by the 
medium to the waves. In addition, when there is no loss mechanism a pure wave 
equation with a sine or cosine solution will always be obtained, but this 
equation will be modified by any resistive or loss term to give an oscillatory 
solution which decays with time or distance. 

These physical processes describe exactly the propagation of electromagne- 
tic waves through a medium. The magnetic inertia of the medium, as in the case 
of the transmission line, is provided by the inductive property of the medium, 
i.e. the permeability 4, which has the units of henries per metre. The elasticity 
or capacitive property of the medium is provided by the permittivity €, with 
units of farads per metre. The storage of magnetic energy arises through the 
permeability 4; the potential or electric field energy is stored through the 
permittivity e. 

If the material is defined as a dielectric, only w and € are effective and a pure 
wave equation for both the magnetic field vector H and the electric field vector 
E will result. If the medium is a conductor, having conductivity o (the inverse 
of resistivity) with dimensions of siemens per metre, in addition to yx and e, then 
some of the wave energy will be dissipated and absorption will take place. 

In this chapter we will consider first the propagation of electromagnetic 
waves in a medium characterized by p and e€ only, and then treat the general 
case of a medium having pu, € and o properties. 


Maxwell’s Equations 


Electromagnetic waves arise whenever an electric charge changes its velocity. 
Electrons moving from a higher to a lower energy level in an atom will radiate a 
wave of a particular frequency and wavelength. A very hot ionized gas 
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consisting of charged particles will radiate waves over a continuous spectrum as 
the paths of individual particles are curved in mutual collisions. This radiation 
is called ‘Bremsstrahlung’. The radiation of electromagnetic waves from an 
aerial is due to the oscillatory motion of charges in an alternating current 
flowing in the aerial. 

Fig. 7.1 shows the frequency spectrum of electromagnetic waves. All of these 
waves exhibit the same physical characteristics. 


Frequency Energy 


Frequency hertz, 


hert 
ez io? 10°00 1d* 10108 10% 1074107 


y ~fays — 


10° 


Fig. 7.1. Wavelengths and frequencies in the electro- 
magnetic spectrum 


It is quite remarkable that the whole of electromagnetic theory can be 
described by the four vector relations in Maxwell’s equations. In examining 
these relations in detail we shall see that two are steady state, that is, 
independent of time, and that two are time-varying. 

The two time-varying equations are mathematically sufficient to produce 
separate wave equations for the electric and magnetic field vectors, E and H, 
but the steady state equations help to identify the wave nature as transverse. 

The first time-varying equation relates the time variation of the magnetic 
induction, wH= B, with the space variation of E, that is 


a : = OE, 
5 HD) is connected with FF (say) 


This is nothing but a form of Lenz’s or Faraday’s Law, as we shall see. 
The second time-varying equation states that the time variation of €E defines 
the space variation of H, that is 


a , .. 0H 
a (€E) is connected with a (say) 


Again we shall see that this is really a statement of Ampere’s Law. 

These equations show that the variations of E in time and space affect those 
of H and vice versa. E and H cannot be considered as isolated quantities but 
are interdependent. 
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The product e£ has dimensions 


farads | volts _ charge 
metre metre area 


This charge per unit area is called the displacement charge D = €E. 

Physically it appears in a dielectric when an applied electric field polarizes 
the constituent atoms or molecules and charge moves across any plane in the 
dielectric which is normal to the applied field direction. If the applied field is 
varying or alternating with time we see that the dimensions of 


ee) : charge 
ot ot time X area 

current per unit area. This current is called the displacement current. It is 

comparatively simple to visualize this current in a dielectric where physical 

charges may move—it is not easy to associate a displacement current with free 

space in the absence of a material. 

Consider what happens in the electric circuit of fig. 7.2 when the switch is 
closed and the battery begins to charge the condenser C to a potential V. A 
current J obeying Ohm’s Law (V = IR) will flow through the connecting leads 
as long as the condenser is charging and a compass needle or other magnetic 
field detector placed near the leads will show the presence of the magnetic field 
associated with that current. But suppose a magnetic field detector (shielded 
from all outside effects) is placed in the region between the condenser plates 
where no ohmic or conduction current is flowing. Would it detect a magnetic 
field? The answer is yes; all the magnetic field effects from a current exist in this 


df 
Battery 
Switch 
closed 3 
R Magnetic 
Field ? 


Fig. 7.2. In this circuit, when the switch is 
closed the conduction current charges the 
condenser. Throughout charging the quan- 
tity «E in the volume of the condenser is 
changing and the displacement current per 
unit area d/dt (e€E) is associated with the 
magnetic field present between the con- 
denser plates 
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region as long as the condenser is charging, that is, as long as the potential 
difference and the electric field between the condenser plates are changing. 

It was Maxwell’s major contribution to electromagnetic theory to assert that 
the existence of a time-changing electric field in free space gave rise to a 
displacement current. The same result follows from considering the conserva- 
tion of charge. The flow of charge into any small volume in space must equal 
that flowing out. If the volume includes the top plate of the condenser the 
ohmic current through the leads produces the flow into the volume, while the 
displacement current represents the flow out. 

In future, therefore, two different kinds of current will have to be considered: 

(1) the familar conduction current obeying Ohm’s Law (V = JR) and 

(2) the displacement current of density #D/dt. 

Ina medium of permeability and permittivity e, but where the conductivity 
a =0, the displacement current will be the only current flowing. In this case a pure 
wave equation for E and H will follow and there will be no energy loss or 
attenuation. 

When o # 0a resistive element allows the conduction current to flow, energy 
loss will follow, a diffusion term is added to the wave equation and the wave 
amplitude will attenuate exponentially with distance. We shall see that the 
relative magnitude of these two currents is frequency-dependent and that their 
ratio governs whether the medium behaves as a conductor or as a dielectric. 


Electromagnetic Waves in a Medium having Finite Permeability and 
Permittivity « but with Conductivity c=0 


We shall consider a system of plane waves and choose the plane xy as that 

region over which the wave properties are constant. These properties will not 

vary with respect to x and y and all derivatives @/4x and 4/dy will be zero. 
The first time-varying equation of Maxwell is written in vector notation as 


oB oH 
curl E=V X E= —— =-p— 
7 at a 


This represents three component equations: 


a a a 
—p—H, =—E, -—E, 
aba SO woe ae 
a a a 
<p Hye Eg ‘ 
Ca az aes Wey 
a a a 
-yiH,-26,-*E, 
Maptley aati ap 


where the subscripts represent the component directions. The dimensions of 
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these equations may be written 


wH E 


time — length 


and multiplying each side by (length)’ gives 
eel ithe. area= E X length 
time 
ie. 
total magnetic flux _ 


‘ volts 
time 


This is dimensionally of the form of Lenz’s or Faraday’s Law. 
The second time-varying equation of Maxwell is written in vector notation as 
oD OE 
curl H= V x H=— = e— 
ot ot 
This represents three component equations: 
tC) Ci) i) 
e—E, =— HH, 
a ON or, 


Ela a 

es 72) 
Fae Ee ox (7.2) 
ae, bet a 

—E,=— ——H, 

Sie cox: Say 


The dimensions of these equations may be written 


current J _ H 
area length 


and multiplying both sides by a length gives 


current I 
length length a 


which is dimensionally of the form of Ampere’s Law (i.e., the circular magnetic 
field at radius r due to the current J flowing in a straight wire is given by 
H=I/27r). Maxwell’s first steady state equation may be written 


a 26 2B) 
ox dy az 
where p is the charge density. This states that over a small volume element 


dx dy dz of charge density p the change of displacement depends upon the 
value of p. 


divD=V.D=¢ (7.3) 
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When p = 0 the equation becomes 


c(2E:4 28142) 2g 


ie 
ox dy dz se, 


so that if the displacement D = €E is graphically represented by flux lines which 
must begin and end on electric charges, the number of flux lines entering the 
volume element dx dy dz must equal the number leaving it. 

The second steady state equation is written 


div B=V.B= (E+ Ts SE) <0 oa 


Again this states that an equal number of magnetic induction lines enter and 
leave the volume dx dy dz. This is a physical consequence of the non-existence 
of isolated magnetic poles, i.e. a single north pole or south pole. 

Whereas the charge density p in equation (7.3) can be positive, i.e. a source 
of flux lines (or displacement), or negative, i.e. a sink of flux lines (or 
displacement), no separate source or sink of magnetic induction can exist in 
isolation, every source being matched by a sink of equal strength. 


The Wave Equation for Electromagnetic Waves 


Since, with these plane waves, all derivatives with respect to x and y are zero, 
equations (7.1) and (7.4) give 


therefore H, is constant in space and time and because we are considering only 
the oscillatory nature of H a constant H, can have no effect on the wave 
motion. We can therefore put H, =0. A similar consideration of equations 
(7.2) and (7.3a) leads to the result that E, = 0. 

The absence of variation in H, and E, means that the oscillations or 
variations in H and E occur in directions perpendicular to the z-direction. We 
shall see that this leads to the conclusion that electromagnetic waves are 
transverse waves. 

In addition to having plane waves we shall simplify our picture by consider- 
ing only plane-polarized waves. 

We can choose the electric field vibration to be in either the x or y direction. 
Let us consider E, only, with E, = 0. In this case equations (7.1) give 


dH, _ dE, 
iy jee oe woes 
im a oa (7.1a) 
and equations (7.2) give 
OE, aH, 


ee (7.2a) 
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Using the fact that 
(ienlae 
azat ataz 
it follows by taking 4/at of equation (7.1a) and 4/dz of equation (7.2a) that 
x x 
an =Hea aH, (the wave equation for H,) 


Similarly, by taking 0/dt of (7.2a) and a/dz of (7.1a), we obtain 
a x 
on =He aE: (the wave equation for E,) 


Thus the vectors E, and H, both obey the same wave equation, propagating 
in the z-direction with the same velocity v’ = 1/e. In free space the velocity is 
that of light, that is, c? = 1/9€o, where jo is the permeability of free space and 
€ is the permittivity of free space. 

The solutions to these wave equations may be written, for plane waves, as 


E, = Eysin (01-2) 
Hy = Hy sin (or - 2) 


where Ey and Hp are the maximum amplitude values of E and H. Note that the 


Exe, ain't (vt-z) 
AH, sin X (vf- 2) 


Fig. 7.3. In a plane-polarized electro- 
magnetic wave the electric field vector E, 
and magnetic field vector H, are perpen- 
dicular to each other and vary sinusoidally. 
In a non-conducting medium they are in 
phase. The vector product, E x H, is called 
the Poynting vector, and gives both the 
direction and quantity of energy flow per 
second across unit area in watts/metre* 
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sine (or cosine) solutions means that no attenuation occurs: only displacement 
currents are involved and there are no conductive or ohmic currents. 

We can represent the electromagnetic wave (E,, Hy) travelling in the z- 
direction in fig. 7.3, and recall that because E, and H, are constant (or zero) the 
electromagnetic wave is a transverse wave. 

The direction of propagation of the waves will always be in the EXH 
direction; in this case, Ex H has magnitude E,H, and is in the z-direction. 

This product has the dimensions 


voltage x current _ electrical power 
length x length area 
measured in units of watts per metre. 


The vector product, EH, is called the Poynting vector; this measures the 
flow of energy per second across unit area. 


Illustration of Poynting Vector 


We can illustrate the flow of electromagnetic energy in terms of the Poynting 
vector by considering the simple circuit of fig. 7.4, where the parallel plate 
condenser of area A and separation d, containing a dielectric of permittivity €, 
is being charged to a voltage V. 


ExH directed to 
condenser axis 


Fig. 7.4. During charging the Poynting 

vector E x His directed into the condenser 

volume. At the end of the charging the 

energy is totally electrostatic and equals 

the product of the condenser volume, Ad, 

and the electrostatic energy per unit vol- 
ume, 3€E* 
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Throughout the charging process current flows, and the electric and magne- 
tic field vectors show that the Poynting vector is always directed into the 
volume Ad occupied by the dielectric. 

The capacitance C of the condenser is «A/d and the total energy of the 
condenser at potential V is }CV joules, which is stored as electrostatic energy. 
But V= Ed, where E is the final value of the electric field, so that the total 
energy 


«A 


1 v= 
alr 


) E*d’ =}(cE*)Ad 
where Ad is the volume of the condenser. 


The electrostatic energy per unit volume stored in the condenser is therefore 
+E” and results from the flow of electromagnetic energy during charging. 


Impedance of a Dielectric to Electromagnetic Waves 
If we put the solutions 

E, = Eo sin 2 (4 z) 
and 

Hy, = Ho sin (or z) 


in equation (7.1a) where 


dH, _ dE, 
TA aE 
then 
—pvH, =—E,, andsince t= 28 
pe 
VuH, =Ve E, 
that is 


which has the dimensions of ohms. 

The value Vyu/e therefore represents the characteristic impedance of the 
medium to electromagnetic waves (compare this with the equivalent result 
V/I=VLo/Co= Zo for the transmission line of the last chapter). 
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In free space 


Ee ‘Ko 


H, a = 376-7 ohms 


so that free space presents an impedance of 376-7 ohms to electromagnetic 
waves travelling through it. 


It follows from 
E, ye Ero 
—=-=,/— that == 
Ey € SOT em 


jae 2 
eE,= Hy 


and therefore 


Both of these quantities have the dimensions of energy per unit volume, for 
instance €E; has dimensions 


farads e volts? __ joules 
— = = 
metre metres’ metres” 


as we saw in the illustration of the Poynting vector. Thus for a dielectric the 
electrostatic energy 3€E. per unit volume i in an electromagnetic wave equals 
the bs ated energy per unit volume HH, and the total energy is the sum 
SEE. +5, 

This he the instanteous value of the energy per unit volume and we know 
that, in the wave, 


E, = Eosin (22/A)(vt —z) 
and 
Hy, = Hosin (27/A)(vt —z) 


so that the time averaged value of the energy per unit volume is 


3eEy + 34H, =4eE9 +4uHo 
=}eE% joules m~ 
Now the amount of energy in an electromagnetic wave which crosses unit 
area in unit time is called the intensity, J, of the wave and is evidently («EF 4)v 
where v is the velocity of the wave. 
This gives the time averaged value of the Poynting vector and, for an 
electromagnetic wave in free space we have 


‘ e 
=}ceoEs = icuoHs watts m* 
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(Problems 7.1, 7.2, 7.3, 7.4, 7.5, 7.6, 7.7, 7.8, 7.9, 7.10) 


Electromagnetic Waves in a Medium of Properties jx, € and o (where o # 0) 


From a physical point of view the electric vector in electromagnetic waves plays 
amuch more significant role than the magnetic vector, e.g., most optical effects 
are associated with the electric vector. We shall therefore concentrate our 
discussion on the electric field behaviour. 

In a medium of conductivity ¢ = 0 we have obtained the wave equation 


tid Pesta) =P 
ae ear 


where the right hand term, rewritten 


ofa 
w= [2 (ce) 


shows that we are considering a term 


3 [ssptecement current 
Foe area 


When o #0 we must also consider the conduction currents which flow. These 
currents are given by Ohm’s Lawas I = V/R, and we define the current density, 
that is, the current per unit area, as 


Pe De 
Area RxXLength Length 


where o is the conductivity 1/(R x Length) and E is the electric field. J = cE is 
another form of Ohm’s Law. 

With both displacement and conduction currents flowing, Maxwell’s second 
time-varying equation reads, in vector form, 


VxH=<D+s (7.5) 


each term on the right-hand side having dimensions of current per unit area. 
The presence of the conduction current modifies the wave equation by adding a 
second term of the same form to its right hand side, namely 


je on. 0 
Bot area nels ue) He, oe) 
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The final equation is therefore given by 


oe oe a 
ane = Kena E+ Mon Es (7.6) 


and this equation may be derived formally by writing the component equation 
of (7.5) as 


—+oE, = -— ah 
; ot Soe oz ae) 
together with 
dH, _ dE, 
—p— = 7A 
e ot az ete) 


and taking a/at of (7.5a) and 4/dz of (7.1a). We see immediately that the 
presence of the resistive or dissipation term, which allows conduction currents 
to flow, will add a diffusion term of the type discussed in the last chapter to the 
pure wave equation. The product (uo) is called the magnetic diffusivity, and 
has the dimensions L°T , as we expect of all diffusion coefficients. 

We are now going to look for the behaviour of E, in this new equation, with 
the assumption that its time-variation is simple harmonic, so that E, = Eye". 
Using this value in equation (7.6) gives 

oo (iouo —w*pe)E, =0 


which is in the form of equation (6.5), written 


TE. 
7 Vee =O 
oz 
where y* =iwpo—w pe. 
We saw in Chapter 6 that this produced a solution with the terme “ ore™™, 
but we concentrate on the E, oscillation in the positive z-direction by writing 


-yz 


E,= Eye er” 


In order to assign a suitable value to y we must go back to equation (7.6) and 
consider the relative magnitudes of the two right-hand side terms. If the 
medium is a dielectric, only displacement currents will flow. When the medium 
is a conductor, the ohmic currents of the second term on the right hand side will 
be dominant. The ratio of the magnitudes of the conduction current density to 
the displacement current density is the ratio of the two right-hand side terms. 
This ratio is 
J oF, oF, oF, o 


aD/at d/at(eE,) d/at(eE, e") iweE, iwe 
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We see immediately from the presence of i that the phase of the displacement 
current is 90° ahead of that of the ohmic or conduction current. It is also 90° 
ahead of the electric field E, so the displacement current dissipates no power. 

For a conductor, where J>dD/dt, we have o»>we, and y = 
io (wp) —we(wp) becomes 


y ~iown 
to a high order of accuracy. 
Now 
1+i 
dinieas 
v2 
so that 
1/2 
y=+() 
2 
and 


E, = Eye e™ 


=E) Pap thd ellot(one/2)1/22] 


a progressive wave in the positive z-direction with an amplitude decaying with 
the factor e #7’? 
Note that the product wpo has dimensions L”*. 


(Problem 7.11) 


Skin Depth 


After travelling a distance 


s=(2)" 


in the conductor the electric field vector has decayed to a value E, = Ey e~ '. this 
distance is called the skin depth (fig. 7.5). 

For copper, with 4s ~ 4p and o = 5-8 x 10’ siemens/metre at a frequency of 
60 Hertz, 5~9 mm; at 1 MHertz, 6 ~6-6 x 10 ° metres and at 30,000 MHertz 
(radar wavelength of 1 cm), 5 ~3-8 x 10 ’ metres. 

Thus high frequency electromagnetic waves propagate only a very small 
distance in a conductor. The electric field is confined to a very small region at 
the surface; significant currents will flow only at the surface and the resistance 
of the conductor therefore increases with frequency. We see also why a 
conductor can act to ‘shield’ a region from electromagnetic waves. 
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Fig. 7.5. Electromagnetic waves in a 
dielectric strike the plane surface of a 
conductor, and the electric field vector Eo 
is damped to a value Ey e | inadistance of 
(2/wpo)'’, the ‘skin depth’. This explains 
the electrical shielding properties of a 
conductor. A, is the wavelength in the 
conductor 


Electromagnetic Wave Velocity in a Conductor and Anomalous Dispersion 


The phase velocity of the wave v is given by 


grt a hg 
k  (wpo/2) uo Ens 


When 4 is small v is small, and the refractive index c/v of a conductor can be 
very large. We shall see later that this can explain the high optical reflectivities 
of good conductors. The velocity v = wd = 276, so that A, in the conductor is 
27 and can be very small. Since v is a function of the frequency an electrical 
conductor is a dispersive medium to electromagnetic waves. Moreover, as the 
table below shows us, 4v/dA is negative, so that the conductor is anomalously 
dispersive and the group velocity is greater than the wave velocity. Since 
c: 2/y? = pe/[10€o = He, Where the subscript r defines non-dimensional relative 
values and p/o= pL, €/€, = €,, then for uw, ~1 


Ev =c” 


and 


which confirms our statement in the chapter on group velocity that, for de,/d 
positive a medium is anomalously dispersive. We see too that c*/v*=e,=n’, 
where n is the refractive index, so that the curve in fig. 2.9 showing the reactive 
behaviour of the oscillator impedance at displacement resonance is also 
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showing the behaviour of n. This relative value of the permittivity is, of course, 
familiarly known as the dielectric constant when the frequency is low. This 
identity is lost at higher frequencies because the permittivity is frequency- 
dependent. 


refractive 
frequency Ancespate 6 Veonductor = WS index 
Hertz (m) (m/sec) (C/Vconducror) 
60 5000 km 9x10°° 3:2 9:5 10" 
10° 300m 66x 10% 41x10? 7-3 10° 
3x10'° 10m 3-9x1077 7-1 10% 4:2 10° 


Note that A, =27 is very small, and that when an electromagnetic wave 
strikes a conducting surface the electric field vector will drop to about 1% of its 
surface value’in a distance equal to 3A, =4-66. Effectively therefore, the 
electromagnetic wave travels less than one wavelength into the conductor. 


(Problems 7.12, 7.13, 7.14) 


When is a Medium a Conductor or a Dielectric? 


We have already seen that in any medium having ye and o properties the 
magnitude of the ratio of the conduction current density to the displacement 
current density 


J o 


dD/dt we 


a non-dimensional quantity. 

We may therefore represent the medium by the simple circuit in fig. 7.6, 
where the total current is divided between the two branches, a capacitative 
branch of reactance 1/we (ohms-metres) and a resistive branch of conductance 
a (siemens/metre). If o is large the resistivity is small, and most of the current 
flows through the o branch and is conductive. If the capacitative reactance 
1/we is so small that it takes most of the current, this current is the displace- 
ment current and the medium behaves as a dielectric. 


Quite arbitrarily we say that if 
J o 
—__ =—> 
OD/dt we ue 


then conduction currents dominate and the medium is a conductor. If 


AD/at _ we 


> 
J = 100 


202 The Physics of Vibrations and Waves 


J 
total 
displacement conduction 
current we & ve ‘\current oF 
Reactance Conductivity 
As ae 


ae 


' 


Fig. 7.6. A simple circuit showing 
the response of a conducting 
medium to an_ electromagnetic 
wave. The total current density J is 
divided by the parallel circuit in the 
ratio o/we (the ratio of the conduc- 
tion current density to the displace- 
ment current density). A large con- 
ductance o (small resistance) gives a 
large conduction current while a 
small capacitative reactance 1/we 
allows a large displacement current 
to flow. For a conductor o/we= 
100; for a dielectric we/o = 100. 
Note the frequency dependence of 
this ratio, At w ~10”° rad/sec cop- 
per isa dielectric to X-rays 


then displacement currents dominate and the material behaves as a dielectric. 
Between these values exist a range of quasi-conductors; some of the semi- 
conductors fall into this category. 

The ratio o/we is, however, frequency dependent, and a conductor at one 
frequency may be a dielectric at another. 

For copper, which has o=5:8X 10’ siemens/metre and €~€)= 
9x10 '* farads/metre, 


o 10'* 


we frequency 


so up to a frequency of 10'° Hertz (the frequency of ultraviolet light) 7/we > 
100, and copper is a conductor. At a frequency of 10°° Hertz, however, (the 
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frequency of X-rays) we/a > 100, and copper behaves as a dielectric. This 
explains why X-rays travel distances equivalent to many wavelengths in 
copper. 

Typically an insulator has o~ 10°'° siemens/metre and e€~10"' 
farads/metre, which gives 


of ~10*w 
oe 
so the conduction current is negligible at all frequencies. 
Why will an Electromagnetic Wave not Propagate into a Conductor? 


To answer this question we need only consider the simple circuit where a 
condenser C discharges through a resistance R. The voltage equation gives 


q 
—=+IR=0 
(@) 
and since | = dq/dt, we have 
dq__ 4 = .-/Rc 
Piles (ostege mec 


where qo is the initial charge. 

We see that an electric field will exist between the plates of the condenser 
only for a time t~ RC and will disappear when the charge has had time to 
distribute itself uniformly throughout the circuit. An electric field can only exist 
in the presence of a non-uniform charge distribution. 

If we take a slab of any medium and place a charge of density q at a point 
within the slab, the medium will behave as an RC circuit and the equation 


-/RC 
q=qe" 
becomes 


remerrone SS) 
The charge will distribute itself uniformly in a time t ~ €/a, and the electric field 
will be maintained for that time only. The time €/a is called the relaxation time 
of the medium (RC time of the electrical circuit) and it is a measure of the 
maximum time for which an electric field can be maintained before the charge 
distribution becomes uniform. 

Any electric field of a frequency v, where 1/v = t> e/a, will not be main- 
tained; only a high frequency field where 1/v = t<e/o will establish itself. 
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Impedance of a Conducting Medium to Electromagnetic Waves 


The impedance of a lossless medium is a real quantity. For the transmission line 
of Chapter 6 the characteristic impedance 


with E, and Hy, in phase. 

We saw in the case of the transmission line that when the loss mechanisms of 
a series resistance Ro and a shunt conductance Go were introduced the 
impedance became the complex quantity 


- ,[Rotioke 
GotiwCy 


We now ask what will be the impedance of a conducting medium of properties 

pw, € and o to electromagnetic waves? If the ratio of E, to Hy is a complex 

quantity, it implies that a phase difference exists between the two field vectors. 
We have already seen that in a conductor 


E,= Eye" e” 


where y=(1+i)(wuo/2)'””, and we shall now write Hy =Hoe\’®e™, 


suggesting that H, lags E, by a phase angle ¢. This gives the impedance of 
the conductor as 


aE,___ aH, 
oo or 


so that 
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and 


E,_iop_ i(op) __i(1-i) oe 
A, y  (1+i)@pe/2)'? (1+i)(1-i)\ o 


wD (Qa i257 
o o 


ie. v2 


-(2)"(aei) (0s) 


1/2 


a vector of magnitude (wu/o) ’“ and phase angle ¢ = 45°. Thus the magnitude 


—2o_ (21) Ee 
a H) \o 
and H, lags E, by 45°. 

We can also express Z,. by 


: wpy'/? i(H)” 
c= Rt+ = ($4 as 
Z.=R+ixX =) i a 


and also write it 


1+i ony" 
Bp (lee 
ae 


= , [Ho £0 HWE oie 
€& € Mo o 
|Z.|=376-6 ohms \/ = 
e Vo 


Ata wavelength A = 10’ m, i.e. at a frequency v = 3000 MHertz, the value of 
we/o for copper is 2:9 x 10°° and u,~e,~1. This gives a magnitude Z, = 
0-02 ohms at this frequency; for 7 = 00, Z,. = 0, and the electric field vector E, 
vanishes, so we can say that when Z, is small or zero the conductor behaves as a 
short circuit to the electric field. This sets up large conduction currents and the 
magnetic energy is increased. 

In a dielectric, the impedance 


-E. |e 
Soest € 


led to the equivalence of the electric and magnetic field energy densities, that is, 
HH, =4eE?. In a conductor, the magnitude of the impedance 


-(ce)” 
oC 


of magnitude 
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so that the ratio of the magnetic to the electric field energy density in the wave is 


We already know that this ratio is very large for a conductor for it is the ratio 
of conduction to displacement currents, so that in a conductor the magnetic 
field energy dominates the electric field energy and increases as the electric 
field energy decreases. 


Reflexion and Transmission of Electromagnetic Waves at a Boundary 


(i) Normal Incidence 


Aninfinite plane boundary separates two media of impedances Z, and Z, (real 
or complex) in fig. 7.7. 


2/4 


External reflexion 2s 4 


Incident 


t 
Transmitted 


Internal reflexion 2<Z, 


Fig. 7.7. Reflexion and transmission of an 

electromagnetic wave incident normally on a 

plane between media of impedances Z, and 

Z,. The Poynting vector of the reflected 

wave (EH), shows that either E or H may 

be reversed in phase, depending on the rela- 
tive magnitudes of Z, and Z, 


The electromagnetic wave normal to the boundary has the components 
shown where subscripts i, r and t denote incident, reflected and transmitted 
respectively. Note that the vector direction (E, x H,) must be opposite to that of 
(E; x H)) to satisfy the energy flow condition of the Poynting vector. 

The boundary conditions, from electromagnetic theory, are that the compo- 
nents of the field vectors E and H tangential or parallel to the boundary are 
continuous across the boundary. 

Thus 

E,+E,=E, 
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and 
H,+H,=H, 
where 
E; E, E, 
ate a ate, 
i Zs H, Z, and 2 


From these relations it is easy to show that the amplitude reflexion coefficient 


and the amplitude transmission coefficient 


BE, 222 


“E, Z2+Zi 
in agreement with the reflexion and transmission coefficients we have found for 
other waves. If the wave is travelling in air and strikes a perfect conductor of 
Z,=( at normal incidence then 


E,_ 2.72, _ =i 
Ei 2,+Z, 
giving complete reflexion and 
oe 
E; Z,+Z, 


Thus good conductors are very good reflectors of electromagnetic waves, e.g. 
lightwaves are well reflected from metal surfaces. (See Summary on page 412.) 


(ti) Oblique Incidence and Fresnel’s Equations for dielectrics 


When the incident wave is oblique and not normal to the infinite boundary 
of fig. 7.7 we may still use the boundary conditions of the preceding section 
for these apply to the tangential components of E and H at the boundary 
and remain valid. 

In fig. 7.8(a) H is perpendicular to the plane of the paper with tangential 
components Hj, H, and H, but the tangential components of E become 


E; cos @,E,cos@ and E, cos ¢ respectively. 


In fig. 7.8(b) E is perpendicular to the plane of the paper with tangential 
components &;, £, and E, but the tangential components of H become H; cos 6, 
H, cos 6 and H, cos ¢. 

Using these components in the expressions for the reflexion and transmission 
coefficients we have, for fig. 7.8(a) 


E, cos 6 oO: E, cos ¢/H,—E; cos 6/H; 
E;cos@ E, cos #/H,+E; cos 6/H; 
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(a) (b) 


Fig. 7.8. Incident, reflected and transmitted components of a plane polar- 

ized electromagnetic wave at oblique incidence to the plane boundary 

separating media of impedances Z, and Z2. The electric vector lies in the 

plane of incidence in (a) and is perpendicular to the plane of incidence in 
(b) 


so 


Ry a ee SEP Ai CORE 
: E; Z,cos#+Z,cos@ 


where Ry is the reflexion coefficient amplitude when E lies in the plane of 
incidence. 
For the transmission coefficient in fig. 7.8(a) 


E, cos ¢ _ 2E, cos ¢/H, 
E;cos@ E, cos 0/H,+E, cos 6/H, 
so 
N= Ey _ 2Z2 cos 6 
' E,; Z,cos@+Z2cos¢ 


A similar procedure for fig. 7.8(b) where E is perpendicular to the plane 
of incidence yields 
_ Z,00s0-Zi cos f 


Res cou EZi cos 


Electromagnetic Waves 


and 


209 


= 2Z2 cos 6 
+ Zz cos 0+Z; cos b 


Now the relation between the refractive index n of the dielectric and its 
impedance Z is given by 


n=-= 


where 


Hence we have 


Me 


c - _Z(free space) 


*~Z (dielectric) 


V 


v Ko€o 


va 
Tot el 
Ho 
Z;_n2_sin@ 
Z. nm sing 


from Snell's Law and we may write the reflexion and transmission amplitude 


coefficients as 


_ tan (¢-@) _ 4sin ¢ cos 

"tan (6 +8)’ "sin 26 +sin 20 
_ sin (? —@) _ 2sin ¢ cos 6 
*~ sin (6 +0)’ “sin (@ +0) * 


In this form the expressions for the coefficients are known as Fresnel’s 
Equations. They are plotted in fig. 7.9 for n2/n; = 1-5 and they contain several 


significant features. 


When @ is very small and incidence approaches the normal we have 6 +0 


and é > 0 so that 
sin (6 —@)~tan (6-0) ~(¢—@) 
and 
a ek 
Ry~R,~ OHO) 2M _ mit 
(+0) 1,1 mtn 
M2 my 
Thus the reflected intensity 
I, (ny—n2\? 
Rio= 7 = (en) 


~0-4 at an air-glass interface. 


We note also that when tan (9 +) =0o and 6+¢ = 90° then Ri =0. 
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Brewster 
angle 


40° 


Fig. 7.9. Amplitude coefficients R and T of reflexion 
and transmission for n2/n,=1:5. Ry and Tj refer to the 
case when the electric field vector E lies in the plane of 
incidence. R, and T, apply when E is perpendicular to 
the plane of incidence. The Brewster angle @, defines 
6+ =90° when R\=0 and the reflected light is polar- 
ized with the E vector perpendicular to the plane of 
incidence. Ry changes sign (phase) at 3. When @ <@z, 
tan (¢ — @) is negative for n2/n, = 1-5. When @+¢ =90°, 
tan (@ +@) is also negative 


In this case only R, is finite and the reflected light is completely plane 
polarized with the electric vector perpendicular to the plane of incidence. 
This condition defines the value of the Brewster or polarizing angle 4, for, 
when @ and ¢ are complementary cos 6g =sin @ so 


n, sin 6g =n2 sin d = n2 COS Og 
and 
tan 6g =n2/n, 


which, for air to glass defines 6g = 56°. 
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A typical modern laboratory use of the Brewster angle is the production 
of linearly polarized light from a He-Ne laser. If the window at the end of 
the laser tube is tilted so that the angle of incidence for the emerging light is 
6, and R\=0 then the light with its electric vector parallel to the plane of 
incidence is totally transmitted while some of the light with transverse polariz- 
ation (R,) is reflected back into the laser off-axis. If the light makes multiple 
transits along the length of the tube before it emerges the transmitted beam 
is strongly polarized in one plane. 

More general but less precise uses involve the partial polarization of light 
reflected from wet road and other shiny surfaces where refractive indices are 
in the range n = 1-3-1-6, Polarized windscreens and spectacles are effective 
in reducing the glare from such reflections. 


Reflexion from a Conductor (Normal Incidence) 


For Z, a conductor and Z, free space, the refractive index 


n=ZinB 
Z, atria 
is complex, where 
B= Ho 


and 


A complex refractive index must always be interpreted in terms of absorp- 
tion because a complex impedance is determined by a complex propagation 
constant, e.g. here Z, =iwp/y, so that 


naZn fe La +) (262) "=a-0(52)" 


where 


(upto)? = 


MK 


The ratio E,/E, is therefore complex (there is a phase difference between the 
incident and reflected vectors) with a value 


E,_2,-Z, _atia-B_ 1-—B/ati 


E, Z)+Z, atiat+B 1+B/ati 


where B/a > 1. 
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Since E,/E; is complex, the value of the reflected intensity J, = (E,/E;)* is 
found by taking the ratio of the squares of the moduli of the numerator and 
the denominator, so that 


IEP _|Z2-Zil’ _(-B/a)*+1 
EP |Z2+Z,/) (1+B/a)?+1 


4B/a _4a 
“24 2p/a+Glar”'p KoP/a>!) 


[, 


=1 


so that 


wp\2/€9\'/2 
a 
20 Ho 


Problems 7.15, 7.16, 7.17, 7.18, 7.19, 7.20, 7.21, 7.22, 7.23 


a 


Problem 7.1 

Show that the concept of B?/2 (magnetic energy per unit volume) as a magnetic 
pressure accounts for the fact that two parallel wires carrying currents in the same 
direction are forced together and that reversing one current will force them apart. 
(Consider a point midway between the two wires.) Show that it also explains the motion 
of a conductor carrying a current which is situated in a steady externally applied 
magnetic field. 


Problem 7.2 

At a distance r from a charge e on a particle of mass m the electric field value is 
E = e/47€9r°. Show by integrating the electrostatic energy density over the spherical 
volume of radius a to infinity and equating it to the value mc’ that the ‘classical’ radius of 
the electron is given by 


a=2:82x10°'Sm 


Problem 7.3 

The rate of generation of heat in a long cylindrical wire carrying a current J is J7R, where 
R is the resistance of the wire. Show that this Joule heating can be described in terms of 
the flow of energy into the wire from surrounding space and is equal to the product of the 
Poynting vector and the surface area of the wire. 


Problem 7.4 

Show that when a current is increasing in a long uniformly wound solenoid of coil radius 
r the total inward energy flow rate over a length | (the Poynting vector times the surface 
area 277) gives the time rate of change of the magnetic energy stored in that length of 
the solenoid. 

Problem 7.5 

The plane polarized electromagnetic wave (E,, H,) of this chapter travels in free space. 
Show that its Poynting vector (energy flow in watts per m?) is given by 


S = E,H, = c(€oE;+ HoH) = céoEx 
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where c is the velocity of light. The intensity in such a wave is given by 


= = eae 2 
T= S,, = C€oE* = 3C€9E max 


Show that 
S=1-327* 10" Ez,,, 
Emax = 27:45 §'/ volts metre”! 
Hnax = 7-3 x 10°? §"? amps metre’ 
Problem 7.6 


A light pulse from a ruby laser consists of a linearly polarized wave train of constant 
amplitude lasting for 10°* seconds and carrying energy of 0-3 joules. The diameter of 
the circular cross section of the beam is 5 x 10~* metres. Use the results of problem 7.5 
to calculate the energy density in the beam to show that the root mean square value of 
the electric field in the wave is 


2:4 x 10° volts metre! 


Problem 7.7 

One square metre of the earth’s surface is illuminated by the sun at normal incidence by 
an energy flux of 1-35 kilowatts. Show that the amplitude of the electric field at the 
earth’s surface is 1010 volts/metre and that the associated magnetic field in the wave has 
an amplitude of 2:7 amps/metre (See Problem 7.5). The electric field energy density 
+E” has the dimensions of a pressure. Calculate the radiation pressure of sunlight upon 
the earth. 


Problem 7.8 

If the total power lost by the sun is equal to the power received per unit area of the 
earth’s surface multiplied by the surface area of a sphere of radius equal to the earth sun 
distance (15 x 10’ km), show that the mass per second converted to radiant energy and 
lost by the sun is 4:2 x 10” kilograms. (See problem 7.5.) 


Problem 7.9 


A radio station radiates an average power of 10° watts uniformly over a hemisphere 
concentric with the station. Find the magnitude of the Poynting vector and the 
amplitude of the electric and magnetic fields of the plane electromagnetic wave at a 

point 10 kilometres from the station. (See problem 7.5.) ° 


Problem 7.10 


A plane polarized electromagnetic wave propagates along a transmission line consisting 
of two parallel strips of a perfect conductor containing a medium of permeability « and 
permittivity €. A section of one cubic metre in the figure shows the appropriate field 
vectors. The electric field E, generates equal but opposite surface charges on the 
conductors of magnitude e£, coulombs per square metre. The motion of these surface 
charges in the direction of wave propagation gives rise to a surface current (as in the 
discussion associated with fig. 6.1). Show that the magnitude of this current is H, and 
that the characteristic impedance of the transmission line is 


Ee Vt 
Hy € 
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st 


Im 


Problem 7.11 
Show that equation (7.6) is dimensionally of the form 


where V is a voltage, L is an inductance and / is a current. 


Problem 7.12 


Show that when a group of electromagnetic waves of nearly equal frequencies propa- 
gates in a conducting medium the group velocity is twice the wave velocity. 


Problem 7.13 


A medium has a conductivity o=107'siemens/metre and a relative permittivity 
€, =50, which is constant with frequency. If the relative permeability 4, =1, is the 
medium a conductor or a dielectric at a frequency of (a) 50 kiloHertz, and (b) 
10* MegaHertz? 


[eo = (367 x 10°)" farads/metre; uo = 47 x 10°’ henries/metre.] 


Answer: (a) o/we = 720 (conductor) 
(b) a/we = 3.6 x 107° (dielectric). 


Problem 7.14 


The electrical properties of the Atlantic Ocean are given by 
e,=81, w= 1, o =4-3 siemens/metre 


Show that it is a conductor up to a frequency of about 10 MegaHertz. What is the longest 
electromagnetic wavelength you would expect to propagate under water? 
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Problem 7.15 

Show that when a plane electromagnetic wave travelling in air is reflected normally from 
a plane conducting surface the transmitted magnetic field value H,~2H,, and that a 
magnetic standing wave exists in air with a very large standing wave ratio. If the wave is 
travelling in a conductor and is reflected normally from a plane conductor-air interface, 
show that E, ~2E,. Show that these two cases are respectively analogous to a short- 
circuited and an open-circuited transmission line. 


Problem 7.16 
Show that in a conductor the average value of the Poynting vector is given by 


S,y =4E Ho cos 45° 
SH} (real part of Z,) watts/metre* 


where EB, and Hy are the peak field values. A plane 1000 MHertz wave travelling in air 
with E, = 1 volt/metre is incident normally ona large copper sheet. Show firstly that the 
real part of the conductor impedance is 8-2 x 10~* ohms and then (remembering from 
problem 7.15 that Ho doubles in the conductor) show that the average power absorbed 
by the copper per square metre is 1-6 10°” watts. 


Problem 7.17 

For a good conductor e, = u, = 1, Show that when an electromagnetic wave is reflected 
normally from such a conducting surface its fractional loss of energy (1—reflection 
coefficient J,) is exactly V8we/c. Note that the ratio of the displacement current density 
to the conduction current density is therefore a direct measure of the reflectivity of the 
surface. 


Problem 7.18 


Using the value of the Poynting vector in the conductor from problem 7.16, show that 
the ratio of this value to the value of the Poynting vector in air is exactly V8we/o, as 
expected from problem 7.17. 


Problem 7.19 


The electromagnetic wave of problems 7.17 and 7.18 has electric and magnetic field 
magnitudes in the conductor given by 


B= Al en ellot-ke) 
and 
H= a(2)" got genta) gies 
y on 
where k =(wpo/2)'/?. 
Show that the average value of the Poynting vector in the conductor is given by 


,{ a \¥2 
Sy = 3A? (5) e ?** (watts/metre’) 
2om 


This is the power absorbed per unit area by the conductor. We know, however, that 
the wave propagates only a distance of the order of the skin depth, so that this power is 
rapidly transformed. The rate at which it changes with distance is given by 0S,,/dz, 
which gives the energy transformed per unit volume in unit time. Show that this quantity 
is equal to the conductivity o times the square of the mean value of the electric field 
vector E, that is, the Joule heating from currents flowing in the surface of the conductor 
down to a depth of the order of the skin depth. 
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Problem 7.20 


Show that when light travelling in free space is normally incident on the surface of a 
dielectric of refractive index n the reflected intensity 


rele) eae 
"NE/  \itn 


and the transmitted intensity 


(Note I, +, = 1.) 


Problem 7.21 


Show that if the medium of problem 7.20 is glass (n = 1:5) then J, = 4% and I, = 96%. 
If an electromagnetic wave of 100 megahertz is normally incident on water (€, = 81) 
show that J, = 65% and I, =35%. 


Problem 7.22 

Light passes normally through a glass plate suffering only one air to glass and one glass to 
air reflection. What is the loss of intensity? 

Problem 7.23 

A radiating antenna in simplified form is just a length xo of wire in which an oscillating 


current is maintained. The expression for the radiating power is that used on page 39 
for an oscillating electron 


dt 127€9c* 


where q is the electron charge and w is the oscillation frequency. The current / in the 
antenna may be written [y= wq. If P=}RIj show that the radiation resistance of the 


antenna is given by 
a Ve) ile 
=— J (=) =787(—) oh 
3 Ve\a gy oes 


where A is the radiated wavelength (an expression valid for A > xo). 

If the antenna is 30 metres long and transmits at a frequency of 5X 10° hertz with a 
root mean square current of 20 amps, show that its radiation resistance is 1-97 ohms and 
that the power radiated is 400 watts. (Verify that A > xo.) 


Summary of Important Results 
Dielectric; 4 and € (a =0) 


Fig ag aE, (o?=4) 
Feces ay 


oH, aH, 


Wave equation 
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Impedance 
fe Je (376.7 ohms for free space) 
€ 
Energy density }¢E,+34H, 
Mean energy flow = Intensity = S = v(mean energy density) 
= v3€E; + 3HH))average 


Rates oy Paes 2 
= veE, = 2v€E x(max) 
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Conductor;  € and a 
Add diffusion equation to wave equation for loss effects from o 
aE: aE? dE, 


eae at 
giving 
Brena es .g Oth) 
where 
k?=wpo/2 
Skin depth 


6=— givingE,=E,e' 


Criterion for conductor/dielectric behaviour is ratio 


conduction current o 
EE (note frequency dependence) 
displacement current we 


Impedance Z. (conductor) 


with magnitude Z. = 376°6 Vu,/e,Vwe/oohms 
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Reflexion and transmission coefficients (normal incidence), 


Ree nes 
E, Z24+Z; 
pak 22s 
E, Z2+Z, 


Fresnel’s Equations (dielectrics) 


(E’s and Z’s may be complex) 


_ tan (¢—4) __4sin ¢ cos @ 
"tan (6 +0)" "sin 26 +sin 20 
_ sin(¢ — 0) _ 2sind cos @ 
~~ sin (p +0)" * sin (p +0) 
Refractive index 
_¢_Z (free space) 
4 v  Z (dielectric) 


Chapter 8 


Waves in More than 
One Dimension 


Plane Wave Representation in Two and Three Dimensions 


Fig. 8.1 shows that in two dimensions waves of velocity c may be represented 
by lines of constant phase propagating in a direction k which is normal to each 
line, where the magnitude of k is the wave number k = 27/A. 

The direction cosines of k are given by 


where k* = ki +k3 


Crest 
-—-—-— Trough 


Fig. 8.1. Crests and troughs of a 
two-dimensional plane wave 
propagating in a general direction 
k (direction cosines | and m). The 
wave is specified by Ix + my = p= 
ct, where p is its perpendicular 
distance from the origin, travelled 
in a time ¢ at a velocity c 
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and any point r(x, y) on the line of constant phase satisfies the equation 
lx +my =p=ct 


where p is the perpendicular distance from the line to the origin. The displace- 
ments at all points r(x, y) on a given line are in phase and the phase difference 
between the origin and a given line is 


2 2) 
== (path difference) ="p =k wr=kxt+koy 
=kp 


Hence, the bracket (wt—@)=(wt—kx) used in a one dimensional wave is 
replaced by (wt—k . r) in waves of more than one dimension, e.g. we shall use 
the exponential expression 


i(wr—k.r) 
e€ 


In three dimensions all points r(x, y, z) in a given wavefront will lie on planes 
of constant phase satisfying the equation 


Ix+my+nz=p=ct 


where the vector k which is normal to the plane and in the direction of 
propagation has direction cosines 


wh get yo 
Se k’ k 


(so that k= ki +k3+k3) and the perpendicular distance p is given by 


kp=k.r=kxt+k:y+kgz 


Wave Equation in Two Dimensions 


We shall consider waves propagating on a stretched plane membrane of 
negligible thickness having a mass p per unit area and stretched under a 
uniform tension T. This means that if a line of unit length is drawn in the surface 
of the membrane then the material on one side of this line exerts a force T on 
the material on the other side in a direction perpendicular to that of the line. 

If the equilibrium position of the membrane is the xy plane the vibration 
displacements perpendicular to this plane will be given by z where z depends 
on the position x, y. In fig. 8.2a where the small rectangular element ABCD of 
sides dx and dy is vibrating, forces T 5x and T dy are shown acting on the sides 
in directions which tend to restore the element to its equilibrium position. 
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T8x 
T8x 
(b) 
2| 7T8y Tby by - = 
ee 
78 
(a) a T8x Thy 
Ls 
x 


Fig. 8.2. Rectangular element of a uniform mem- 

brane vibrating in the z-direction subject to one 

restoring force, TSx, along its sides of length dy and 
another, Téy, along its sides of length 6x 


In deriving the equation for waves on a string we saw that the tension T along 
acurved element of string of length dx produced a force perpendicular to x of 


where y was the perpendicular displacement. Here in fig. 8.2b by exactly 
similar arguments we see that a force T dy acting on a membrane element of 
length 5x produces a force 


Toyo 8x 
Ox 


where z is the perpendicular displacement, whilst another force T 5x acting on 
a membrane element of length dy produces a force 


rf 


vz 
Teeawhy 


The sum of these restoring forces which act in the z-direction is equal to the 
mass of the element p 5x dy times its perpendicular acceleration in the z- 
direction, so that 


az az az 
dx by + T—s 8x dy = p 5x & 
Te x by ay * y=poxdy a 


giving the wave equation in two dimensions as 
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where 


The displacement of waves propagating on this membrane will be given by 
z=A eilork — 4 eller x+y 
where 
R=ki+k3 
The reader should verify that this expression for z is indeed a solution to the 
two-dimensional wave equation. 


(Problem 8.1) 


Wave Guides 
Reflection of a 2D Wave at Rigid Boundaries 


Let us first consider a 2D wave propagating in a vector direction k(k,, k2) in the 
xy plane along a membrane of width b stretched under a tension T between 
two long rigid rods which present an infinite impedance to the wave. 


infinite 
impedance 


infinite 
impedance 
Fig. 8.3. Propagation of a two- 
dimensional wave along a stretched 
membrane with infinite impedances 
at y=0 and y=b giving reversal of 
k, at each reflection 


We see from fig. 8.3 that upon reflexion from the line y = b the component 
k, remains unaffected whilst k2 is reversed to —k2. Reflexion at y = 0 leaves 
k, unaffected whilst —k is reversed to its original value k2. The wave system 
on the membrane will therefore be given by the superposition of the incident 
and reflected waves, that is, by 


z=A, sin [wt —(k,x +k2y)]+ Az sin [wt—(k,x —k2y)] 


Waves in More than One Dimension 223 
subject to the boundary conditions that 
z=0 at y=0 and y=b 


the positions of the frame of infinite impedance. 
The condition z =0 at y =0 requires 


A2=—A; 
and z=0 at y=b gives 
sin k,b=0 
or 
ko are 
(Problem 8.2) 


With these values of A, and k, the displacement of the wave system is given by 
z=—2A, sin kzy cos (wt — kx) 


which represents a wave travelling along the x direction with a phase velocity 


ee oo 
Bg Nkj 
where the velocity on an infinitely wide membrane is given by 


® cas 
v=— whichis <v, 


k 
because 

ke =kit+k3 
Now 

eae oE 
so 


and the group velocity for the wave in the x direction 


ea = (4) 
Bak, me ae , 
giving the product 


24 
Up/U, =U 
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Since k, must be real for the wave to propagate we have, from 


the condition that 


that is 


or 


where n defines the mode number in the y direction. Thus only waves of certain 
frequencies v are allowed to propagate along the membrane which acts as a 
wave guide. 

There is a cut off frequency nzrv/b for each mode of number n and the wave 
guide acts as a frequency filter (recall the discussion on similar behaviour in 
wave propagation on the loaded string in Chapter 3). The presence of the 
sin kzy term in the expression for the displacement z shows that the amplitude 
varies across the transverse y direction as shown in fig. 8.4 for the mode values 


Fig. 8.4. Variation of amplitude with y-direction 

for two-dimensional wave propagating along the 

membrane of fig. 8.3. Normal modes (n = 1, 2. and 

3 shown) are set up along any axis bounded by 
infinite impedances 


n= 1, 2, 3. Thus, along any direction in which the waves meet rigid boundaries 
a standing wave system will be set pp analogous to that on a string of fixed 
length and we shall discuss the implication of this in the section on normal 
modes and the method of separation of variables. 
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Wave guides are used for all wave systems, particularly in those with 
acoustical and electromagnetic applications. Fibre optics is based on wave 
guide principles, but the major use of wave guides has been with electromagne- 
tic waves in telecommunications. Here the reflecting surfaces are the sides of a 
copper tube of circular or rectangular cross section. Note that in this case the 
free space velocity becomes the velocity of light 


o 
c= 7s <Up 
the phase velocity, but the relation v,v, = c ensures that energy in the wave 
always travels with a group velocity v, <c. 


(Problems 8:3, 8.4, 8.5, 8.6, 8.7, 8.8, 8.9, 8.10, 8.11) 


Normal Modes and the Method of Separation of Variables 


We have just seen that when waves propagate in more than one dimension a 
standing wave system will be set up along any axis which is bounded by infinite 
impedances. 

In Chapter 4 we found that standing waves could exist on a string of fixed 
length | where the displacement was of the form 


sin sin 
y=A hex foot 
cos} — cos 


where A is constant and where °;;} means that either solution may be used to fit 
the boundary conditions in space and time. When the string is fixed at both 
ends, the condition y = 0 at x = 0 removes the cos kx solution, and y = 0 at x =1 
requires k,l=na or k,=nn/l=27/A,, giving |=nA,/2. Since the wave 
velocity c=v,A,, this permits frequencies w, =27v, =mnc/l, defined as 
normal modes of vibration or eigenfrequencies. 

We can obtain this solution in a way which allows us to extend the method to 
waves in more than one dimension. We have seen that the wave equation 


Fo_ 1 do 
ax. caf 


has a solution which is the product of two terms, one a function of x only and 
the other a function of t only. 

Let us write @ = X(x)T(t) and apply the method known as separation of 
variables. 

The wave equation then becomes 


#X pl eT 
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or 
1 
XT = aeAT ie 

where the double subscript refers to double differentiation with respect to the 
variables. Dividing by ¢ = X(x)T(t) we have 

Kes 21 Tr 

Dee aoare 

where the left-hand side depends on x only and the right-hand side depends on 
t only. However, both x and ¢ are independent variables and the equality 


between both sides can only be true when both sides are independent of x and t 
and are equal to a constant, which we shall take, for convenience, as —k~. Thus 


ar. 42, giving X,,+k°>X=0 
x 
and 
Lf, gerne. 2,2 
ais —-k* giving T,+c°k°T=0 


tikx sickt 


X(x) is therefore of the form e and T(t) is of the form e“"™, so that 
=Ae*™ e"'™ where A is constant, and we choose a particular solution ina 
form already familiar to us by writing 


o =A ellekt kx) 
=A Pr cals 


where w = ck, or we can write 


as above. 


Two-Dimensional Case 


In extending this method to waves in 2 dimensions we consider the wave 
equation in the form 


and we write @ = X(x) Y(y)T(t), where Y(y) is a function of y only. 
Differentiating twice and dividing by ¢ = XYT gives 
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where the left-hand side depends on x and y only and the right-hand side 
depends on t only. Since x, y and t are independent variables each side must be 
equal to a constant, —k’ say. This means that the left-hand side terms in x and y 
differ by only a constant for all x and y, so that each term is itself equal to a 
constant. Thus we can write 


moe ye 
and 
J tte (41) =e 
giving 
Xp t+ kiX=0 
Yyy+k3¥=0 
Ty +.07k°T =0 
or 


b= A etiti® etitay esickt 


where k*=kj+k3. Typically we may write 


sin sin sin 
¢ = so lkax oe kay Se fee 


Three-Dimensional Case 


The three-dimensional treatment is merely a further extension. The wave 
equation is 


2 a2 2 2 
a a a Lo 
: aA + ipa} 4 
Ox, ay" oz" ‘cook 


with a solution 


yielding 
on nlx ebay i S| ke 
cos cos 


where kj +k3+k3=k’. 
Using vector notation we may write 


o=Ac*, where k.r=kixtkoy+k3z 
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Normal Modes in Two Dimensions on a Rectangular Membrane 


Suppose waves proceed in a general direction k on the rectangular membrane 
of sides a and b shown in fig. 8.5. Each dotted wave line is separated by a 


7,d/2 cosB 


2 


2 


a=, AK =n, /2 cos a = 


Fig. 8.5. Normal modes on a rectangu- 
lar membrane in a direction k satisfying 
boundary conditions of zero displace- 
ment at the edges of length a= 
n,A/2 cos a and b = nzA/2 cos B 


distance 4/2 and a standing wave system will exist whenever a =n, AA’ and 
b =n,BB’, where n, and nz are integers. 


But 
" Al. “AK 2a ar 
a aicoe ie Ce coe i 
so that 
a="™ and k=" 
ky 
Similarly 
no 
k,=—= 
als 
Hence 
2 4m? ni, n> 
ke =ki+k3= (+7) 
ag a aif 
or 
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defining the frequency of the n,th mode on the x-axis and the njth mode on the 
y-axis, that is, the (n;n2) normal mode, as 


none 
c yn; ng 2 
v=> Par where c° =— 
2Va 


If k is not normal to the direction of either a or b we can write the general 
solution for the waves as 


ee aa Moy sn xt 
cos cos cos 


with the boundary conditions z =0 at x=0 and a; z=0 at y=0 and b. 

The condition z=0 at x =y=0 requires a sin k,x sin k2y term, and the 
condition z = 0 at x =a defines k,; = n,7/a. The condition z = 0 at y = b gives 
k,=no71/b, so that 


nyWX . N2TTy 


sin sin ckt 
b 


z=Asin 


The fundamental vibration is given by nj = 1, n2= 1, so that 


(4+4)7 
v= a b)4p 


In the general mode (n,n) zero displacement or nodal lines occur at 


020). —, za a 
ny my 
and 
b 2b 
SO seer a a b 
y ny Nn 


Some of these normal modes are shown in fig. 8.6, where the shaded and 
plain areas have opposite displacements as shown. 

The complete solution for a general displacement would be the sum of 
individual normal modes, as with the simpler case of waves on a string (see the 
chapter on Fourier Series) where boundary conditions of space and time would 
have to be met. Several modes of different values (n;n2) may have the same 
frequency, e.g., ina square membrane the modes (4,7) (7,4) (1,8) and (8,1) all 
have equal frequencies. If the membrane is rectangular and a = 3b, modes (3,3) 
and (9,1) have equal frequencies. 

These modes are then said to be degenerate, a term used in describing equal 
energy levels for electrons in an atom which are described by different quantum 


numbers. 
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(4,4) (2,4) (3,4) 


Fig. 8.6. Some normal modes on a rectangular 

membrane with shaded and clear sections hav- 

ing opposite ‘sinusoidal displacements as indi- 
cated 


Normal Modes in Three Dimensions 


In three dimensions a normal mode is described by the numbers nj, n2, 13, 


with a frequency 
c [ny nz n3 
==, | +—$+ S 
VES E = re (8.1) 


where 1,, /; and /; are the lengths of the sides of the rectangular enclosure. If we 
now form a rectangular lattice with the x-, y- and z-axes marked off in units of 


ph gk ning 

21” 2h 21; 
respectively (fig. 8.7), we can consider a vector of components n, units in 
the x-direction, n units in the y-direction and n, units in the z-direction to 
have a length 
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Frequency lattice 


Vector length gives 
allowed frequency , 


Fig. 8.7. Lattice of rectangular cells in frequency space. 

The length of the vector joining the origin to any cell 

corner is the value of the frequency of an allowed normal 

mode. The vector direction gives the propagation direc- 
tion of that particular mode 


Each frequency may thus be represented by a line joining the origin to a 
point cn,/2l,, cn2/2h, cn3/2l; in the rectangular lattice. 

The length of the line gives the magnitude of the frequency, and the vector 
direction gives the direction of the standing waves. 

Each point will be at the corner of a rectangular unit cell of sides c/21,, c/2l 
and c/2I, with a volume c*/81/,12/;. There are as many cells as points (i.e., as 
frequencies) since each cell has eight points at its corners and each point serves 
as a corner to 8 cells. 

A very important question now arises: how many normal modes (stationary 
states in quantum mechanics) can exist in the frequency range v to v+dv? 

The answer to this question is the total number of all those positive integers 
Ny, No, N3 for which, from equation (8.1), 

act (P ste 2 <(v+dv)? 
Ser E cE ie ra (v+dr) 

This total is the number of possible points (n,, n2, n3) lying in the positive 
octant between two concentric spheres of radii y and v + dv, The other octants 
will merely repeat the positive octant values because the n’s appear as squared 
quantities. 

Hence the total number of possible points or cells will be 


1 (volume of spherical shell) 
8 volume of cell 
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4m? dv 8hhl; 
= eee 


8 c 
= 4a, bl; ‘a ee 
ic 


so that the number of possible normal modes in the frequency range v to v +dv 
per unit volume of the enclosure 
4mv? dv 
= 
c 
Note that this result, per unit volume of the enclosure, is independent of any 
particular system; we shall consider two very important applications. 


(1) Frequency Distribution of Energy Radiated from a Hot Body. 
Planck’s Law 


The electromagnetic energy radiated from a hot body at temperature T in the 
small frequency interval v to v +dv may be written E, dv. If this quantity is 
measured experimentally over a wide range of v acurve T, in fig. 8.8 will result. 
The general shape of the curve is independent of the temperature, but as T is 
increased the maximum of the curve increases and shifts towards a higher 
frequency, 


Rayleigh- 
Jeans 


Black body radiation curves 
following Planck's Law (727) 


ve =F 


Fig. 8.8. Planck’s black body radiation curve plotted for 

two different temperatures T,>T\, together with the 

curve of the classical Rayleigh-Jeans explanation lead- 
ing to the ‘ultra-violet catastrophe’ 


The early attempts to describe the shape of this curve were based on two 
results we have already used. 
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In the chapter on coupled oscillations we associated normal modes with 
‘degrees of freedom’, the number of ways in which a system could take up 
energy. In kinetic theory, assigning an energy 5kT to each degree of freedom of 
a monatomic gas at temperature T leads to the gas law pV = RT = NkT where 
Nis Avogadro’s number, k is Boltzmann’s constant and R is the gas constant. 

If we assume that each frequency radiated from a hot body is associated with 
the normal mode of an oscillator with two degrees of freedom and two 
transverse planes of polarization, the energy radiated per frequency interval dv 
may be considered as the product of the number of normal modes or oscillators 
in the interval dv and an energy contribution of kT from each oscillator for 
each plane of polarization. This gives 


Amv? dv2kT _ 8av°kT dv 
E; dp Fay ines ais toes OR TT 


a result known as the Rayleigh—Jeans Law. 

This, however, gives the energy density proportional to v? which, as the solid 
curve in fig. 8.8 shows, becomes infinite at very high frequencies, a physically 
absurd result known as the ultraviolet catastrophe. 

The correct solution to the problem was a major advance in physics. Planck 
had introduced the quantum theory, which predicted that the average energy 
value kT should be replaced by the factor hv/(e"”’*" —1), where h is Planck’s 
constant (the unit of action). The experimental curve is thus accurately 
described by Planck’s Radiation Law 


(2) Debye Theory of Specific Heats 


The success of the modern theory of the specific heats of solids owes much to 
the work of Debye, who considered the thermal vibrations of atoms in a solid 
lattice in terms of a vast compiex of standing waves over a great range of 
frequencies. This picture corresponds in three dimensions to the problem of 
atoms spaced along a one dimensional line (Chapter 4). In the specific heat 
theory each atom was allowed two transverse vibrations (perpendicular planes 
of polarization) and one longitudinal vibration. 

The number of possible modes or oscillations per unit volume in the 
frequency interval v to v +dy is then given by 


2 Biel 
dn=4av" af 5+) (8.2) 
T CL 


where cr and c, are respectively the transverse and longitudinal wave 
velocities. 


234 The Physics of Vibrations and Waves 


Each mode has an average energy (from Planck’s Law) of € = hv/ (e"/*T 1) 
and the total energy in the frequency range v to v +dv for a gram atom of the 
solid of volume V4 is then 


Vaé dn = 4nVa(Sr+-s 4 .) rer 


The total energy per gram atom over all permitted frequencies is then 


Eq= | Vae dn =40V,(2 aah ye ahd, 
cr L 


where »,, is the maximum frequency of the oscillations. 

There are N atoms per gram atom of the solid (N is Avogadro’s number) and 
each atom has three allowed oscillation modes, so an approximation to v,, is 
found by writing the integral of equation 8.2 for a gram atom as 


yaaa | fir 2 4nrV,(2. 1 ) 3 
=3N= no = oo 
fan 3N 4aVa( = a , v dv 3 (a a) Vin 


The values of cr and c,, can be calculated from the elastic constants of the 
solid (see Chapter 5 on longitudinal waves) and v,, can then be found. 
The value of E,4 thus becomes 


ON hv 
E, =e it gent” 2 dp 
m “0 
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Fig. 8.9. Debye theory of specific heat of solids. 


Experimental values versus theoretical curve for 
aluminium 
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and the variation of E, with the temperature T is the molar specific heat of the 
substance at constant volume. The specific heat of aluminium calculated by this 
method is compared with experimental results in fig. 8.9. 


(Problems 8.12, 8.13, 8.14, 8.15, 8.16, 8.17, 8.18, 8.19) 


Reflexion and Transmission of a Three-Dimensional Wave at a Plane 
Boundary 


To illustrate such an event we choose a physical system of great significance, the 
passage of a light wave from air to glass. More generally, Figure 8.10 shows a 
plane polarized electromagnetic wave E, incident at an angle 6 to the normal of 
the plane boundary z = 0 separating two dielectrics of impedance Z, and Z, 
giving reflected and transmitted rays E, and E, respectively. The boundary 
condition requires that the tangential electric field E, is continuous at z = 0. 
The propagation direction k; of E; lies wholly in the plane of the paper (y = 0) 


LE, =O at 2=0 


Fig. 8.10. Plane-polarized electromagnetic wave 
propagating in the plane of the paper is represented 
by vector E; and is reflected as vector E, and trans- 
mitted as vector E, at a plane interface between 
media of impedances Z, and Z2. No assumptions are 
made about the planes of propagation of E, and E,. 
From the boundary condition that the electric field 
component E, is continuous at the plane z =O it 
follows that (1) vectors E; E, and E, propagate in the 
same plane; (2) @= 6’ (angle of incidence = angle of 
reflection); (3) Snell’s law (sin 6/sin @) = n2/n, where 
nis the refractive index 
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but no assumptions are made about the directions of the reflected and 
transmitted waves (nor about the planes of oscillation of their electric field 
vectors). 

We write 


ad iLor—k(x+njz)) _ ifwr—k,(x sin @+z cos @)] 
E, = A; e ene = A, e : 
E, =A, ello ktiatmy tna) 
r r 
and 


E,= A, elle! hating tna 


where k, and k, are respectively the reflected and transmitted propagation 
vectors and |, m, n are the appropriate direction cosines. 
Since E, is continuous at z = 0 for all x, y, t we have 


iLewr~k,(x sin @)] ifor—k,Uxtm,y)] 
Aye +A,e 


=A, eller killxtmy)] 


an identity which is only possible if the indices of all three terms are identical 
that is 


wt—kx sin 6 = wt—k,(I.x+m,y) 
=wt—k,(l.x+my) 
Equating the coefficients of x in this identity gives 
k, sin 6 = k,l, = kyl; 
whilst equal coefficients of y give 
0=k,m, = km, 
This second relation gives 
m,=m,=0 


so that the reflected and transmitted rays have no component in the y direction 
and lie wholly in the xz plane of incidence, that is, incident reflected and 
transmitted (refracted) rays are coplanar. 

Now the magnitude 


since both incident and reflected waves are travelling in medium Z,. Hence 
k, sin 0=k,l, 
gives 


k, sin 0=k, sin 6’ 
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that is 
6=0' 


so the angle of incidence equals the angle of reflection. 


The magnitude 
2a 
k=— 
ai 
so that 
k;, sin 0 = kj, 
gives 
2 
= sin 6= a sing 
or 


sin@ _A,_ nz | Fees Index (medium 2] 
sing Az n, LRefractive Index (medium 1) 


a relationship between the angles of incidence and refraction which is well 
known as Snell’s Law. 
Total Internal Reflexion and Evanescent Waves 


On page 235 we discussed the propagation of an electromagnetic wave across 

the boundary between air and a dielectric (glass, say). We now consider the 

reverse process where a wave in the dielectric crosses the interface into air. 
Snell’s Law still holds so we have, in fig. 8.11, 


n,sin@=n2 sing 
where 
ny>n2 and m2/nj=n,<1 
Thus 
sin @ =(n2/n,) sing =n, sing 


with ¢ > 6. Eventually a critical angle of incidence 0, is reached where ¢ = 90° 
and sin 6 =n,; for 9 >4@,, sin @ >n,. For glass to air n, = rs and 6, = 42°, 
It is evident that for 6>@, no electromagnetic energy is transmitted into 
the rarer medium and the incident wave is said to suffer total internal reflexion. 
In the reflexion coefficients Ry and R, on page 208 we may replace cos @ 
by 


(1-sin? ¢)'/? =[1-(sin 6/n,)7]'/? 
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(a) (b) 


mm >% 


(c) (a) 


Fig. 8.11. When light propagates from a dense to a rare 
medium (n,>n2) Snell’s Law defines 6 = 6, as that angle of 
incidence for which @ = 90° and the refracted ray is tangential 
to the plane boundary. Total internal reflection can take place 
but the boundary conditions still require a transmitted wave 
known as the evanescent or surface wave. It propagates in 
the x direction but its amplitude decays exponentially with z 


and rewrite 


= (n? —sin? @)'/?—n? cos @ 
r 7 
\" (n2 =sin’ 0)" +n? cos 0 
and 

_ cos 6-(n2 —sin? gt? 


ene Gu (ne Bene pyle 
~~ cos 6+(n2 —sin? @)'”* 
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Now for @>6,, sin 6>n, and the bracketed quantities in Ry and R, are 
negative so that Rj and R, are complex quantities, that is (E,)) and (E,), have 
a phase relation which depends on 6. 

It is easily checked that the product of R and R* is unity so we have 
R\Rj' =R,R% =1. This means, for both of the examples of fig. 7.8, that the 
incident and reflected intensities J; and J, = 1. The transmitted intensity J, =0 
so that no energy is carried across the boundary. 

However, if there is no transmitted wave we cannot satisfy the boundary 
condition £; +E, =£E, on page 236, using only incident and reflected waves. 
We must therefore assert that a transmitted wave does exist but that it cannot 
on the average carry energy across the boundary. 

We now examine the implications of this assertion, using fig. 8.10 above, 
and we keep the notation of page 236. This gives a transmitted electric field 
vector 


E, =A, ellatkiltmy tne] 
ge t 


=A eilwt—k(xsind +2 cos4)] 
Eat ' 


because y = 0 in the xz plane, /, =sin @ and n, =cos ¢. Now 
cos @ =1—sin’ # =1—sin’ 6/n? 
.. k, cos 6 = £k,(1—sin? 6/n?)? 
which for @ > 6, gives sin 6 >n, so that 
+2 1/2 
0 5 
k,cosd = #ik(="7"-1) =i 


: 


We also have 
k, sin @ =k, sin @/n, 


so 


E, =A, e787 ellet-kexsino/n,) 


The alternative factor e*** defines an exponential growth of A, which is 


physically untenable and we are left with a wave whose amplitude decays 
exponentially as it penetrates the less dense medium. The disturbance travels 
in the x direction along the interface and is known as a surface or evanescent 
wave. 

It is possible to show from the expressions for Ry and R, on page 238 that 
except at @ = 90° the incident and the reflected electric field components for 
(E) in one case and (£), in the other, do not differ in phase by 7 radians 
and cannot therefore cancel each other out. The continuity of the tangential 
component of E at the boundary therefore leaves a component parallel to 
the interface which propagates as the surface wave. This effect has been 
observed at optical frequencies. 
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Moreover, if only a very thin air gap exists between two glass blocks it is 
possible for energy to flow across the gap allowing the wave to propagate in 
the second glass block. This process is called frustrated total internal reflexion 
and has its quantum mechanical analogue in the tunelling effect discussed on 
page 396. 


ee 


Problem 8.1 
Show that 
=A ellwrrterxtea) 
where k?= w?/c? =k? +k? is a solution of the two-dimensional wave equation 
ez - @z_1ez 
ax? ay? c? at? 
Problem 8.2 


Show that if the displacement of the waves on the membrane of width b of fig. 8.3 is 
given by the superposition 


z= A, sin [wt—(k,x + k2y)] +A sin [wt (k,x~ k2y)] 
with the boundary conditions 
z=0 at y=0 and y=b 


then 
z=—2A, sin kzy cos (wt—k,x) 
where 
nt 
k= 5 
Problem 8.3 


An electromagnetic wave loses negligible energy when reflected from a highly conduct- 
ing surface. With repeated reflexions it may travel along a transmission line or wave 
guide consisting of two parallel, infinitely conducting planes (separation a). If the wave 


xa 
plane conductor 
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is plane polarized, so that only E, exists, then the propagating direction k lies wholly in 
the xy plane. The boundary conditions require that the total tangential electric field E, 
is zero at the conducting surfaces x = 0 and x = a. Show that the first boundary condition 
allows E, to be written E, = E,(e** —e‘**) e”"°?, where k, =k cos @ and k, = 
k sin 6 and that the second boundary condition requires k, = n7/a. 

If Ap=2m c/w, A, =27/k, and A, =27/k, are the wavelengths propagating in the x 
and y directions respectively show that 


At 


1 
Sto=a 


Ee 
Az Az AG 


We see that for n = 1, k, = 7/a and A, = 2a, and that as w decreases and A, increases, 
k, = k sin @ becomes imaginary and the wave is damped. Thus n = 2 (k, = 277/a) gives 
A. = a, the ‘critical wavelength’, i.e. the longest wavelength propagated by a waveguide 
of separation a. Such cut-off wavelengths and frequencies are a feature of wave 
propagation in periodic structures, transmission lines and waveguides. 


Problem 8.4 

Show, from equations (7.1) and (7.2), that the magnetic field in the plane-polarized 
electromagnetic wave of problem 8.3 has components in both x- and y-directions. 
{When an electromagnetic wave propagating in a waveguide has only transverse electric 
field vectors and no electric field in the direction of propagation it is called a transverse 
electric (TE) wave. Similarly a transverse magnetic (TM) wave may exist. The plane- 
polarized wave of problem 8.3 is a transverse electric wave; the corresponding trans- 
verse magnetic wave would have H,, E, and E, components. The values of n in problem 
8.3 satisfying the boundary conditions are written as subscripts to define the exact mode 
of propagation, e.g. TE,o.] 


Problem 8.5 


Use the value of the inductance and capacitance of a pair of plane parallel conductors of 
separation a and width b to show that the characteristic impedance of such a waveguide 


is given by 
ee 
Zo 6. ots 


where « and e€ are respectively the permeability and permittivity of the medium 
between the conductors. 


Problem 8.6 

Consider either the Poynting vector or the energy per unit volume of an electromagnetic 
wave to show that the power transmitted by a single positive travelling wave in the 
waveguide of problem 8.5 is !abE3Ve/. 


Problem 8.7 
An electromagnetic wave (E, H) propagates in the x-direction down a perfectly 
conducfing hollow tube of arbitrary cross section. The tangential component of E at the 
conducting walls must be zero at all times, 
Show that the solution E= E(y, z) cos (wt—k,x) substituted in the wave equation 
yields 
ay? az? 


where k*=/c*—k? and k, is the wave number appropriate to the x-direction. 
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Problem 8.8 


If the waveguide of problem 8.7 is of rectangular cross-section of width a in the 
y-direction and height b in the z-direction, show that the boundary conditions E, = 0 at 
y =0 and a and at z =0 and b in the wave equation of problem 8.7 gives 


E, = Asin ma sin a cos (wt—k,x) 


where 


Problem 8.9 


Show, from problems 8.7 and 8.8, that the lowest possible value of w (the cut-off 
frequency) for k, to be real is given by m=n=1. 


Problem 8.10 


Prove that the product of the phase and group velocity w/k,, dw/ak, of the wave of 
problems 8.7-8.9 is c*, where c is the velocity of light. 


Problem 8.11 
Consider now the extension of problem 8.2 where the waves are reflected at the rigid 
edges of the rectangular membrane of sides length a and b as shown in the diagram. The 
final displacement is the result of the superposition 
z=A,sin[wt—(k,x+k2y)] 
+A, sin [wt —(k,x —ksy)] 
+A, sin[wt—(—k,x—k,y)] 
+A, sin[wt—(—k,x +k,y)] 
with the boundary conditions 
z=0 at x=0 and x=a 
and 
z=0 at y=0 and y=b 
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Show that this leads to a displacement 
z=—4A, sin k,x sin k,y sin wt 
where 
nyt nT 


Mies and B= 


Problem 8.12 
In deriving the result that the average energy of an oscillator at frequency v and 
temperature T is given by 

hv 


eTkD 


€ 


Planck assumed that a large number N of oscillators had energies 0, hv, 2hv... nhv 
distributed according to Boltzmann’s Law 

N, =Noe/*? 
where the number of oscillators N, with energy nhv decreases exponentially with 


increasing n. 
Use the geometric progression series 


N=N,=N,(1 er AT 4g 2h/kT +) 
” 


to show that 
No 


1—-e et 


N= 
If the total energy of the oscillators in the nth energy state is given by 


E,, = N,nhv 


prove that the total energy over all the n energy states is given by 
—he/ kT 


hve 
E=LE,=Noq_ wine 


Hence show that the average energy per oscillator 
E hv 


FON TAI 
and expand the denominator to show that for hv « kT, that is low frequencies and long 
wavelengths, Planck’s Law becomes the classical expression of Rayleigh—Jeans. 
Problem 8.13 
The wave representation of a particle, e.g. an electron, in a rectangular potential well 
throughout which V =0 is given by Schrédinger’s time-independent equation 
oY OW OW __8n'm 
ax? dy? az? he 
where E is the particle energy, m is the mass and h is Planck’s constant. The boundary 
conditions to be satisfied are y =0 at x = y=z=Qand atx=L,, y=L,, z=L,, where 
L,, L, and L, are the dimensions of the well. 


EY 
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Show that 


I 
W=Asin sing sin 


is a solution of Schrédinger’s equation, giving 


- (oe) 
Sm\L2 E22 


When the potential well is cubical of side L, 


(P+r+n°*) 


a 8mL* 


and the lowest value of the quantized energy is given by 
© E=E, for l=1, r=n=0 


Show that the next energy levels are 3Eo, 6E, (3-fold degenerate), 9E, (three-fold 
degenerate), 11, (three-fold degenerate), 12E, and 14E, (six-fold degenerate). 
Problem 8.14 
Show that at low energy levels (long wavelengths) hy « kT, Planck’s radiation law is 
equivalent to the Rayleigh—Jeans expression. 

Problem 8.15 


Planck’s radiation law, expressed in terms of energy per unit range of wavelength 
instead of frequency, becomes 


8arch 


E, KS (eaet =a) 


Use the variable x = ch/AkT to show that the total energy per unit volume at tempera- 
ture T° absolute is given by 


| E, dA = aT* joules m™* 


0 


where 
ae 8a°k* 
15¢*h* 
(The constant ca/4 =<, Stefan’s Constant in the Stefan—Boltzmann Law.) Note that 
[ xdx_ a 
pet As 
Problem 8.16 


Show that the wavelength A,, at which E, in problem 8.16 is a maximum is given by the 
solution of 


oe ae 
(1-2) =1, where x=" op 


The solution is ch/A,,kT = 4-965. 
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Problem 8.17 


Given that ch/A,, =5 kT in problem 8.16, show that if the sun’s temperature is about 
6000°K, then A,, ~4-7x 10°’ metres, the green region of the visible spectrum where 
the human eye is most sensitive (evolution ?). 


Problem 8.18 

The tungsten filament of an electric light bulb has a temperature of ~ 2000°K. Show that 
in this case A,, ~14=10~’ metres, well into the infrared. Such a lamp is therefore a 
good heat source but an inefficient light source. 

Problem 8.19 

A free electron (travelling in a region of zero potential) has an energy 


Breer +) = 
2 2m = Ean 
where the wavelength 

A=h/p=2n/k 


In a weak periodic potential, for example in a solid which is a good electrical 
conductor, E=(h?/2m*)k?, where m* is called the effective mass. (For valence 
electrons m* =m.) 

Represented as waves, the electrons in a cubic potential well (V = 0) of side L have 
allowed wave numbers k, where 
nw 


ce 2442 = 
kR=ki+ki+k2 and k, L 


(see problem 8.13). For each value of k there are two allowed states (each defining the 
spin state of the single occupying electron—Pauli’s principle). Use the arguments in 
Chapter 8 to show that the total number of states in k space between the values k and 


k+dk is given by 
*4ark?*dk 
Ptk)=2(4) Spat 
7 8 


Use the expression E = (h?/2m*) k* to convert this into the number of states S(E) dE in 


the energy interval dE to give 
A 2m 3/2 
getionnt: Wir 
se)=(F) vE 
where A=L’*. 


If there are N electrons in the N lowest energy states consistent with Pauli’s principle, 
show that the integral 


ay 
S(E)dE=N 
0 


gives the Fermi energy level 
h Gex ae 
=) 


where E; is the kinetic energy of the most energetic electron when the solid is in its 
ground state. 
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— eee 
Summary of Important Results 


Wave equation in two dimensions 


Lines of constant phase Ix +my = ct propagate in direction k(k,, k2) where 
1=k,/k, m=k3/k, k>=kj+k3 and c°=@"/k’, Solution is 


z=Aemen for r(x, y) 


Wave equation in three dimensions 


rb Fb, Fb 1d 
ax’ ay) az” cat 


Planes of constant phase lx + my + nz = ct propagate in a direction 
K(k, k2,k3) where !=k,/k, m=k2/k, = n=k;/k 
ke=ki+k3+k3 and c?=@"/k*. 
Solution is 
=A” forr(x, y,Z)- 


Wave guides 


Reflection from walls y = 0, y = b in a two-dimensional wave guide for a wave 
of frequency w and vector direction k(k;, k2) gives normal modes in the y 
direction with k, = n7/b and propagation in the x direction with phase velocity 


wo WwW 
=—>— 


k, k 


= 


and group velocity 


dw 2 
Vg an such that u,v, =v 


Cut off frequency 


Only frequencies w > nzv/b will propagate where n is mode number. 
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Normal modes in three dimensions 


Wave equation separates into three equations (one for each variable x, y, z) to 
give solution 


(Boundary conditions determine final form of solution.) 


For waves of velocity c, the number of normal modes per unit volume of an 
enclosure in the frequency range v to v+dv 
4nv? dv 
= 
c 

Directly applicable to 
(a) Planck’s Radiation Law 
(b) Debye’s theory of specific heats of solids 
(c) Fermi energy level (problem 8.19) 


Chapter 9 


Fourier Methods 


Fourier Series 


In this chapter we are going to look in more detail at the implications of the 
principles of superposition which we met at the beginning of the book when we 
added the two separate solutions of the simple harmonic motion equation. Our 
discussion of monochromatic waves has led to the idea of repetitive behaviour 
in a simple form, Now we consider more complicated forms of repetition which 
arise from superposition. 

Any function which repeats itself regularly over a given interval of space or 
time is called a periodic function. This may be expressed by writing it as 
f(x) = f(x +a) where a is the interval or period. 

The simplest examples of a periodic function are sines and cosines of fixed 
frequency and wavelength, where a represents the period 7, the wavelength A 
or the phase angle 27 radians, according to the form of x. Most periodic 
functions, for example the square wave system of fig. 9.1, although quite simple 


ps b es 4 4 
F(x =F (sin x+ sin 3x4 zsin5x+>sin 7x...) 


Fig. 9.1. Square wave of height h and its Fourier 
sine series representation (odd function) 


to visualize are more complicated to represent mathematically. Fortunately 
this can be done for almost all periodic functions of interest in physics using the 
method of Fourier Series, which states that any periodic function may be 
represented by the series 

f(x) =4ap+a, cos x +a cos 2x...+a, cos nx 


+b, sinx+b,sin2x...+b, sin nx, (9.1) 
248 
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that is, a constant tay plus sine and cosine terms of different amplitudes, having 
frequencies which increase in discrete steps. Such a series must of course, 
satisfy certain conditions, chiefly those of convergence. These convergence 
criteria are met for a function with discontinuities which are not too severe and 
with first and second differential coefficients which are well behaved. At such 
discontinuities, for instance in the square wave where f(x) = +h at x =0, +27, 
etc., the series represents the mean of the values of the function just to the left 
and just to the right of the discontinuity. 
We may write the series in several equivalent forms: 


f(x) =3a9+ y (a, cos nx +b,, sin nx) 


n=1 


where 
ch=ar+b2 
and 
tan 0, = b,/ ap, 
or 
fay 5 ae 
where 
dy = ay —ib, (n > 0) 

and 


2d, = a, +ib, (n <0) 


To find the values of the coefficients a, and 6, let us multiply both sides of 
equation (9.1) by cos nx and integrate with respect to x over the period 0 to 27 
(say). 

Every term 


ft eee 
cos mx cos nx dx = 
0 


aw ifm=n- 


whilst every term 


20 
[ sin mx cos nx dx =0 for all m and n. 
‘0 
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Thus for m=n, 
20 
2 
a,| cos’ nx dx = 7a, 
0 


so that 
Qn 


ay -+{ f(x) cos nx dx 
To 


Similarly, by multiplying both sides of equation (9.1) by sin nx and integrat- 
ing from 0 to 27 we have, since 


ies ; : | Oifm#An 
sin mx sinnxdx=})_ . 
0 Tvifm=n 
that 
Qn 
b,=—| f(x) sin nx dx 


To 


Immediately we see that the constant (n=0), given by tay= 
1/27 J,” f(x) dx, is just the average of the function over the interval 27. It is, 
therefore, the steady or ‘d.c.’ level on which the alternating sine and cosine 
components of the series are superimposed, and the constant can be varied by 
moving the function with respect to the x-axis. When a periodic function is 
symmetric about the x-axis its average value, that is, its steady or d.c. base 
level, ao, is zero, as in the square wave system of fig. 9.1. If we raise the square 
waves so that they stand as pulses of height 2h on the x-axis, the value of 3a is 
har (average value over 277). The values of a,, represent twice the average value 
of the product f(x) cos nx over the interval 27; b, can be interpreted in a 
similar way. 

We see also that the series representation of the function is the sum of cosine 
terms which are even functions [cos x = cos (— x)] and of sine terms which are 
odd functions [sinx=—sin(—x)]. Now every function f(x)= 
3UF(x) + f(—x)]+31f(«) —f(—x)], in which the first bracket is even and the 
second bracket is odd. Thus the cosine part of a Fourier series represents the 


4h 1 
f(x) 7 (Cos x- 5 C08 3x+ cos 5x-4c0s 7x-.) 


Fig. 9.2. The wave of fig 9.1 is now symmetric 
about the y axis and becomes a cosine series 
(even function) 
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even part of the function and the sine terms represent the odd part of the 
function. Taking the argument one stage further, a function f(x) which is an 
even function is represented by a Fourier series having only cosine terms; if f(x) 
is odd it will have only sine terms in its Fourier representation. Whether a 
function is completely even or completely odd can often be determined by the 
position of the y-axis. Our square wave of fig. 9.1 is an odd function [f(x) = 
—f(—x)]; it has no constant and is represented by f(x)=4h/m 
(sin x + 1/3 sin 3x +1/5,sin 5x+. . . )butif we now move the y-axis a half period 
to the right as in fig. 9.2, then f(x) = f(—x), an even function, and the square 
wave is represented by 


4 
Hoyt om z= tess 3x +4 cos 5x —4 cos 7x + ae) 
wT 


If we take the first three or four terms of the series representing the square 
wave of fig. 9.1 and add them together, the result is fig. 9.3. The fundamental, 


addition of first 
three terms 


Fig. 9.3. Addition of the first three 
terms of the Fourier series for the 
square wave of fig. 9.1 shows that the 
higher frequencies are responsible for 
sharpening the edges of the pulse 


or first harmonic, has the frequency of the square wave and the higher 
frequencies build up the squareness of the wave. The highest frequencies are 
responsible for the sharpness of the vertical sides of the waves; this type of 
square wave is commonly used to test the frequency response of amplifiers. An 
amplifier with a square wave input effectively ‘Fourier analyses’ the input and 
responds to the individual frequency components. It then puts them together 
again at its output, and if a perfect square wave emerges from the amplifier it 
proves that the amplifier can handle the whole range of the frequency compo- 
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nents equally well. Loss of sharpness at the edges of the waves shows that the 
amplifier response is limited at the higher frequency range. 

Example of Fourier Series 


Consider the square wave of height h in fig. 9.1. The value of the function is 
given by 


f(x)=h for 0<x<7 


and 
f(x)=-h for w<x<2a 


The coefficients of the series representation are given by 


1 7 2a 
a, = ~ {nf cos nx dx—hf cos nx ax| =0 

TL lo 7 

because 
7 20 

{ cos nx dx = [ cos nx dx =0 

0 7 
and 


7 Qn 
b, =+fnl sin nx dx — nf sin nx ax] 
TL Jo i 
h 0 20 
=—[cos nx],+[cos nx]27] 
nt 


= bigs —cos na) +(1—cos n7)] 
nr 


giving b, =0 for n even and b, =4h/n7 for n odd. Thus the Fourier series 
representation of the square wave is given by 


sin 3x sin 5x sin 7x | ) 
3 5 7 ; 


Fourier Series for any Interval 79 No Oatovten mer lt 


Although we have discussed the Fourier representation in terms of a periodic 
function its application is much more fundamental, for any section or interval 
of a well behaved function may be chosen and expressed in terms of a Fourier 
Series. This series will accurately represent the function only within the chosen 
interval. If applied outside that interval it will not follow the function but will 
periodically repeat the value of the function within the chosen interval. If we 
represent this interval by a Fourier cosine series the repetition will be that of an 
even function, if the representation is a Fourier sine series an odd function 
repetition will follow. 

Suppose now that we are interested in the behaviour of a function over only 
one-half of its full interval and have no interest in its representation outside this 


4h/. 
f(x) = (sin x+ 
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restricted region. In fig. 9.4a the function f(x) is shown over its full space 
interval —//2 to +1/2, but f(x) can be represented completely in the interval 0 
to +1/2 by either a cosine function (which will repeat itself each half-interval as 
an even function) or it can be represented completely by a sine function, in 
which case it will repeat itself each half-interval as an odd function. Neither 
representation will match f(x) outside the region 0 to +//2, but in the 
half-interval 0 to +//2 we can write 


f(x) = fe(x) = folx) 


where the subscripts e and o are the even (cosine) or odd (sine) Fourier 
representations respectively. 


f(x) 

(a) sy, 7 i 

2 2 

£1) 

(b) 5 ; ol 

2 2 

f(x) 

(c) Fj 5 * 

E 2 


Fig. 9.4. A Fourier series may represent a func- 
tion over a selected half-interval. The general 
function in (a) is represented in the half-interval 
0<x<1/2 by f., an even function cosine series 
in (b), and by fo, an odd function sine series in 
(c). These representations are valid only in the 
specified half-interval. Their behaviour outside 
that half-interval is purely repetitive and 
departs from the original function 


The arguments of sines and cosines must, of course, be phase angles, and so 
far the variable x has been measured in radians. Now, however, the interval is 
specified as a distance and the variable becomes 27 x/l, so that each time x 
changes by / the phase angle changes by 27. 
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Thus 


felx=F+ Dra, cos =a 
n=l 
where 
1 ue 2anx 
as ~ Tinterval Ss TA) cos 1 dx 
0 y/2 
sll f(x) cos a ax + | Gres 2a 4.) 
Idy2 l 0 I 
"2 
-+ f(x) cos —— dx 
because 
f(x)=f.(x) from x =0 to I/2 
and 


f(x) =f(-x) =f.(x) from x =0 to —I/2 
Similarly we can represent f(x) by the sine series 


2anx 


flax) = folx) = ¥ by sin 


in the range x = 0 to //2 with 


1 Me . 2amnx 
b, = re ale f(x) sin n dx 
0 2 
= Al fo(x) sin 7 de +[ fo(x) sin == dr 
WWdey2 I lo i 


In the second integral fo(x) = f(x) in the interval 0 to //2 whilst 


0 ct) 0 
fo(x) sin 2 ay = | fo-=ah i as -{ fein a 
1/2 I W/2 i "2 l 


2anx 


2 
a 


l 


y2 2 
os [ fo(x) sin dx = { f(x) sin 
io iu 


Hence 


NX 
dx 


If we follow the behaviour of f.(x) and f,(x) outside the half-interval 0 to //2 
(fig. 9.4a, b) we see that they no longer represent f(x). 
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Application of Fourier Sine Series to a Triangular Function 


Fig. 9.5 shows a function which we are going to describe by a sine series in the 


F (x)= x (O< x <5) 


f (x)= w-x (FSx <7) 


Fig. 9.5. Function representing a plucked string and 
defined over a'limited interval. When the string 
vibrates all the permitted harmonics contribute to 
the initial configuration 
half-interval 0 to 7. The function is 
fl)=x (0<x<3) 
and 
f(x)=a7-x (¥<x<m) 


Writing f(x) =¥ 6, sin nx gives 


n/2 a7 
b,, =2/ x sin nx dx +2/ (a—x) sin nx dx 
0 Ti/2 


7 
4 sin 
=== 
now 2 


When n is even sin nz/2 = 0, so that only terms with odd values of n are present 
and 


Kl a 3x_, sin 5x_ sin 7x ) 
Re ie in vende wah co 


Note that at x = 7/2, f(x) = 7/2, giving 


EE en 
eg Seg ntl) 
We shall use this result alittle later. 

Note that the solid line in the interval 0 to —7 in fig. 9.5 is the Fourier sine 
representation for f(x) repeated outside the interval 0 to 7 whilst the dotted 
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line would result if we had represented f(x) in the interval 0 to 7 by an even 
cosine series. 


(Problems 9.1, 9.2, 9.3, 9.4, 9.5, 9.6, 9.7, 9.8, 9.9) 


Application to the Energy in the Normal Modes of a Vibrating String 


If we take a string of length / with fixed ends and pluck its centre a distance d we 
have the configuration of the half interval 0 to a of fig. 9.5 which we 
represented as a Fourier sine series. Releasing the string will set up its normal 
mode or standing wave vibrations, each of which we have shown on page 119 
to have the displacement 


‘ + DnX 
yn =(A, COs wt + B,, sin w,,t) sin —— 
c 


where w, =n7c/I is the normal mode frequency. 
The total displacement, which represents the shape of the plucked string at 
t=0 is given by the Fourier series 


* ~ DyX 

y= yn =L (Ay COS wat +B, Sin wt) sin >a 
where the fixed ends of the string allow only the sine terms in x in the series 
expansion. If the string remains plucked at rest only the terms in x with 
appropriate coefficients are required to describe it, but its vibrational motion 
after release has a time dependence which is expressed in each harmonic 


coefficient as 
A,, COS w,t+ B,, sin wt 


The significance of these coefficients emerges when we consider the initial or 
boundary conditions in time. 


Let us write the total displacement of the string at time t= 0 as 


yo(x) =¥ ya(x) = (Ap cos @pt +B, Sin w,t) sin = 
=D A, sin 2" at t=0 
Similarly we write the velocity of the string at time t= 0 as 
vol) =Ayolx) =E Yul) 
=Y (—@,A, sin w,t+onB,, cos w,t) sin a 


mORy 
=> o,B, sin—— at t=0 
€ 
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Both yo(x) and vo(x) are thus expressed as Fourier sine series, but if the string is 

at rest at ¢=0, then vo(x) = 0 and all the B,, coefficients are zero, leaving only 

the A,,’s. If the displacement of the string yo(x) = 0 at time t = 0 whilst the string 

is moving, then all the A,,’s are zero and the Fourier coefficients are the w,B,,’s. 
We can solve for both A,, and w,,B,, in the usual way for if 


. @nX 
yo(x) =¥ A, sin : 
and 

vo(x) = oB, sin 2 


for a string of length / then 
2: 


t 
2 On 
A, = aL Yo(x) sin a dx 


and 
Dt - Wp,X 
@,By, -7| Vo(x) sin dx 
l 0 c 


If the plucked string of mass m (linear density p) is released from rest at = 0 
(vo(x) = 0) the energy in each of its normal modes of vibration, given on page 
121 as 


E,, =4mw,(A;,+ B;) 


is simply 


th 


n= amw Ay, 
because all B,,’s are zero. 

The total vibrational energy of the released string will be the sum ¥ E,, over 
all the modes present in the vibration. 

Let us now solve the problem of the plucked string released from rest. The 
configuration of fig. 9.5 (string length /, centre plucked a distance d) is given by 


2 l 
Yo(x) = 2 O<x <5 
a j<xs! 
so (ww), 
2 I u 
An sill Cos i ent ax+{ aS) sin 22% ax] 
U iv) I cm V2 i! c 


8d. nw ( ey 
=—3-750- (fora, ——— 
nw 2 
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We see at once that A,, = 0 for n even (when the sine term is zero) so that all 
even harmonic modes are missing. The physical explanation for this is that 
the even harmonics would require a node at the centre of the string which is 
always moving after release. 

The displacement of our plucked string is therefore given by the addition of 
all the permitted (odd) modes as 


nodd nodd 
where 
8d nt 
A, =—3-3 sin 
n3 ee 


64d°>mw;, 
1 2,2 n 
in = 4MOnAn=>3 DT 
E, =4mo Mn) 


and the total vibrational energy of the string is given by 


_16d’m ., w,_16d°c?m 1 


E= 7 £, cae Der tos jt) a 
nodd 7 nodd Nh ml nod 
for 
nae 
Pees 


l 


But we saw in the last section that 


ee as 
unt 8 
so 
2mc?d? _2Td? 


where T= pc’ is the constant tension in the string. 

This vibrational energy, in the absence of dissipation, must be equal to the 
potential energy of the plucked string before release and the reader should 
prove this. 

To summarize, our plucked string can be represented as a sine series of 
Fourier components, each giving an allowed normal mode of vibration when it 
is released. The concept of normal modes allows the energies of each mode to 
be added to give the total energy of vibration which must equal the potential 
energy of the plucked string before release. The energy of the nth mode is 
proportional to n * and therefore decreases with increasing frequency. Even 
modes are forbidden by the initial boundary conditions. 
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The boundary conditions determine which modes are allowed. If the string 
were struck by a hammer those harmonics having a node at the point of impact 
would be absent, as in the case of the plucked string. Pianos are commonly 
designed with the hammer striking a point one seventh of the way along the 
string, thus eliminating the seventh harmonic which combines to produce 
discordant effects. 


Fourier Series Analysis of a Rectangular Velocity Pulse on a String 


Let us now consider a problem similar to that of the last section except that now 
the displacement yo(x) of the string is zero at time t = 0 whilst the velocity vo(x) 
is non zero. A string of length J, fixed at both ends, is struck by a mallet of width 
a about its centre point. At the moment of impact the displacement 


Yo(x) =0 
but the velocity 
_ PY o(X) _ alive 
I Tasers =0 for |x Aten 
=v_ for |x-> rae 
Es 3-3 


This configuration is shown in fig. 9.6. 


Fig. 9.6. Velocity distribution at time t= 0 of a string length 1, 

fixed at both ends and struck about its centre point by a mallet of 

width a. Displacement yo(x) = 0; velocity vp(x) = v for |x —1/2|< 
a/2 and zero outside this region 


The Fourier series is given by 


. ~ DyX 
vo(x) = Yn =D, B,, sin = 
n n c 
where 
V/2+a/2 
2 +X 
@,Br == v sin—— dx 
Ve j2-a/2 c 
4v nv. nwa 


=— sin — sin—— 


2 21 
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Again we see that w,B, =0 for n even (sin na/2=0) because the centre 
point of the string is never stationary, as is required in an even harmonic. 
Thus 
4v . nwa. wx 


Vo(x) = Sif Ses 
ee c 


The energy per mode of oscillation 
E, =4mo,(An+ Br) 
=jmo;Br (All A,’s=0) 


wT 
Now 
@y, Wal 
n= —— 
@, TC 
for the fundamental frequency 
7 
@, Ae i . 
4 
~ 
~ 
_ 
‘N 
‘“ 
Ss 
E(w) \ 
\ 
iN 2ne 
é x as = 
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9 4 
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49 a 
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Fig. 9.7. Distribution of the energy in the harmonics w,, of the string of 

fig. 9.6. The spectrum E,,(w) cc sin? @/a? where a = w,a/2c. Most of 

the energy in the string is contained in the frequency range Aw ~ 

2ac/a, and for a = Ax (the spatial width of the pulse), Ax/c = At and 
Aw At ~ 27 (bandwidth theorem) 
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So 


b 
Amv'c” . 3@,a 


1 laa a ot sin 2¢ 


Again we see, since w, <n that the energy of the nth mode on? and 
decreases with increasing harmonic frequency. We may show this by rewriting 


222 2 
Fae a’ sin’ (w,a/2c) 


a 
I (w,a/2c)” 
7 pee 
mova’ sin’ a 
came 
a 
where 
a=,a/2c 


and plotting this expression as an energy-frequency spectrum in fig. 9.7. 

The familiar curve of sin’ @/a* again appears as the envelope of the energy 
values for each w,,. 

If the energy at w, is E; then E; = E,/9 and Es = E,/25 so the major portion 
of the energy in the velocity pulse is to be found in the low frequencies. The first 
zero of the envelope sin* a/a’ occurs when 


so the width of the central frequency pulse containing most of the energy is 
given by 
2ae 


De 
a 


This range of energy bearing harmonics is known as the ‘spectral width’ of the 
pulse written 
2a 


Aw =— 
a 


The ‘spatial width’ a of the pulse may be written as Ax so we have 
Ax Aw ~27¢ 


Reducing the width Ax of the mallet will increase the range of frequencies 
Aw required to take up the energy in the rectangular velocity pulse. Now c is 
the velocity of waves on the string so 


Ax/c 
defines the duration At of the pulse giving 
Aw At=27 
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or 
Av At~1 


the Bandwidth Theorem we first met on page 128. 
Note that the harmonics have frequencies 
nae 

ape 
so mec/l is the harmonic interval. When the length / of the string becomes very 
long and !+© so that the pulse is isolated and non-periodic, the harmonic 
interval becomes so small that it becomes differential and the Fourier series 
summation becomes the Fourier Integral. 


The Spectrum of a Fourier Series 


The Fourier series can always be represented as a frequency spectrum. In fig. 
9.8a the relative amplitudes of the frequency components of the square wave of 
fig. 9.1 are plotted, each sine term giving a single spectral line. In a similar 
manner, the distribution of energy with frequency may be displayed for the 
plucked string of the earlier section. The frequency of the rth mode of vibration 
is given by w, =r7e/I, and the energy in each mode varies inversely with fe 
where r is odd. The spectrum of energy distribution is therefore given by fig. 
9.8b. 

Suppose now that the length of this string is halved but that the total energy 
remains constant. The frequency of the fundamental is now increased to 
w'=2rmc/l and the frequency interval between consecutive spectral lines is 
doubled (fig. 9.8c). Again, the smaller the region in which a given amount of 
energy is concentrated the wider the frequency spectrum required to represent 
it. 

Frequently, as in the next section, a Fourier series is expressed in its complex 
or exponential form 


f(t)= y d, e”"" 


where 2d, =a,,—ib, (n=O) and 2d, =a, +ib, (n <0). 
Because 
cos nwt = a(ein*" +e i") 
and 
He x 
sin not =—(ei"*! —e7"™") 


2i 


a frequency spectrum in the complex plane produces two spectral lines for each 
frequency component nw, one at +nw and the other at —nw. Fig. 9.8d shows the 
cosine representation, which lies wholly in the real plane, and fig. 9.8e shows 
the sine representation, which is wholly imaginary. The amplitudes of the lines 
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4h ‘! 4 4 
F(x) =F (sinx+5 sin 3x + EsinSx +2 sin 7x) 
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Fig. 9.8. (a) Fourier sine series of a square wave represented 
as a frequency spectrum; (b) energy spectrum of a plucked 
string of length /; and (c) the energy spectrum of a plucked 
string of length //2 with the same total energy as (b), demon- 
strating the bandwidth theorem that the greater the concen- 
tration of the energy in space or time the wider its frequency 
spectrum. Complex exponential frequency spectrum of 
(d) cos wt and (e) sin wt 
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in the positive and negative frequency ranges are, of course, complex conju- 
gates, and the modulus of their product gives the square of the true amplitude. 
The concept of a negative frequency is seen to arise because the e “"’ term 
increases its phase in the opposite sense to that of the positive term e'"“”. The 
negative amplitude of the negative frequency in the sine representation 
indicates that it is in antiphase with respect to that of the positive term. 


Fourier Integral 


At the beginning of this chapter we saw that one Fourier representation of the 
function could be written 


fx)= L de™ 
where 2d, =a, —ib, (n=O) and 2d, =a, +ib, (n <0). 
If we use the time as a variable we may rewrite this as 


f= F dem 


n=—0 


where, if T is the period, 


1p? 
d, =z] (he dt 
TP T/2 f 
(for n =—2, 1, 0, 1, 2, etc.). 
If we write w = 27, where v, is the fundamental frequency, we can write 


jo= &[f poeeemra eam 2 


n=-col J-7/2 T 


If we now let the period T approach infinity we are isolating a single pulse 
by saying that it will not be repeated for an infinite period; the frequency 
v,=1/T>0, and 1/T becomes infinitesimal and may be written dy. 

Furthermore, n times v;, when n becomes as large as we please and 
1/T=v,>0, may be written as nv, = v, and the sum over n now becomes an 
integral, since unit change in n produces an infinitesimal change in n/T = nv,. 

Hence for an infinite period, that is for a single non-periodic pulse, we may 
write 


fo=[_ iin piyern ar] erry 


which is called the Fourier Integral. 
We may express this as 


f(t)= { F(v) e2"" dv 
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where 
F(v)= { fie ?™ dt 
is called the Fourier Transform of f(t). We shall discuss the transform in more 
detail in a later section of this chapter. 
We see that when the period is finite and f(t) is periodic, the expression 


tells us that the representation is in terms of an infinite number of different 
frequencies, each frequency separated by a finite amount from its nearest 
neighbour, but when f(t) is not periodic and has an infinite period then 


BS 
n= F(v)e?™ dv 
00 
and this expression is the integral (not the sum) of an infinite number of 
frequency components of amplitude F(v) dv infinitely close together, since v 
varies continuously instead of in discrete steps. 
For a periodic function the amplitude of the Fourier series coefficient 


1 T/2 
fa =| (Ne dt 
Thorp f 


whereas the corresponding amplitude in the Fourier integral is 


Fwdv=a(t)[ flee" dt 


This corroborates the statement we made when discussing the frequency 
spectrum that the narrower or less extended the pulse the wider the range of 
frequency components required to represent it. A truly monochromatic wave 
of one frequency and wavelength (or wave number) requires a wave train of 
infinite length before it is properly defined. 

No wave train of finite length can be defined in terms of one unique 
wavelength. 

Since a monochromatic wave, infinitely long, of single frequency and con- 
stant amplitude transmits no information, its amplitude must be modified by 
adding other frequencies (as we have seen in Chapter 4) before the variation in 
amplitude can convey information. These ideas are expressed in terms of the 
bandwidth theorem. 


Fourier Transforms 


We have just seen that the Fourier integral representing a non-periodic wave 
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group can be written 


f(t) =| F(v) e?™ dv 
where its Fourier transform 


oo 


Fw)={ f(the?™ dt 


so that integration with respect to one variable produces a function of the other. 
Both variables appear as a product in the index of an exponential, and this 
product must be non-dimensional. Any pair of variables which satisfy this 
criterion forms a Fourier pair of transforms, since from the symmetry of the 
expressions we see immediately that if 


F(v) is the Fourier transform of f(t) 
then 
f(—v) is the Fourier transform of F(t) 


If we are given the distribution in time of a function we can immediately 
express it as a spectrum of frequency, and vice versa. In the same way, a given 
distribution in space can be expressed as a function of wave numbers (this 
merely involves a factor, 1/27, in front of the transform because k = 27/A). 

A similar factor appears if w is used instead of v. If the function of f(t) iseven am 
only the cosine of the exponential is operative, and we have a Fourier cosine af 


— 
transform nw 


co) 


f= | F(v) cos 2arvt dv 
iu 
and 


co 


F(v)= [ f(t) cos 2arvt dt 


0 


If f(t) is odd only the sine terms operate, and sine terms replace the cosines 
above. Note that only positive frequencies appear. The Fourier transform of an 
even function is real and even, whilst that of an odd function is imaginary and 
odd. 


Examples of Fourier Transforms 


The two examples of Fourier transforms chosen to illustrate the method are 
of great physical significance. They are 


(1) the ‘slit’ function of fig. 9.9a, and 
(2) the Gaussian function of fig. 9.11. 
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As shown, they are both even functions and their transforms are therefore real; 
the physical significance of this is that all the frequency components have the 
same phase at zero time. 


(b) 


(9) 


deb 
\ time 


t= 
=f50. 


ye 


Fig. 9.9. (a) Narrow slit function of extent d 
in time and of height h, and (b) its Fourier 
transform 


The Slit Function 


This is a function having height h over the time range +d/2. Thus f(t) = h for 
|\t|<d/2 and zero for |t|>d/2, so that 
C) d/2 


F(v)= | fe?" dt= | he? dt 


—d/2 


=a Bu endl? _ gti2med/2) hg a 
i2av a 
where 
2avd 
= 
2 


Again we see the Fourier transformation of a rectangular pulse in time to a 
sin a/a pattern in frequency. The Fourier transform of the same pulse in space 
will give the same distribution as a function of wavelength. Fig. 9.9b shows that 
as the pulse width decreases in time the separation between the zeros of the 
transform is increased. The negative values in the spectrum of the transform 
indicate a phase reversal for the amplitude of the corresponding frequency 
component. 


The Fourier Transform Applied to Optical Diffraction from a Single Slit 


This topic belongs more properly to the next chapter where it will be treated by 
another method, but here we derive the fundamental result as an example of 
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the Fourier Transform. The elegance of this method is seen in problems more 
complicated than the one-dimensional example considered here. We shall see 
its extension to two dimensions in Chapter 10 when we consider the diffraction 
patterns produced by rectangular and circular apertures. 

The amplitude of light passing through a single slit may be represented in 
space by the rectangular pulse of fig. 9.9a where d is now the width of the slit. A 
plane wave of monochromatic light, wavelength A, falling normally on a screen 
which contains the narrow slit of width d~A, forms a secondary system of 
plane waves diffracted in all directions with respect to the screen. When these 
diffracted waves are focused on to a second screen the intensity distribution 
(square of the amplitude) may be determined in terms of the aperture dimen- 
sion d, the wavelength A and the angle of diffraction 0. 

In fig. 9.10 the light diffracted through an angle @ is brought to focus at a 
point P on the screen PPo. Finding the amplitude of the light at P is the simple 
problem of adding all the small contributions in the diffracted wavefront taking 
account of all the phase differences which arise with variation of path length 
from P to the points in the slit aperture from which the contributions originate. 
The diffraction amplitude in k or wave number space is the Fourier transform 
of the pulse, width d, in x space in fig. 9.9b. The conjugate parameters v and ¢ 
are exactly reciprocal but the product of x and k involves the term 27 which 
requires either a constant factor 1/277 in front of one of the transform integrals 


Source of LA as 


monochromatic 
light id. 


Condenser Slit of 
lens width Focusing Plane of 
lens diffraction 
pattern 


Fig. 9.10. A monochromatic plane wave normally 
incident on a narrow slit of width d is diffracted an 
angle @, and the light in this direction is focused at a 
point P. The amplitude at P is the superposition of 
all contributions with their appropriate phases with 
respect to the central point in the slit. The contribu- 
tion from a point x in the slit has phase d= 
27x sin 6/A with respect to the central contribution. 
The phase difference from contributing points on 
opposite edges of the slit is @ = 27d sin 0/A =2a 
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or a common factor 1/\20 in front of each. This factor is however absorbed 
into the constant value of the maximum intensity and all other intensities are 
measured relative to it. 

The constant pulse height now measures the amplitude h of the small wave 
sources across the slit width d and the Fourier transform method is the addition 
by integration of their contributions. 

In fig. 9.10 we see that the path difference between the contribution at the 
centre of the slit and that at a point x in the slit is given by x sin @, so that the 
phase difference is 


==, sin 6= kx sin 8 


The product kx sin @ can, however, be expressed in a form more suitable for 
extension to two- and three-dimensional examples by writing it as k .x = klx, 
the scalar product of the vector k, giving the wave propagation direction, and 
the vector x, | being the direction cosine 


1=cos (17/2—0) 
=sin 0 
of k with respect to the x-axis. 


Adding all the small contributions across the slit to obtain the amplitude at P 
by the Fourier transform method gives 


Fk) = [fy dx 


1 +d/2 
=| he ** dx 


2aJ_a/2 


h Te ikia/2__tikt/2) 


—ikl 2a 


where 


The intensity J at P is given by the square of the amplitude, that is, by the 
product of F(k) and its complex conjugate F*(k), so that 


I= dh’ sin’ a 


=F 
4n° a 
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where Jo, the principal maximum intensity at a = 0, (Po in fig. 9.10) is now 
ah 


Ib =— 
° Ae 


The Gaussian or Normal Error Distribution 


This curve often appears as the wave group description of a particle in wave 
mechanics. The Fourier transform of a Gaussian distribution is another Gaus- 
sian distribution. 


0 v 
(b) 


Fig. 9.11. (a) A Gaussian function Fourier transforms 
(b) into another Gaussian function 


In fig. 9.11a the Gaussian function of height h is symmetrically centred at 
time t=O, and is given by f(t)=he “’°”’, where the width parameter or 
standard deviation o is that value of t at which the height of the curve has a 
value equal to e '”? of its maximum. 

Its transform is 


F(v) =| h ene e ~idmet dt 
00 


co 
aa | h eft 2eaiarertaageion) (ees dt 
—co 


eo 
=H “lakes ev 2ativ2 ave)? dt 


co 


The integral 


and substituting, with x = (t/V20 +iN2 700) and dt=V2e dx, gives 


F(v) = hV220 62" 


another Gaussian distribution in frequency space (fig. 9.11b) with a new height 
hoV27 and a new width parameter (W270). 
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(a) 


8 function (1) 


(b) 4 

Fig. 9.12. (a) A family of normalized Gaussian 

functions narrowed in the limit to Dirac’s delta 

function; (b) the family of their Fourier trans- 
forms 


As in the case of the slit and the diffraction pattern, we see again that a 
narrow pulse in time (width o) leads to a wide frequency distribution [width 
(V2m0) '). 

When the curve is normalized so that the area under it is unity, h takes the 
value (V2a0)" because 


1 J  sigaee 
a dr=1 
as 

Thus the height of a normalized curve transforms into a pulse of unit height 
whereas a pulse of unit height transforms to a pulse of width (2m). 

If we consider a family of functions with progressively increasing h values 
and decreasing o values, each satisfying the condition of unit area under their 
curves, we are led in the limit as the height h > 00 and the width o +0 to an 
infinitely narrow pulse of finite area unity which defines the Dirac delta (6) 
function. The transform of such a function is the constant unity, and figs. 9.12a 
and b show the family of normalized Gaussian distributions and their trans- 
forms. Fig. 9.13 shows a number of common Fourier transform pairs. 


(Problems 9.10, 9.11, 9.12, 9.13, 9.14, 9.15, 9.16, 9.17) 
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Fig. 9.13. Some common Fourier transform 


pairs 
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Problem 9.1 
After inspection of the two wave forms in the diagram what can you say about the values 
of the constant, absence or presence of sine terms, cosine terms, odd or even harmonics, 
and range of harmonics required in their Fourier series representation? (Do not use any 
mathematics.) 


-2T -T Tr er 


Problem 9.2 


Show that if a periodic waveform is such that each half-cycle is identical except in sign 
with the previous one, its Fourier spectrum contains no even order frequency compo-, 
nents. Examine the result physically. 


Problem 9.3 
A half-wave rectifier removes the negative half-cycles of a pure sinusoidal wave 
y =h sin x. Show that the Fourier series is given by 


= Beat ee aed aa .) 
fet ig nt 73 08 2* 45 84 57 008 6x. 


Problem 9.4 


A full-wave rectifier merely inverts the negative half-cycle in problem 9.2. Show that 
this doubles the output and removes the undesirable modulating ripple of the first 
harmonic. 


Problem 9.5 
Show that f(x) =x? may be represented in the interval +7 by 


f(x) =3? +E ay cos nx 


Problem 9.6 
Use the square wave sine series of unit height f(x) =4/7 (sin x +4sin 3x +4 sin 5x) to 
show that 
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Problem 9.7 
An infinite train of pulses of unit height, with pulse duration 27 and a period between 
pulses of T, is expressed as 
f(t)=0 for -}T<t<-r 
=1 for-r<t<r 
=0 for r<1<}T 
and 
fUt+T)= f(y) 
Show that this is an even function with the cosine coefficients given by 
2 Qa 


a, =— sin nt 
"nt fs 


Problem 9.8 

Show, in problem 9.7, that as r becomes very small the values of a, >47/T and are 
independent of n, so that the spectrum consists of an infinite set of lines of constant 
height and spacing. The representation now has the same form in both time and 
frequency; such a function is called ‘self reciprocal’, What is the physical significance of 
the fact that as r>0, a, +0? 

Problem 9.9 


The pulses of problems 9.7 and 9.8 now have amplitude 1/27 with unit area under each 
pulse. Show that as 7+ 0 the infinite series of pulses is given by 


5 ey 
f(t) =atr 2, cos 2ant/T 


Under these conditions the amplitude of the original pulses becomes infinite, the 
energy per pulse remains finite and for an infinity of pulses in the train the total energy in 
the waveform is also infinite. The amplitude of the individual components in the 
frequency representation is finite, representing finite energy, but again, an infinity of 
components gives an infinite energy. 

Problem 9.10 
The unit step function is defined by the relation 
f(t)=1 (t>0) 


=0 (t<0) 


This is a very important function in physics and engineering, but it does not satisfy the 
criteria for Fourier representation because its integral is not finite. A similar function of 
finite period will satisfy the criteria. If this function is defined 


f(t)=1(0<t<T) 


=0 elsewhere 
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show that if the transform 
T 


Fl) = {: flee de= i edt 


=1-e7] 
lw 
then for large T 
_{" a 
an ree cmxiitee 
f(t) aad Fay dw 


(Note that the integral of the second term gives —a for t<0 and +7 for t>0. This 
spectral representation is shown in fig. 9.13). 


Problem 9.11 
Optical wave trains emitted by radiating atoms are of finite length and only an infinite 
wave train may be defined in terms of one frequency. The radiation from atoms 
therefore has a frequency bandwidth which contributes to the spectral linewidth. The 
random phase relationships between these wave trains create incoherence and produce 
the difficulties in obtaining interference effects from separate sources. 

Let a finite length monochromatic wave train of wavelength Ay be represented by 


f()= foe?” 
and be a cosine of constant amplitude fy extending in time between +7/2. The distance 


!=cr is called the coherence length, This finite train is the superposition of frequency 
components of amplitude F(v) where the transform gives 


f(j= F(v) e?"™ dt 


so that 


~ 


Fw)={ fe? dt 


41/2 
=| foe 2" de 
—1/2 

Show that 

sin [a(v—v)7] 

TOS pe 
()=fo a(v—Vo)T 

and that the relative energy distribution in the spectrum follows the intensity distribu- 

tion curve in a single slit diffraction pattern. 


Problem 9.12 

Show that the total width of the first maximum of the energy spectrum of problem 9.11 
has a frequency range 2Av which defines the coherence length / of problem 9.11 as 
AG/AA. 

Problem 9.13 


For a ruby laser beam the value of Av in problem 9.12 is found to be 10* Hertz and 
Ao = 6-936 107’ metres. Show that AA = 1-6*10~'’ metres and that the coherence 
length | of the beam is 3 x 10* metres. 


Problem 9.14 


The energy of the finite wave train of the damped simple harmonic vibrations of the 
radiating atom in Chapter 1 was described by E=E,e ”’°. Show from physical 
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arguments that this defines a frequency bandwidth in this train of Aw about the 
frequency wp, where the quality factor Q = wo/Aw. (Suggested line of argument—at the 
maximum amplitude all frequency components are in phase. After a time 7 the 
frequency component w has changed phase by wor. Other components have a phase 
change which interfere destructively. What bandwidth and phase change is acceptable?) 


Problem 9.15 
Consider problem 9.14 more formally. Let the damped wave be represented as a 
function of time by 
f()=foe*™™ eo“ 

where fy is constant and 7 is the decay constant. 

Use the Fourier transform to show that the amplitudes in the frequency spectrum are 
given by 

fo 

1/7 +i2m(v — vo) 

Write the denominator of F(v) as re’ to show that the energy distribution of 
frequencies in the region of v — v9 is given by 

fo fo 


ee a 
FO Pr (1/7)? +(@— wo)” 


F(v)= 


Problem 9.16 

Show that the expression |F(v)|? of problem 9.15 is the resonance power curve of 
Chapter 2; show that it has a width at half the maximum value (fot)? which gives 
Av= 1/ar, and show that a spectral line which has a value of AA in problem 9. 12 equal 
to 3x 10° metres has a finite wave train of coherence length equal to 32 x 10~° metres 
(32 microns) if Ag = 5:46 x 10°” metres. 


Problem 9.17 
The Fourier transform of a rectangular pulse of height h and width d is F(v)= 


hd sin a/a where a = 27vd/2. Show that the Fourier transform of an isosceles triangu- 
lar function height h length 2d is given by 


Fv) =4h? gt & 


where a = 27vd/2. 

Observe that the triangular pulse is produced by sliding one rectangular pulse of 
height A width d along its base over a similar pulse, any coordinate on the triangular 
pulse being a measure of the overlaps between the pulses (the peak measuring their 
complete overlap). Such a process is called convolution. 

—$—$— 


Summary of Important Results 
Fourier series 


Any function may be represented in the interval +7 by 


f(x) =3a9+¥ a, cos nx +¥ b, sin nx 
1 1 
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where 
1 2a 
a,=—| f(x) cos nx dx 
40 
and 


by =+[" f(x) sin nx dx 
To 


Fourier integral 


A single non-periodic pulse may be represented as 


fl) = i [[- f(t) ai] 2 dy 


or as 


+00 


f(t)= [ F(v)e""™" dv 


where 


+00 


Fo)={ f(te e™ dt 


f(t) and F(v) are Fourier Transforms of each other. When t is replaced by x and 
v by k the right hand side of each transform has a factor 1/V27. The Fourier 
Transform of a rectangular pulse has the shape of sin a/a. (Important in optical 
diffraction.) 


Chapter 10 


Waves in Optical Systems 


Light. Waves or Rays? 


Light exhibits a dual nature. In practice, its passage through optical instruments 
such as telescopes and microscopes is most easily shown by geometrical ray 
diagrams but the fine detail of the images formed by these instruments is 
governed by diffraction which, together with interference, requires light to 
propagate as waves. The earlier parts of this chapter will correlate the 
geometrical optics of these instruments with wavefront propagation. Later 
we shall consider the effects of interference and diffraction. 

The electromagnetic wave nature of light was convincingly settled by Clerk- 
Maxwell in 1864 but as early as 1690 Huygens was trying to reconcile waves 
and rays. He proposed that light be represented as a wavefront, each point 
on this front acting as a source of secondary wavelets whose envelope became 
the new position of the wavefront, fig. 10.1(a). Light propagation was seen 
as the progressive development of such a process. In this way reflexion and 
refraction at a plane boundary separating two optical media could be explained 
as shown in fig. 10.1(b) and (c). 

Huygens’ theory was explicit only on those contributions to the new wave- 
front directly ahead of each point source of secondary waves. No statement 
was made about propagation in the backward direction nor about contributions 
in the oblique forward direction. Each of these difficulties is resolved in the 
more rigorous development of the theory by Kirchhoff which uses the fact 
that light waves are oscillatory. 

The way in which rays may represent the propagation of wavefronts is 
shown in fig. 10.2 where spherically diverging, plane and spherically converg- 
ing wavefronts are moving from left to right. All parts of the wavefront (a 
surface of constant phase) take the same time to travel from the source and 
all points on the wavefront are the same optical distance from the source. 
This optical distance must take account of the changes of refractive index 
met by the wavefront as it propagates. If the physical path length is measured 
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Plane wavefront 


Diverging 


See Converging 
wavefront 


wavefront 


Fig. 10.2. Ray representation of spherically diverging, plane and spheri- 
cally converging wavefronts 


as x in a medium of refractive index n then the optical path length in the 
medium is the product nx. In travelling from one point to another light chooses 
a unique optical path which may always be defined in terms of Fermat’s 
Principle. 


Fermat’s Principle 


Fermat’s Principle states that the optical path length has a stationary value; 
its first order variation or first derivative in a Taylor series expansion is zero. 
This means that when an optical path lies wholly within a medium of constant 
refractive index the path is a straight line, the shortest distance between its 
end points, and the light travels between these points in the minimum possible 
time. When the medium has a varying refractive index or the path crosses 
the boundary between media of different refractive indices the direction of 
the path always adjusts itself so that the time taken between its end points 
is a minimum. Fermat’s Principle is therefore sometimes known as the Prin- 
ciple of Least Time. Fig. 10.3 shows examples of light paths in a medium of 
varying refractive index. As examples of light meeting a boundary between 
two media we use Fermat's Principle to derive the laws of reflexion and 
refraction. 


The Laws of Reflexion 


In Fig. 10.4(a) Fermat’s Principle requires that the optical path length OSI 
should be a minimum where O is the object, S lies on the plane reflecting 
surface and I is the point on the reflected ray at which the image of O is 
viewed. The plane OSI must be perpendicular to the reflecting surface for, if 
reflexion takes place at any other point S' on the reflecting surface where 
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Fig. 10.3. Light takes the shortest optical path in a medium of varying 

refractive index. (a) A light ray from the sun bends towards the earth in 

order to shorten its path in the denser atmosphere. The sun remains visible 

after it has passed below the horizon. (b) A light ray avoids the denser 

atmosphere and the road immediately below warm air produces an apparent 
reflexion 


OSS' and ISS' are right angles then evidently OS'>OS and IS'>IS, giving 
OS'I> OSI. 

The laws of reflexion also require, in fig. 10.4(a) that the angle of incidence 
i equals the angle of reflexion r. If the co-ordinates of O, S and I are those 
shown and the velocity of light propagation is c then the time taken to traverse 
OS is 

t=(x?+y)7/c 
and the time taken to traverse SI is 
t'=[(X-x)?+y7]"7/c 
so that the total time taken to travel the path OSI is 
T=t+t 
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Fig. 10.4. The time for light to follow the path OSI is a 

minimum (a) in reflexion, when OSI forms a plane perpen- 

dicular to the reflecting surface and f= ?; and (b) in refraction, 
when n sini =n’ sin r’ (Snell’s Law) 


The position of S is now varied along the x axis and we seek, via Fermat’s 
Principle of Least Time, that value of x which minimizes T, so that 


dT x Pies 
dx ety) eka ty Ty 
But 
x 
ey) +y) =sini 
and 
X=x . 
[xaxPryye 7" 
Hence 
sini =sinr 
and 
i=F 


The Law of Refraction 


Exactly similar arguments lead to Snell’s Law, already derived on page 237. 
Here we express it as 


nsini=n’ sinr’ 
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where / is the angle of incidence in the medium of refractive index n and r’ 
is the angle of refraction in the medium of refractive index n' (n'>n). In fig. 
10.4(b) a plane boundary separates the media and light from O (0, y) is 
refracted at S (x, 0) and viewed at I (X, Y) on the refracted ray. If v and v’ 
are respectively the velocities of light propagation in the media n and n' then 
OS is traversed in the time 


t=(x?+y7)/?/v 
and SI is traversed in the time 
=[(X-x)+Y¥7]'7/0! 
The total time to travel from O to I is T=r+t' and we vary the position 


of S along the x axis which lies on the plane boundary between n and n’, 
seeking that value of x which minimizes T. So 


dT_1 5 i (X —x) 


dx v (x+y)? vo [(X-x)+¥ ]7 | 


0 


where 
ae =sini 
(x"+y ig 
and 
WeSE) =sinr' 
Pee 
But 
ros 
vic 
and 
don 
ve 
Hence 


nsini=n'sinr’ 


Rays and Wavefronts 


Fig. 10.2 showed the ray representation of various wavefronts. In order to 
reinforce the concept that rays trace the history of wavefronts we consider 
the examples of a thin lens and a prism. 


The Thin Lens 


In fig. 10.5 a plane wave in air is incident normally on the plane face of a 
plano convex glass lens of refractive index n and thickness d at its central 
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Fig. 10.5. A plane wavefront is normally incident on a plano- 
convex lens of refractive index n and thickness d at the central 
axis, The radius of the curved surface R »d. The wavefront is a 
surface of constant phase and the optical path length is the same 
for each section of the wavefront. At a radius r from the central 
axis the wavefront travels a shorter distance in the denser medium 
and the lens curves the incident wavefront which converges at a 
distance R/(n —1) from the lens 


axis. Its spherical face has a radius of curvature R »d. The power of a lens 
to change the curvature of a wavefront is the inverse of its focal length f. A 
lens of positive power converges a wavefront, negative power diverges the 
wavefront. 

Simple ray optics gives the power of the plano convex lens as 


R 


but we derive this result from first principles that is, by considering the way 
in which the lens modifies the wavefront. 

At the central axis the wavefront takes a time t=nd/c to traverse the 
thickness d. At a distance r from the axis the lens is thinner by an amount 
r°/2R (using the elementary relation between the sagitta, arc and radius of 
a circle) so that, in the time t = nd/c, points on the wavefront at a distance r 
from the axis travel a distance 


1 1 
P=-=(n-1) > 
ip 


(d—r?/2R) 


in the lens plus a distance (r?/2R +z) in air as shown in the figure. Equating 
the times taken by the two parts of the wave front we have 


nd/c =(n/c)(d —r?/2R)+(1/c)(z +r7/2R) 
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which yields 
z=(n—1)r?/2R 


But this is again the relation between the sagitta z, its arc and a circle of 
radius R/(n —1) so, in three dimensions, the locus of z is a sphere of radius 
R/(n—1) and the emerging spherical wavefront converges to a focus at a 
distance 


f=R/(n-1) 
(Problems 10.1, 10.2, 10.3) 


The Prism 


In fig. 10.6 a section, height y, of a plane wavefront in air is deviated through 
an angle @ when it is refracted through an isosceles glass prism, base /, vertex 
angle 6 and refractive index n. Experiment shows that there is one, and only 
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Fig. 10.6. A plane wavefront suffers minimum deviation (@min) when 

its passage through a prism is symmetric with respect to the central 

vertical axis a =i" "), The wavefront obeys the Optical Helmholtz 

Condition thet ny tana is a constant where n is the refractive index, 
y is the width of the wavefront and a is shown. (Here a =a’) 
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one, value of the incident angle i for which the angle of deviation is a 
minimum = Omin- It is easily shown using ray optics that this unique value of 
i requires the passage of the wavefront through the prism to be symmetric 
about the central vertical axis as shown in the figure so that the incident angle 
i equals the emerging angle pe Equating the lengths of the optical paths AVA’ 
and BB’ (=n/) followed by the edges of the wavefront section gives the familiar 


result 
sin (ns*B) =n sin B 
v) 2 


which is used in the standard experiment to determine n, the refractive index 
of the prism. 

Now there is only one value of i which produces minimum deviation and 
this leads us to expect that the passage of the wavefront will be symmetric 
about the central vertical axis for if a plane mirror (M in the figure) is placed 
parallel to the emerging wavefront the wavefront is reflected back along its 
original path, and if i#f’ there would be two values of incidence, each 
producing minimum deviation. 

However, the real argument for symmetry from a wavefront point of view 
depends on the optical Helmholtz equation which we shall derive on page 
294. This states that the product my tan a remains constant as it passes through 
an optical system irrespective of the local variations of the factors n, y and 
tan a. Now the wavefront has the same width on entry into and exit from the 
prism so y = y’ and although n changes at the prism faces the initial and final 
medium for the wavefront is air where n = 1. 

Hence, from the optical Helmholtz equation tan a = tana’ in fig. 10.6. It 
is evident that as long as its width y = y’ the wavefront section will turn through 
a minimum angle when the physical path length BB’ followed by its lower 
edge is a maximum with respect to AVA’, the physical path length of its 
upper edge. 


Ray Optics and Optical Systems 


An optical system changes the curvature of a wavefront. It is formed by one 
or more optical surfaces separating media of different refractive indices. In 
fig. 10.7 rays from the object point P pass through the optical system to form 
an image point P’. When the optical surfaces are spherical the line joining P 
and P’, which passes through the centres of curvature of the surfaces, is called 
the optical axis. This axis cuts each optical surface at its pole. If the object 
lies in a plane normal to the optical axis its perfect image lies in a conjugate 
plane normal to the optical axis. Conjugate planes cut the optical axis at 
conjugate points, e.g. P and P’. In fig. 10.7 the plane at +00 has a conjugate 
focal plane cutting the optical axis at the focal point Fo. The plane at —0o has 
a conjugate focal plane cutting the optical axis at the focal point F;. 
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Fig. 10.7. Optical system showing direction of incident light from 

left to right and optical surfaces of positive and negative curvature. 

Rays from P pass through P’ and this defines P and P’ as conjugate 

points. The conjugate point of Fo is at +00, the conjugate point of F;, 
is at —00 


Paraxial Rays 


Perfect geometrical images require perfect plane and spherical optical surfaces 
and in a real optical system a perfect spherical optical surface is obtained by 
using only that part of the wavefront close to the optical axis. This means 
that all angles between the axis and rays are very small. Such rays are called 
paraxial rays. 


Sign Convention 


The convention used here involves only the signs of lengths and angles. The 
direction of incident light is positive and is always taken from left to right. 
Signs for horizontal and vertical directions are Cartesian. If AB=/ then 
BA=-l. The radius of curvature of a surface is measured from its pole to 
its centre so that, in fig. 10.7, the convex surface presented to the incident 
light has a positive radius of curvature and the concave surface has a negative 
radius of curvature. 

The Cartesian convention with origin O at the right angles of fig. 10.8 gives 
the angle between a ray and the optical axis the sign of its tangent. 

If the angle between a ray and the axis is a then, for paraxial rays 


sina =tana =a 
and 
cosa =1 
so that Snell’s Law of Refraction 
nsini=n'sinr’ 
becomes 


ni=n'r 
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Fig. 10.8. Sign convention for 
lengths is Cartesian measured from 
the right angles at O. Angles take 
the sign of their tangents. O is 
origin of measurements 


Power of a Spherical Surface 


In figs. 10.9(a) and (b) a spherical surface separates media of refractive indices 
n and n'. Any ray through P is refracted to pass through its conjugate point 
P’. The angles are exaggerated so that the base of A is very close to the pole 
of the optical surface which is taken as the origin. In fig. 10.9(a) the signs of 
R, I' and a’ are positive with /| and a negative. In fig. 10.9(b) R, /, l’, a and 
a’ are all positive quantities. In both figures Snell’s Law gives 


ni=n'r' 
ie. 
n(0-a)=n'(0—a') 
or 
n'a’—na =(n'~n)o= ("=") h=Ph (10.1) 
Thus 
A! on vite 
cle = 0. 
lalla eRe eo2) 


where P is the power of the surface. For n'>n the power P is positive and 
the surface converges the wavefront. For n'<n, P is negative and the wave- 
front diverges. When the radius of curvature R is measured in metres the 
units of P are dioptres. 


Magnification by the Spherical Surface 


In fig. 10.10 the points QQ' form a conjugate pair, as do PP’. The ray QQ’ 
passes through C the centre of curvature, PQ is the object height y, P’ Q' is 
the image height y’ so 


ni=n'r 
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(a) R, L'a’ ore positive 
/,a ore negative 


R.1,1,a,a' ore positive 
(b) 
Fig. 10.9. Spherical surface separating media of refractive 
indices n and n'. Rays from P pass through P’, Snell's Law gives 
the power of the surface as 


oe he On 
gives 
ny/l=n'y'/I' 
or 
nyh/l=n'y'h/l' 
that is 


nya =n'y'a! 
The Transverse Magnification is defined as 
Mr=y'/y=nal'/n'l. 


The image y’ is inverted so y and y’ (and / and /') have opposite signs. 
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Fig. 10.10. Magnification by a spherical surface. The 

paraxial form of the Optical Helmholtz Equation is 

nya =n'y'a' so Transverse magnification My = y'/y = 

nl'/In' Angular magnification M, = a'/a. Note that the 

image is inverted so y and y’ (and/ and /’) have opposite 
signs 


The Angular Magnification is defined as 
M, =a'/a 
Note that 
Mr= n/ n'M. 


which, being independent of y, applies to any point on the object so that the 
object in the plane P is similar to the image in the plane P’. 

A series of optical surfaces separating media of refractive indices n, n' n" 
yields the expression 


nya =n'y'a'=n"y"a" 
which is the paraxial form of the optical Helmholtz equation quoted on page 
286 and derived on page 294. 

Power of Two Optically Refracting Surfaces 


In fig. 10.11 the refracting surfaces have powers P; and P; respectively. At 
the first surface equation (10.1) gives 


nyay—na =Pyh, 
and at the second surface 

n'a'—nya,=Prh2. 
Adding these equations gives 


n'a'—na = Pyh,+P2h2 
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Fig. 10.11. Two optically refracting surfaces of power P, and 
P» have a combined power of 


b 


ar 


(Pihy+P2h2) 


If the object is located at —0o so that a = 0 we have 
n'a! =Pyhy+P2h2 
or 


1 
a! = 71 (Pihi + Paha) 
This gives the same image as a single element of power P if 
ra il 1 
a'=—(P;hy+P2h2)=—Ph, 
n n 
where 
P=—(P,h,+P2h2) (10.3) 


is the total power of the system. This is our basic equation and we use it first 
to find the power of a thin lens in air. 


Power of a Thin Lens in Air (fig. 10.12) 
Equation (10.2) gives 


eA Fe 
for each surface, so that in fig. 10.12 
P,=(ni-1)/Ri 
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Fig. 10.12. A thin lens of refractive index n,, and radii of 
surface curvatures R,; and R2 has a power 


P=(m-(e-z)=7 


where /" is the focal length. In the figure R, is positive and 
R, is negative 


and 
P,=(1—n,)/R2 


From equation (10,3) 


P= (Pyhy + Paha) 
hy 


with 
hy =hz 
we have 
P=P,+P2 
so the expression for the thin lens in air with surfaces of power P, and Pz 
becomes 
Pat—ta(m W(R-z) =f 


where f’ is the focal length. 

Applying this result to the plano convex lens of page 284 we have R, = 00 
and R> negative from our sign convention. This gives a positive power which 
we expect for a converging lens. 


Effect of Refractive Index on the Power of a Lens 


Suppose, in fig. 10.13, that the object space of the lens remains in air (n = 1) 
but that the image space is a medium of refractive index n} # 1. How does 
this affect the focal length in the medium n3? 
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Fig. 10.13. The focal length of a thin lens measured 
in the medium n} is given by f2 =n5f" where f" is the 
focal length of the lens measured in air 


If P is the power of the lens in air we have 
na'—na = Phy 
and for 
a=0 
we have 
a’ =Ph,/n =h,/nof" 
where f’ is the focal length in air. 
If f3 is the focal length in the medium n> then 
fra’ =hy 
so 
a'=h,/f2=h,/nf' 
giving 
f= nif 
Thus the focal length changes by a factor equal to the refractive index of 
the medium in which it is measured and the power is affected by the same 
factor, 
If the lens has a medium no in its object space and a medium n; in its 


image space then the respective focal lengths fo and f; in these spaces are 
related by the expression 


filfo = —ni/no 
where the negative sign shows that fo and f; are measured in opposite directions 
(fo is negative and f; is positive). 
Now, we use this result in deriving the Optical Helmholtz equation. 
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The Optical Helmholtz Equation 


In fig. 10.14 the ray LH; from the base of the object, height y, meets the 
optical axis in the image space at the base L’ of the image, height y’. In the 
similar triangles F;L'L; and F;HoH2, 


y'/y = L'L;/HoH2 = F,L'/F;Ho = x'/—f' 


Fig. 10.14. Ray construction through a single lens to prove the Optical 
Helmholtz Equation 


ny tana =n'y' tana’ 


This result is true for systems having any number of optical surfaces. 
In the figure LH3 and FoH;, are parallel as are H,F' and HoF; 


where F;/Hp is negative. The negative sign shows that the image is inverted. 
Now 


HoFo tan a =f tana = HoH; =F iF’ 
=F,L' tana'=x' tana’ 
Therefore 
x'=ftana/tana’ 


where f and a are both negative and x’ and a’ are both positive. 
This result, together with 


yiiy=x'/-f 
gives 


y'/y =f tana/—f' tana’ 
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But, from the previous section (page 293) 


f'/f=—n'/n 
so 
y'/y =n tana/n' tana’ 


Hence 
ny tana=n'y' tana’ 


This is the Optical Helmholtz equation which states that the quanity ny tan a 
is invariant in passing through the optical system. No restriction is placed on 
the size of the angles (although we met the paraxial form on page 290), We 
have derived it here using a single lens, but the result is valid for all optical 
systems, no matter how complex. 

The results of the preceding sections are applied to optical instruments e.g. 
telescopes and microscopes in the following problems. 


(Problems 10.4, 10.5, 10.6, 10.7, 10.8, 10.9, 10.10, 10.11) 


Interference and Diffraction 


All waves display the phenomena of interference and diffraction which arise 
from the superposition of more than one wave. At each point of observation 
within the interference or diffraction pattern the phase difference between 
any two component,waves of the same frequency will depend on the different 
paths they have followed and the resulting amplitude may be greater or less 
than that of any single component. Although we speak of separate waves the 
waves contributing to the interference and diffraction pattern must ultimately 
derive from the same single source. This avoids random phase effects from 
separate sources and guarantees coherence. However, even a single source 
has a finite size and spatial coherence of the light from different parts of the 
source imposes certain restrictions if interference effects are to be observed. 
This is discussed in the section on spatial coherence on page 300. The 
superposition of waves involves the addition of two or more harmonic com- 
ponents with different phases and the basis of our approach is that laid down 
in the vector addition of fig. 1.11. More formally in the case of diffraction 
we have shown the equivalence of the Fourier Transform Method on page 
267 of Chapter 9. 


Interference 


Interference effects may be classified in two ways: 
(1) Division of wavefront. 
(2) Division of amplitude. 


(1) Division of wavefront. Here the wavefront from a single source passes 
simultaneously through two or more apertures each of which contributes a 
wave at the point of superposition. Diffraction also occurs at each aperture. 
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The difference between interference and diffraction is merely one of scale: 
in optical diffraction from a narrow slit (or source) the aperture is of the order 
of the wavelength of the diffracted light. According to Huygens Principle 
every point on the wavefront in the plane of the slit may be considered as a 
source of secondary wavelets and the further development of the diffracted 
wave system may be obtained by superposing these wavelets. 

In the interference pattern arising from two or more such narrow slits each 
slit may be seen as the source of a single wave so the number of superposed 
components in the final interference pattern equals the number of slits (or 
sources). This suggests that the complete pattern for more than one slit will 
display both interference and diffraction effects and we shall see that this is 
indeed the case. 


(2) Division of amplitude. Here a beam of light or ray is reflected and 
transmitted at a boundary between media of different refractive indices. The 
incident, reflected and transmitted components form separate waves and 
follow different optical paths. They interfere when they are recombined. 


Division of Wavefront 


Interference between waves from two slits or sources. In fig. 10.15 let S$, and 
S» be two equal sources separated by a distance f, each generating a wave of 
angular frequency w and amplitude a. At a point P sufficiently distant from 
S, and S; only plane wavefronts arrive with displacements 
yi=asin(wt—kx,) from S$, 
and 
y2=asin(wt—kx 2) from S2 
so that the phase difference between the two signals at P is given by 


2 
8 =k(x2—x1) =" (eam) 


This phase difference 5, which arises from the path difference x.—x,, depends 
only on x,, x2 and the wavelength A and not on any variation in the source 
behaviour. This requires that there shall be no sudden changes of phase in 
the signal generated at either source—such sources are called coherent. 

The superposition of displacements at P gives a resultant 


R=y,+y2=al[sin (wt —kx1)+sin (wt —kx2)] 
and an intensity magnitude 
I =R?=2a"(1+cos 5) 
6 
Agios ee 
a” cos’ 5 


(the time dependent term is not included). 
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Fig. 10.15. Interference at P between waves from equal sources 

S, and S2, separation f, depends only on the path difference 

X2—x,. Loci of points with constant phase difference 6 = 

(27/A)(x2—%1) are the family of hyperbolas with S; and S2 as 
foci 


When 


the intensity is a maximum, 


and the component displacements reinforce each other to give constructive 
interference. This occurs when 


When 
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the intensity is zero and the components cancel to give destructive interference. 
This requires that 


5 
57 an +1) =F (2—x1) 


or, the path difference 
x2—x1=(n+2)A 


The loci or sets of points for which x.—x, (or 6) is constant are shown in fig. 
10.1 to form hyperbolas about the foci S$; and S, (in three dimensions the 
loci would be the hyperbolic surfaces of revolution). 


Interference from Two Equal Sources of Separation f 
(a) Separation f >A. Young’s Slit Experiment 


One of the best known methods for producing optical interference effects is 
the Young’s slit experiment. Here the two coherent sources, fig. 10.16, are 
two identical slits S; and S, illuminated by a monochromatic wave system 
from a single source equidistant from S, and S3. The observation point P lies 
on a screen which is set at a distance / from the plane of the slits. 

The intensity at P is given by 


6 
I =R?=4a’ cos’ > 


ae 


f sin OntZ 


ie) 


Fig. 10.16. Waves from equal sources S, and S; interfere at P with phase 

difference 6 =(27/A)(x2—x1) =(277/A) f sin 0 ~(27/A) f(z/1). The dist- 

ance | »>z and f so S; P and S, P are effectively parallel. Interference 
fringes of intensity J = Ip cos” 6/2 are formed in the plane PPo 


Waves in Optical Systems 299 


and the distances PPo =z and slit separation f are both very much less than 
1 (experimentally ~ 10™° /). This is indicated by the break in the lines x; and 
x2 in fig. 10.16 where S;P and S2P may be considered as sufficiently parallel 
for the path difference to be written as 


x2- a1 =f sin @ = ft 


to a very close approximation. 


Thus 
2a Ot ois) beet 
ad era aaa A ary i 

If 
5 
= 2 2° 
I =4a° cos 3 

then 


I=I)=4a* when cos 5 = 1 
that is, when the path difference 


f=0, +A, +2A, Satesreri 
and 


T=0 when cos 5 = 0 


that is, when 


fo=45, +5, +(n +a 


Taking the point Po as z = 0, the variation of intensity with z on the screen 
Po P will be that of fig. 10,16, a series of alternating straight bright and dark 
fringes parallel to the slit directions, the bright fringes having J = 4a” whenever 
z=naAl/f and the dark fringes J = 0, occurring when z =(n +)al/f, n being 
called the order of interference of the fringes. The zero order n = 0 at the point 
Po is the central bright fringe. The distance on the screen between two bright 
fringes of orders n and n +1 is given by 

Al_ Al 
oe within £4) —e toe 
Zn+1—2n =[(n +1) nly f 
which is also the physical separation between two consecutive dark fringes. 
The spacing between the fringes is therefore constant and independent of n, 
and a measurement of the spacing, / and f determines A. 
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The intensity distribution curve (fig. 10.17) shows that when the two wave 
trains arrive at P exactly out of phase they interfere destructively and the 
resulting intensity or energy flux is zero. Energy conservation requires that 
the energy must be redistributed, and that lost at zero intensity is found in 
the intensity peaks. The average value of cos? 6/2 is 3, and the dotted line at 
I =2a? is the average intensity value over the interference system which is 
equal to the sum of the separate intensities from each slit. 


RELL: 


-59 -3n-7 Or ZZ YA et) 


2q-=- 


Fig. 10.17. Intensity of interference fringes is 
proportional to cos’ 6/2, where 6 is the phase 
difference between the interfering waves. The 
energy which is lost in destructive interference 
(minima) is redistributed into regions of con- 
structive interference (maxima) 


There are two important points to remember about the intensity interference 
fringes when discussing diffraction phenomena; these are 
(a) the intensity varies with cos” 6/2, 
and (b) the maxima occur for path differences of zero or integral numbers of 
the wavelength, whilst the minima represent path differences of odd 
numbers of the half-wavelength. 


Spatial coherence. In the preceding section nothing has been said about the 
size of the source producing the plane wave which falls on S; and Sp, If this 
source is an ideal point source A equidistant from S, and S$, fig. 10.18, then 
a single set of cos” fringes is produced. But every source has a finite size, 
given by AB in fig. 10.18, and each point on the line source AB produces its 
own set of interference fringes in the plane PPo; the eye observing the sum 
of their intensities. 

If the solid curve A'C is the intensity distribution for the point A of the 
source and the broken curves up to B’ represent the corresponding fringes 
for points along AB the resulting intensity curve is DE. Unless A’B’ extends 
to C the variations of DE will be seen as faint interference bands. These 
intensity variations were quantified by Michelson, who defined the 

scp ape. — Lax —Lmin 
Visibility = jaeTem 
The cos’ fringes from a point source obviously have a visibility of unity because 
the minimum intensity [nin =0 
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Fig. 10.18. The point source A produces the cos’ interference fringes 

represented by the solid curve A’C. Other points on the line source 

AB produce cos” fringes (the displaced broken curves B’) and the 

observed total intensity is the curve DE. When the points on AB 

extend A’B’ to C the fringes disappear and the field is uniformly 
illuminated 


When A’B' of fig. 10.18=A'C, the point source fringe separation (or a 
multiple of it) the field is uniformly illuminated, fringe visibility = 0 and the 
fringes disappear. 

This occurs when the path difference 

AS.-BS,;=ABsiny=A where AS,=AS\. 


Thus the requirement for fringes of good visibility imposes a limit on the 
finite size of the source. Light from points on the source must be spatially 
coherent in the sense that AB sin y « A in fig. 10.18. 
But for f« d, 
sin y ~f/2d 


so the coherence condition becomes 
sin y =f/2d« A/AB 
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or 
AB/d <«A/f 


where AB/d measures the angle subtended by the source at the plane S,Sp. 
Spatial coherence therefore requires that the angle subtended by the source 


«A/f 


where f is the linear size of the diffracting system. (Note also that A/f measures 
6(~z/l) the angular separation of the fringes in fig. 10.16.) 

As an example of spatial coherence we may consider the production of 
Young’s interference fringes using the sun as a source. 

The sun subtends an angle of 0.018 radians at the earth and if we accept 
the approximation 


AB A_A 
—« -=— 
Af ay 
with A =0.5 microns, 
we have 
0:5 4 
f~ 40-018) ~ 14 microns. 


This small value of slit separation is required to meet the spatial coherence 
condition. 


(b) Separation f « A (kf «1 where k =27/d) 
If there is a zero phase difference between the signals leaving the sources S; 
and S; of fig. 10.16 then the intensity at some distant point P may be written 


2kf sing 


I =4a? cos” : =4I, cos 4I, 


where the path difference $.P -S,P=f sin @ and J, = a’ is the intensity from 
each source. 

We note that, since f « A (kf « 1), the intensity has a very small @ dependence 
and the two sources may be effectively replaced by a single source of amplitude 
2a. 


Dipole Radiation (f <2) 


Suppose however that the signals leaving the sources S, and S, are anti phase 
so that their total phase difference at some distant point P is 


5 =(50+kf sin @) 


where 5o= 7 is the phase difference introduced at source. 
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The intensity at P is given by 


ve 26 _ (2 ane) 
I =4I, cos 3 Als cos at 7) 


~I,(kf sin 8) 


because 


kf«1 


Two anti phase sources of this kind constitute a dipole whose radiation intensity 
I«I, the radiation from a single source, when kf<«1. The efficiency of 
radiation is seen to depend on the product kf and, for a fixed separation f 
the dipole is a less efficient radiator at low frequencies (small k) than at higher 
frequencies. Fig. 10.19 shows the radiation intensity J plotted against the 


dipole 
axis 
Fig. 10.19, Intensity 7 versus direction @ for interference 
pattern between waves from two equal sources, 7 radians 
out of phase (dipole) with separation f « A. The dipole axis 
is along the direction 6 = +7/2 
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polar angle @ and we see that for the dipole axis along the direction @ = 7/2, 
completely destructive interference occurs only on the perpendicular axis 
@=0 and 6 = 7. There is no direction (value of @) giving completely construc- 
tive interference. The highest value of the radiated intensity occurs along the 
axis 6 = 77/2 and @ = 37/2 but even this is only 


T=(kf)7I, 
where 
kf«1 


The directional properties of a radiating dipole are incorporated in the design 
of transmitting aerials. In acoustics a loudspeaker may be considered as a 
multi-dipole source, the face of the loudspeaker generating compression waves 
whilst its rear propagates rarefactions. Acoustic reflections from surrounding 
walls give rise to undesirable interference effects which are avoided by enclos- 
ing the speaker in a cabinet. Bass reflex or phase inverter cabinets incorporate 
a vent on the same side as the speaker face at an acoustic distance of half a 
wavelength from the rear of the speaker. The vent thus acts as a second source 
in phase with the speaker face and radiation is improved. 


(Problems 10.12, 10.13, 10.14, 10.15, 10.16) 


Interference from Linear Array of N Equal Sources 


Fig. 10.20 shows a linear array of N equal sources with constant separation 
f generating signals which are all in phase (69=0). At a distant point P in a 
direction @ from the sources the phase difference between the signals from 
two successive sources is given by 


5=*7ysing 


and the resultant at P is found by superposing the equal contributions from 
each source with the constant phase difference 5 between successive contribu- 
tions. 

But we found from fig. 1.11 that the resultant of such a superposition was 
given by 

i sin (N6/2) 
sin (6/2) 
where a is the signal amplitude at each source, so the intensity may be written 
1 = R2= a2 (N8/2) _, sin” (Naf sin 6/A) 
sin? (6/2) * sin (af sin @/A) 
ae: sin’ NB 


* sin? B 


where J, is the intensity from each source and B = af sin 6/A. 
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Fig. 10.20. Linear array of N equal sources 
separation f radiating in a direction @ to a distant 
point P. The resulting amplitude at P (see fig. 
1.11) is given by 
R =a{sin N(6/2)/sin (6/2)] 
where a is the amplitude from each source and 
6 =(22/A)f sin 8 


is the common phase difference between success- 
ive sources 


If we take the case of N =2 then 


«2 

sin’ 28 2 25 
=[— =4], =4I, we 
I=I, sin? B 4I, cos” B ; COS 2 


which gives us the Young’s Slit Interference pattern. 

We can follow the intensity pattern for N sources by considering the 
behaviour of the term sin? NB/sin” B. 

We see that when 


eae 
=— =O0+7+ > 
B 5 sin @ f 5 2m, etc 


om 


i.e. when 


fsin@ =0, +A, +2A...+nA 
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constructive interference of the order n takes place, and 


sin’N@ N’B? |, 
singe” pt 
giving 
I=N’I, 
that is, a very strong intensity at the Principal Maximum condition of 
fsin@=na 


We can display the behaviour of the sin? NB/sin? B term as follows 
Numerator sin’ N@ is zero for NB > O07... Na...2Nz 


+ 4 + 


Denominator sin* B is zero forB>0 ... 7 ... 27 


The coincidence of zeros for both numerator and denominator determine 
the Principal Maxima with the factor N° in the intensity, ie. whenever 
fsin@=na, 

Between these principal maxima are N —1 points of zero intensity which 
occur whenever the numerator sin? NB =0 but where sin* 8 remains finite. 

These occur when 


A 2a A 
fsind=7 wo Dy 

The N —2 subsidiary maxima which occur between the principal maxima 
have much lower intensities because none of them contains the factor N’. 
Fig. 10.21 shows the intensity curves for N =2, 4, 8 and N 00. 

Two scales are given on the horizontal axis. One shows how the maxima 
occur at the order of interference n =f sin 6/A. The other, using units of sin 6 
as the ordinate displays two features. It shows that the separation between 
the principal maxima in units of sin @ is A/f and that the width of half the 
base of the principal maxima in these units is A/Nf (the same value as the 
width of the base of subsidiary maxima). As N increases not only does the 
principal intensity increase as N* but the width of the principal maximum 
becomes very small. 

As N becomes very large, the interference pattern becomes highly direc- 
tional, very sharply defined peaks of high intensity occurring whenever sin 6 
changes by A/f. 

The directional properties of such a linear array are widely used in both 
transmitting and receiving aerials and the polar plot for N =4 (fig. 10.22) 
displays these features. For N large, such an array, used as a receiver, forms 
the basis of a radio telescope where the receivers (sources) are set at a constant 
(but adjustable) separation f and tuned to receive a fixed wavelength. Each 
receiver takes the form of a parabolic reflector, the axes of which are kept 
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Fig. 10.21. Intensity of interference patterns from linear arrays of 

N equal sources of separation f. The horizontal axis in units of 

f sin @/A gives the spectral order n of interference. The axis in units 

of sin @ shows that the separation between principal maxima is given 

by sin @ =A/f and the half-width of the principal maximum is given 
by sin 0 =A/Nf 
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Fig. 10.22. Polar plot of the intensity of the 
interference pattern from a linear array of four 
sources with common separation f =A/2. Note 
that the half-width of the principal maximum is 
@ = 77/6 satisfying the relation sin @=A/Nf and 
that the separation between principal maxima 
satisfies the relation that the change in sin 6 = A/f 
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parallel as the reflectors are oriented in different directions. The angular 
separation between the directions of incidence for which the received signal 
is a maximum is given by sin 6 = A/f. 


(Problems 10.17, 10.18) 


Division of Amplitude 


We now consider interference effects produced by division of amplitude. In 
fig. 10.23 a ray of monochromatic light of wavelength A in air is incident at 
an angle / on a plane parallel slab of material thickness ¢ and refractive index 


n>t ¢ constant 


Fig. 10.23. Fringes of constant inclination. Interfer- 
ence fringes formed at infinity by division of ampli- 
tude when the material thickness ¢ is constant. The 
mth order bright fringe is a circle centred at § and 
occurs for the constant @ value in 2nt cos @ =(m +4)a 


n > 1. It suffers partial reflexion and transmission at the upper surface, some 
of the transmitted light is reflected at the lower surface and emerges parallel 
to the first reflexion with a phase difference determined by the extra optical 
path it has travelled in the material. These parallel beams meet and interfere 
at infinity but they may be brought to focus by a lens. Their optical path 
difference is seen to be 


n(AB+BD)—AC=2nAB-—AC 
= 2nt/cos 6 —2t tan @ sini 


2nt 
cos @ 


(1-sin? 9) =2nt cos @ 


(because sin i =n sin @). 
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This path difference introduces a phase difference 
Ad = a 2nt cos 6 


but an additional phase change of 7 radians occurs at the upper surface. 

Thus if 2nt cos @=mA (m an integer) the two beams are antiphase and 
cancel to give zero intensity, a minimum of interference. If 2nt cos @ =(m+3)A 
the amplitudes will reinforce to give an interference maximum. 

Since ¢ is constant the locus of each interference fringe is determined by a 
constant value of @ which depends on a constant angle i. This gives a circular 
fringe centred on S. An extended source produces a range of constant @ values 
at one viewing position so the complete pattern is obviously a set of concentric 
circular fringes centred on S and formed at infinity. They are fringes of equal 
inclination and are called Haidinger fringes. They are observed to high orders 
of interference, that is values of m, so that t may be relatively large. 

When the thickness ¢ is not constant and the faces of the slab form a wedge, 
fig. 10.24(a) and (b) the interfering rays are not parallel but meet at points 
(real or virtual) near the wedge. The resulting interference fringes are localized 
near the wedge and are almost parallel to the thin end of the wedge. When 
observations are made at or near the normal to the wedge cos @~1 and 
changes slowly in this region so that 2nt cos @ ~ 2nt. The condition for bright 
fringes then becomes 


2nt=(m+3)A 


and each fringe locates a particular value of the thickness ¢ of the wedge and 
this defines the pattern as fringes of equal thickness. As the value of m increases 
tom +1 the thickness of the wedge increases by A/2n so the fringes allow 
measurements to be made to within a fraction of a wavelength and are of 
great practical importance. 

The spectral colours of a thin film of oil floating on water are fringes of 
constant thickness. Each frequency component of white light produces an 
interference fringe at that film thickness appropriate to its own particular 
wavelength. 

In the laboratory the most familiar fringes of constant thickness are 
Newton’s Rings. 


Newton’s Rings 


Here the wedge of varying thickness is the air gap between two spherical 
surfaces of different curvature. A constant value of ¢ yields a circular fringe 
and the pattern is one of concentric fringes alternately dark and bright. The 
simplest example, fig. 10.25, is a plano convex lens resting on a plane reflecting 
surface where the system is illuminated from above using a partially reflecting 
glass plate tilted at 45°. Each downward ray is partially reflected at each 
surface of the lens and at the plane surface. Interference takes place between 
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/ varying 


(a) 


? varying 


Fig. 10.24. Fringes of constant thickness. When the 

thickness ¢ of the material is not constant the fringes 

are localized where the interfering beams meet (a) in 

a real position and (b) in a virtual position. These 

fringes are almost parallel to the line where ¢ = 0 and 
each fringe defines a locus of constant t 


the light beams reflected at each surface of the air gap. At the lower (air to 
glass) surface of the gap there is a 7 radians phase change upon reflexion 
and the centre of the interference fringe pattern, at the point of contact, is 
dark. Moving out from the centre, successive rings are light and dark as the 
air gap thickness increases in units of A/2. If R is the radius of curvature of 
the spherical face of the lens, the thickness ¢ of the air gap at a radius r from 
the centre is given approximately by t ~r7/2R. In the mth order of interference 
a bright ring requires 


2t=(m+A=r/R 
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Fig. 10.25. Newton’s rings of interference for- 

med by an air film of varying thickness between 

the lens and the optical flat. The fringes are 

circular, each fringe defining a constant value of 
the air film thickness 


and because f0Cr* the fringes become more crowded with increasing r. Rings 
may be observed with very simple equipment and good quality apparatus can 
produce fringes for m > 100. 


(Problem 10.19) 


Michelson’s Spectral Interferometer 


This instrument can produce both types of interference fringes, that is, circular 
fringes of equal inclination at infinity and localized fringes of equal thickness. 
At the end of the nineteenth century it was one of the most important 
instruments for measuring the structure of spectral lines. 

As shown in fig. 10.26 it consists of two identical plane parallel glass plates 
G, and G, and two highly reflecting plane mirrors M; and M2. G; has a 
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Fig. 10.26. Michelson’s Spectral Interferometer. The beam 

from source § splits at the back face of G, and the two parts 

are reflected at mirrors M,; and M2 to recombine and interfere 

at the eye or detector. G2 is not necessary with monochromatic 

light but is required to produce fringes when S is a white light 
source 


partially silvered back face, G2 does not. In the figure G; and G; are parallel 
and M, and M; are perpendicular. Slow, accurately monitored motion of M; 
is allowed in the direction of the arrows but the mounting of M2 is fixed 
although the angle of the mirror plane may be tilted so that M; and Mz are 
no longer perpendicular. 

The incident beam from an extended source divides at the back face of G;. 
A part of it is reflected back through G,; to M; where it is returned through 
G, into the eye or detector. The remainder of the incident beam reaches M2 
via G2 and returns through Gz to be reflected at the back face of G; into the 
eye or detector where it interferes with the beam from the M; arm of the 
interferometer. The presence of G2 assures that each of the two interfering 
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beams has the same optical path in glass. This condition is not essential for 
fringes with monochromatic light but it is required with a white light source 
where dispersion in glass becomes important. 

An observer at the detector looking into G; will see Mj, a reflected image 
of M2 (M3 say) and the images S, and $} of the source provided by M; and 
Mz. This may be represented by the linear configuration of fig. 10.27 which 
shows how interference takes place and what type of fringes are produced. 


eee 


ey eee 


2i—= 


Fig. 10.27. Linear configuration to show fringe formation by a Michelson 
interferometer. A ray from point P on the extended source S reflects at 
Mj, and appears to come from P; in the reflected plane S;. The ray is 
reflected from M2 (shown here as M3) and appears to come from P} in 
the reflected plane $5. The path difference at the detector between the 
interfering beams is effectively 2t cos @ where ¢ is the difference between 
the path lengths from the source S to the separate mirrors M,; and M2 


When the optical paths in the interferometer arms are equal and M, and 
Mz are perpendicular the planes of M; and the image M3 are coincident. 
However a small optical path difference t between the arms becomes a 
difference of 2t between the mirrored images of the source as shown in fig. 
10.27. The divided ray from a single point P on the extended source is reflected 
at M; and M2 (shown as M3) but these reflexions appear to come from P; 
and P} in the image planes of the mirrors. The path difference between the 
rays from P; and P} is evidently 2t cos 6. When 2t cos @ = mA a maximum of 
interference occurs and for constant @ the interference fringe is a circle. The 
extended source produces a range of constant @ values and a pattern of 
concentric circular fringes of constant inclination. 

If the path difference ¢ is very small and the plane of Mz is now tilted, a 
wedge is formed and straight localized fringes may be observed at the nar- 
rowest part of the wedge. As the wedge thickens the fringes begin to curve 
because the path difference becomes more strongly dependent upon the angle 
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of observation. These curved fringes are always convex towards the thin end 
of the wedge. 


The Structure of Spectral Lines 


The discussion on spatial coherence, page 300, showed that two close identical 
sources emitting the same wavelength A produced interference fringe systems 
slightly displaced from each other, fig. 10.18. 

The same effect is produced by a single source, such as sodium, emitting 
two wavelengths, A and A—AA so that the maxima and minima of the cos” 
fringes for A are slightly displaced from those for A — AA. This displacement 
increases with the order of interference m until a value of m is reached when 
the maximum for A coincides with a minimum for A —AA and the fringes 
disappear as their visibility is reduced to zero. 

In 1862, Fizeau, using a sodium source to produce Newton’s Rings, found 
that the fringes disappeared at the order m = 490 but returned to maximum 
visibility at m = 980. He correctly identified the presence of two components 
in the spectral line. 

The visibility 

(Tmax ~ Imin) / Imax + Imin) 
equals zero when 
mA =(m +3)(A — AA) 


and for A = 0:5893 microns and m = 490 we have AA = 0:0006 microns, (6 A), 
which are the accepted values for the D lines of the sodium doublet. 

Using his spectral interferometer, Michelson extended this work between 
the years 1890 and 1900, plotting the visibility of various fringe systems and 
building a mechanical harmonic analyser into which he fed different com- 
ponent frequencies in an attempt to reproduce his visibility curves. The sodium 
doublet with angular frequency components w and w + Aw produced a visibil- 
ity curve similar to that of figs. 1.7 and 3.4 and was easy to interpret. More 
complicated visibility patterns were not easy to reproduce and the modern 
method of Fourier Transform spectroscopy reverses the procedure by extract- 
ing the frequency components from the observed pattern. 

Michelson did however confirm that the cadmium red line, A =0-6438 
microns was highly monochromatic. The visibility had still to reach a minimum 
when the path difference in his interferometer arms was 0-2 metres. 


Fabry-Perot Interferometer 


The interference fringes produced by division of amplitude which we have 
discussed so far have been observed as reflected light and have been produced 
by only two interfering beams. We now consider fringes which are observed 
in transmission and which require multiple reflections. They are fringes of 
constant inclination formed in a pattern of concentric circles by the Fabry- 
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Perot interferometer. The fringes are particularly narrow and sharply defined 
so that a beam consisting of two wavelengths A and A — AA forms two patterns 
of rings which are easily separated for small AA. This instrument therefore 
has an extremely high resolving power. The main component of the inter- 
ferometer is an etalon fig. 10.28 which consists of two plane parallel glass 
plates with identical highly reflecting inner surfaces S; and S; which are 
separated by a distance d. 

Suppose a monochromatic beam of unit amplitude, angular frequency w 
and wavelength (in air) of A strikes the surface S, as shown. A fraction ¢ of 


S, S, 


Fig. 10.28. S, and S; are the highly reflecting 
inner surfaces of a Fabry-Perot etalon with a 
constant air gap thickness d. Multiple 
reflections produce parallel interfering beams 
with amplitudes T, RT, RT, etc. each beam 
having a phase difference 


5 =4nd cos 0/A 


with respect to its neighbour 
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this beam is transmitted in passing from glass to air. At S2 a further fraction 
t' is transmitted in passing from air to glass to give an emerging beam of 
amplitude tt' = T. The reflection coefficient at the air-S, and air-S2 surfaces 
is r so each subsequent emerging beam is parallel but has an amplitude factor 
r? =R with respect to its predecessor. Other reflection and transmission losses 
are common to all beams and do not affect the analysis. Each emerging beam 
has a phase lag 6 =47d cos @/A with respect to its predecessor and these 
parallel beams interfere when they are brought to focus via a lens. 

The vector sum of the transmitted interfering amplitudes together with 
their appropriate phases may be written 


A=T eo" HER oO Rae eee 
=Teé"[1+Rie v +R ert as 
which is an infinite geometric progression with the sum 
: A=Te"/(1-Re”) 
This has a complex conjugate 
A*=Te™/(1-Re”) 


If the incident unit intensity is Jo the fraction of this intensity in the transmitted 
beam may be written 


7, AAS Hic 7 1 
Ir I) (1-Re“)(1—-Re”) (1+R*—2R cosé) 
or, with 
cos 6 = 1—2 sin? 6/2 
as 
ra Tr i 1 


To (1—R)'+4R sin’ 6/2 (1—R)* 14[4R sin’ 6/2/(1—R)] 
But the factor sat {oh -R)* is a constant, written C so 


Lie 1 
Ty ~1+[4R sin? 6/2/(1—R)*] 


Writing Clo=IJmax, the graph of J, versus 6 in fig. 10.29 shows that as 
the reflection coefficient of the inner surfaces is increased, the interference 
fringes become narrow and more sharply defined. Values of R >0.9 may be 
reached using the special techniques of multilayer dielectric coating. In one 
of these techniques a glass plate is coated with alternate layers of high and 
low refractive index materials so that each boundary presents a large change 
of refractive index and hence a large reflection. If the optical thickness of 
each layer is A/4 the emerging beams are all in phase and the reflected intensity 
is high. 
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Ina 


Fig. 10.29. Observed intensity of fringes produced by a Fabry-Perot 

interferometer. Transmitted intensity J, versus 6. R =r? where r is the 

reflexion coefficient of the inner surfaces of the etalon. As R increases 
the fringes become narrower and more sharply defined 


Resolving Power of the Fabry-Perot Interferometer 


Fig. 10.29 shows that a value of R = 0-9 produces such narrow and sharply 
defined fringes that if the incident beam has two components A and A — AA 
the two sets of fringes should be easily separated. The criterion for separation 
depends on the shape of the fringes: the diffraction grating of page 328 uses 
the Rayleigh criterion, but the fringes here are so sharp that they are resolved 
at a much smaller separation than that required by Rayleigh. 

Here the fringes of the two wavelengths may be resolved when they cross 
at half their maximum intensities, that is, at J; = Jimax/2 in fig. 10.30. 

Using the expression 

1 
f at 4B sin’ 6/2 
(1-R)y 


we see that J; = Imax when 6 = 0 and J, =Imax/2 when the factor 
4R sin? 6/2/(1—R) =1 


The fringes are so narrow that they are visible only for very small values 
of 5 so we may replace sin 5/2 by 6/2 in the expression 


4R sin? 6/2/(1—R) =1 
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Fig. 10.30. Fabry-Perot interference fringes for two wavelengths A 

and A—AA are resolved at order m when they cross at half their 

maximum intensity. Moving from order m to m +1 changes the phase 

6 by 27 radians and the full ‘half-value’ width of each maximum is 

given by Am = 261/2 which is also the separation between the maxima 
of A and A—AA when the fringes are just resolved 


to give the value 


(1-R) 
b1n= Que 


as that phase departure from the maximum, 6 = 0, which produces the intensity 
I, =Imax/2 for wavelength A. Our criterion for resolution means, therefore, 
that the maximum intensity for A — AA is removed an extra amount 61,2 along 
the phase axis of fig. 10.30. This axis also shows the order of interference m 
at which the wavelengths are resolved, together with the order m+1 which 
represents a phase shift of 6 = 27 along the phase axis. 

In the mth order of interference we have 


2d cos @=maA 


and for fringes of equal inclination (@ constant), logarithmic differentiation 
gives 


A/AA =—m/Am 
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Now Am = 1 represents a phase change of 6 = 27 and the phase difference 
of 2.61/2 which just resolves the two wavelengths corresponds to a change of 
order 


Am =2.61;2/27 


Thus the resolving power, defined as 


shee | sues) | aim 
AA lAmI 612 (1-R) 
The equivalent expression for the resolving power in the mth order for a 
diffraction grating of N lines (interfering beams) is shown on page 328 to be 
A 


ricapiell 


sO We may express 
N'=7R‘?/(1-R) 


as the effective number of interfering beams in the Fabry-Perot inter- 
ferometer. 

This quantity N’ is called the finesse of the etalon and is a measure of its 
quality. We see that 


pee 1 __ separation between orders m and m +1 


“261, Am ‘half value’ width of mth order 


Thus, using one wavelength only, the ratio of the separation between success- 
ive fringes to the narrowness of each fringe measures the quality of the etalon. 
A typical value of N'~ 30. 


Free Spectral Range 


There is a limit to the wavelength difference AA which can be resolved with 
the Fabry-Perot interferometer. This limit is reached when AA is such that 
the circular fringe for A in the mth order coincides with that for A—AA in 
the m+ 1th order. The pattern then loses its unique definition and this value 
of AA is called the free spectral range. 

From the preceding section we have the expression 


and in the limit when AA represents the free spectral range then 
Am=1 


and 
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But mA = 2d when 6 =0 so the free spectral range 
AA =—A?/2d 


Typically d~10-*m and for A (cadmium red)=0-6438 microns we have, 
from 2d = mA, a value of 


m=~3x10* 
Now the resolving power 
A ' 
iW mN 
so, for 
N'=30 


the resolving power can be as high as 1 part in 10°. 


Diffraction 


Diffraction is classified as Fraunhofer or Fresnel. In Fraunhofer diffraction 
the pattern is formed at such a distance from the diffracting system that the 
waves generating the pattern may be considered as plane. A Fresnel diffraction 
pattern is formed so close to the diffracting system that the waves generating 
the pattern still retain their curved characteristics. 


Fraunhofer Diffraction 


The single narrow slit. Earlier in this chapter it was stated that the difference 
between interference and diffraction is merely one of scale and not of physical 
behaviour. 

Suppose we contract the scale of the N equal sources separation f of fig. 
10.20 until the separation between the first and the last source, originally Nf, 
becomes equal to a distance d where d is now assumed to be the width of a 
narrow slit on which falls a monochromatic wavefront of wavelength A where 
d~. Each of the large number N equal sources may now be considered as 
the origin of secondary wavelets generated across the plane of the slit on the 
basis of Huygens’ Principle to form a system of waves diffracted in all 
directions. 

When these diffracted waves are focused on a screen as shown in fig. 10.31 
the intensity distribution of the diffracted waves may be found in terms of 
the aperture of the slit, the wavelength A and the angle of diffraction @. In 
fig. 10.31 a plane light wave falls normally on the slit aperture of width d 
and the waves diffracted at an angle @ are brought to focus at a point P on 
the screen P Po. The point P is sufficiently distant from the slit for all wavefronts 
reaching it to be plane and we limit our discussion to Fraunhofer Diffraction. 

Finding the amplitude of the light at P is the simple problem of superposing 
all the small contributions from the N equal sources in the plane of the slit, 
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Condenser Slit of Focusing Plane of 
lens width 7 lens diffraction 
pattern 


Fig. 10.31. A monochromatic wave normally incident on a 

narrow slit of width d is diffracted through an angle @ and 

the light in this direction is focused at a point P. The amplitude 

at P is the superposition of all the secondary waves in the 

plane of the slit with their appropriate phases. The extreme 

phase difference from contributing waves at opposite edges 
of the slit is @ = 27d sin 0/A =2a 


taking into account the phase differences which arise from the variation in 
path length from P to these different sources. We have already solved this 
problem several times. In Chapter 9 we took it as an example of the Fourier 
Transform method but here we reapply the result already used in this chapter 
on page 304, namely that the intensity at P is given by 

2 


_ , sin” NB Pe i 
I=I, sin? B where NG = ri Nf sin 0 


is half the phase difference between the contributions from the first and last 
sources. But now Nf=d the slit width, and if we replace 8 by a where 
a =(7/A)d sin @ is now half the phase difference between the contributions 
from the opposite edges of the slit, the intensity of the diffracted light at P 
is given by 


I=L sin” (a/A)d sind a sin? a 
‘sin? (7/AN)d sin@ ‘sin? (a/N) 
For N large 
a Ss 
oe ae 
and we have 


+2 22 
2, sin’ @ sin’ @ 
I=N'l, mc) =Io—3 


a 
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(recall that in the Fourier Transform derivation on page 269, 
ah? 
eae ra 
T 


where fA was the amplitude from each source). 


S292 R70 °0le bp oF ==") 
aero —+ dsin@ 
Fig. 10.32. Diffraction pattern from a single nar- 


row slit of width d has an intensity I = Ip sin? a/a? 
where a = 7 dsin 6/A 


Plotting [ = Jo(sin? a/a) with a =(z/A)d sin @ in fig. 10.32 we see that its 
pattern is symmetrical about the value 


a=60=0 


where J =I because sina/a>1 as a>0. The intensity J=0 whenever 
sin a =0 that is, whenever a is a multiple of 7 or 


TT . 
a = asin 6 = 47,427, +37, etc 


giving 
d sin @ =+A,+2A +3A, etc. 


This condition for diffraction minima is the same as that for interference 
maxima between two slits of separation d, and this is important when we 
consider the problem of light transmission through more than one slit. 

The intensity distribution maxima occur whenever the factor sin? a/a” has 
a maximum, that is, when 


d /sina\?_ d (sina 
aaa)? 


cosa sina 
-—=0 
a a 


or 
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This occurs whenever a = tan a, and fig. 10.33 shows that the roots of this 
equation are closely approximated by a = +32/2, +57/2, etc. (see problem 
at end of chapter on exact values). 


tona =a 


To) 
ns 
ni! 


Fig. 10.33. Position of principal and subsidiary 
maxima of single slit diffraction pattern is given 
by the intersections of y=a@ and y =tana@ 


The table below shows the relative intensities of the subsidiary maxima 
with respect to the principal maximum Ip. 


sin? a Ip sin? a 
is a* a? 
1 In 
3x 4 h 
v3 On? 22:2 
Sa 4 Io 
2 25m? 61:7 
Ir 4 Io 
2 49m? 121 


The rapid decrease in intensity as we move from the centre of the pattern 
explains why only the first two or three subsidiary maxima are normally visible. 
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Scale of the Intensity Distribution 


The width of the principal maximum is governed by the condition d sin 6 = +A. 
A constant wavelength A means that a decrease in the slit width d will increase 
the value of sin @ and will widen the principal maximum and the separation 
between subsidiary maxima. The narrower the slit the wider the diffraction 
pattern, that is, in terms of a Fourier transform the narrower the pulse in 
x-space the greater the region in k- or wave number space required to 
represent it. 


(Problems 10.20, 10.21) 


Intensity Distribution for Interference with Diffraction from N Identical Slits 


The extension of the analysis from the example of one slit to that of N equal 
slits of width d and common spacing f, fig. 10.34, is very simple. 

To obtain the expression for the intensity at a point P of diffracted light from 
a single slit we considered the contributions from the multiple equal sources 
across the plane of the slit. 


a=Zasing 
B=Efsing 


on slits 


ea! oe 


U 


N_ identical slits 
width 7 
separation 


7 sinza sitn@ 
Plane of i=l, a’ sin" 
focusing 
lens 
Fig. 10.34. Intensity distribution for diffraction by 


N equal slits is 


' 


Piane_wave front normally inci 


ron sin’ a sin’ NB 
a sin? B 
the product of the diffraction intensity for one slit, 
Io sin? a/a? and the interference intensity between 
N sources sin? NB/sin? B, where a =(z/A)d sin @ 
and B =(7/A)f sin @ 
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We obtained the result 


by contracting the original linear array of N sources of spacing f on page 304. 
If we expand the system again to recover the linear array, where each source 
is now aslit giving us the diffraction contribution 
«2 
sin” a 
[= Io—— 
a 
we need only insert this value at /, in the original expression for the interference 
intensity, 


_, sin’ NB 
Set sin’ B 
on page 304 where 
Tit, 
B= a sin @ 


to obtain, for the intensity at P in fig. 10.34, the value 


sin? a sin’ NB 


Leto a sin’ 6 
where 
T 
=—dsin@ 
a ry in 


Note that this expression combines the diffraction term sin? a/a” for each slit 
(source) and the interference term sin? N@/sin? 8 from N sources (which 
confirms what we expected from the opening paragraphs on interference). The 
diffraction pattern for any number of slits will always have an envelope 


a 
— (single slit diffraction) 
modifying the intensity of the multiple slit (source) interference pattern 
sin? NB 
sin’ B 


Fraunhofer Diffraction for Two Equal Slits (N = 2) 
When N = 2 the factor 
sin? NB 
sin’ B 


=4 cos’ B 
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so that the intensity 
sin? @ 


I =4I)>—z— cos’ B 
a 


the factor 4 arising from N° whilst the cos” 8 term is familiar from the double 
source interference discussion. The intensity distribution for N = 2, f = 2d, is 
shown in fig. 10.35. The intensity is zero at the diffraction minima when 
dsin 6 =n. It is also zero at the interference minima when f sin @ =(n +3)A. 

At some value of 6 an interference maximum occurs for f sin @ = nA at the 
same position as a diffraction minimum occurs for d sin @ = mA. 


Oo #1 2 8 &—e7 
N 2. —*dsin @ 


Fig. 10.35. Diffraction pattern for two equal slits, show- 
ing interference fringes modified by the envelope of a 
single slit diffraction pattern. Whenever diffraction 
minima coincide with interference maxima a fringe is 
suppressed to give a ‘missing order’ of interference 


In this case the diffraction minimum suppresses the interference maximum 
and the order n of interference is called a missing order. 
The value of n depends upon the ratio of the slit spacing to the slit width for 


nd _ fsin@ 
mA dsin@ 
he; 
nee, 
mda 
Thus, if 
fi 
=o 
d 


the missing orders will be n = 2, 4, 6, 8 etc. for m = 1, 2, 3, 4, etc. 
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The ratio 


Laie 


da 


governs the scale of the diffraction pattern since this determines the number 
of interference fringes between diffraction minima and the scale of the diffrac- 
tion envelope is governed by a. 


(Problem 10.22) 


Transmission Diffraction Grating (N Large) 


A large number N of equivalent slits forms a transmission diffraction grating 
where the common separation f between successive slits is called the grating 
space. 
Again, in the expression for the intensity 
sin? a sin’ NB 
Poh itp 


the pattern lies under the single slit diffraction term (fig. 10,36). 
2 
sin’ a 


a 


single slit 
i nee envelope 


\ n= spectral order 


The intensity of each 
\ spectral line fontains 
\ the factor (V 


n=O|n=1 n=2 n=3 


N-2 subsidiary maxima 


Fig. 10.36, Spectral line of a given 
wavelength produced by a diffraction 
grating loses intensity with increasing 
order nas it is modified by the single slit 
diffraction envelope. At the principal 
maxima each spectral line has an intensity 
factor N* where N is the number of lines 
in the grating 


-~ 


Wows ! 
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The principal interference maxima occur at 
fsin@=na 


having the factor N’ in their intensity and these are observed as spectral lines 
of order n. We see, however, that the intensities of the spectral lines of a 
given wavelength decrease with increasing spectral order because of the 
modifying sin? a/a envelope. 


Resolving Power of Diffraction Grating 


The importance of the diffraction grating as an optical instrument lies in its 
ability to resolve the spectral lines of two wavelengths which are too close to 
be separated by the naked eye. If these two wavelengths are A and A+dA 
where dA/A is very small the Resolving Power for any optical instrument is 
given by the ratio A/dA. 

Two such lines are just resolved, according to Rayleigh’s Criterion, when 
the maximum of one falls upon the first minimum of the other. If the lines 
are closer than this their separate intensities cannot be distinguished. 

If we recall that the spectral lines are the principal maxima of the interfer- 
ence pattern from many slits we may display Rayleigh’s Criterion in fig. 10.37 
where the nth order spectral lines of the two wavelengths are plotted on an 
axis measured in units of sin @. We have already seen in fig. 10,21 that the 
half width of the spectral lines (principal maxima) measured in such units is 
given by A/Nf where N is now the number of grating lines (slits) and f is the 
grating space. In fig. 10.37 the nth order of wavelength A occurs when 


fsin@=na 
whilst the nth order for A +d, satisfies the condition 


f{sin 6 +A(sin @)]=n(A +da) 
so that 


fA(sin @)=n da 
Rayleigh’s Criterion requires that the fractional change 


A(sin *= a9 
so that 
fA(sin @)=n da 2 
N 


Hence the Resolving Power of the diffraction grating in the nth order is 
given by 
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A(sin@)= \/MF 


Fig. 10.37. Rayleigh’s criterion states that the two wavelengths A 

and A+dA are just resolved in the nth spectral order when the 

maximum of one line falls upon the first minimum of the other as 

shown. This separation, in units of sin 6, is given by A/Nf where 

N is the number of diffraction lines in the grating and f is the 

grating space. This leads to the result that the resolving power of 
the grating A/dA =nN 


Note that the Resolving Power increases with the number of grating lines 
N and the spectral order n. A limitation is placed on the useful range of n 
by the decrease of intensity with increasing n due to the modifying diffraction 
envelope 

sin’ a 


=~ (fig. 10.36) 
a 


Resolving Power in Terms of the Bandwidth Theorem 


A spectral line in the nth order is formed when f sin @=nA where f sin 6 is 
the path difference between light coming from two successive slits in the 
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grating. The extreme path difference between light coming from opposite 
ends of the grating of N lines is therefore given by 

Nf sin 6 = Nnd 
and the time difference between signals travelling these extreme paths is 


Nna 
Ava 
(sy 
where c is the velocity of light. 
The light frequency v =c/A has a resolvable differential change 
JAA|_ sc 
Av|=c— = —— 
id A? Nnd 
because AA/A = 1/Nn (from the inverse of the Resolving Power). 
Hence 


a en 
Nnd At 


Av 


or Av At =1 (the Bandwidth Theorem). 
Thus the frequency difference which can be resolved is the inverse of the 
time difference between signals following the extreme paths 


(Av At=1_ is equivalent of course to Aw At =27) 
If we now write the extreme path difference as 
Nna = Ax 


we have, from the inverse of the Resolving Power, that 


so 


lanl - a(2) = = doh gh 
aoa “2m Nnd Ax 


where the wave number k = 277/A. 
Hence we also have 


Ax Ak =27 


where Ak is a measure of the resolvable wavelength difference expressed in 
terms of the difference Ax between the extreme paths. 

On pages 65 and 67 we discussed the quality factor Q of an oscillatory 
system. Note that the resolving power may be considered as the Q of an 
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(Problems 10.23, 10.24, 10.25, 10.26) 


Fraunhofer Diffraction from a Rectangular Aperture 


The value of the Fourier transform method of Chapter 9 becomes apparent 
when we consider plane wave diffraction from an aperture which is finite in 
two dimensions. 

Although Chapter 9 carried through the transform analysis for the case of 
only one variable it is equally applicable to functions of more than one variable. 

In two dimensions, the function f(x) becomes the function f(x, y), giving a 
transform F(k,, ky) where the subscripts give the directions with which the 
wave numbers are associated. 

In fig. 10.38 a plane wave front is diffracted as it passes through the 
rectangular aperture of dimensions d in the x-direction and 6 in the y- 
direction. The vector k, which is normal to the diffracted wave front, has 
direction cosines / and m with respect to the x- and y-axes respectively. This 
wavefront is brought to a focus at point P, and the amplitude at P is the 
superposition of the contributions from all points (x, y) in the aperture with 
their appropriate phases. 

A typical point (x, y) in the aperture may be denoted by the vector r; the 
difference in phase between the contribution from this point and the central 


Plane wave front 


normally incident ot 


diffraction 


‘on rectangular image 
aperture Ue 
pian 
—s ____...|__Light diffracted 
Saioec in direction « 
focuses at P 


Fig. 10.38. Plane waves of monochromatic light incident 

normally on a rectangular aperture are diffracted in a direc- 

tion k. All light in this direction is brought to focus at P in 

the image plane. The amplitude at P is the superposition of 

contributions from all the typical points, x, y in the aperture 
plane with their appropriate phase relationships 


332 The Physics of Vibrations and Waves 


point O of the aperture is, of course, (27/A) (path difference), But the path 
difference is merely the projection of the vector r upon the vector k, and the 
phase difference is k. r=(27/A)(ix +my), where [x +my is the projection of 
ronk. 

If we write 


oS a eee 
ry A 


we have the Fourier transform in two dimensions 


co px 


Pes) ~i(k,x+k,y) 
Fkwk=ao[ [five dr dy 


where f(x,y) is the amplitude of the small contributions from the points in 
the aperture. 
Taking f(x, y) equal to a constant a, we have F(k,,k,) the amplitude in 


k-space at P 
a +d/2 p+b/2 3 é 
= en eo” dx di 
(2)° is is ‘A 
a sina sinB 
“Gea B 
where 
_ ld _ kd 
ames na) 
and 
_7mb_kyb 
A 2 


Physically the integration with respect to y evaluates the contribution of a 
strip of the aperture along the y direction, and integrating with respect to x 
then adds the contributions of all these strips with their appropriate phase 
relationships. 

The intensity distribution of the rectangular aperture is given by 

sin? a sin? B 
IT=h— 3 
a B 
and relative intensities of the subsidiary maxima depend upon the product of 
the two diffraction terms sin* a/a” and sin? B/B”. 

These relative values will therefore be numerically equal to the product of 

any two terms of the series 


8 owed imigeAad 
On” 2S” 490” 


etc. 
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Wide diffraction pattern from y dimension 


Fig. 10.39. The distribution of intensity in the diffraction pattern from 

a rectangular aperture is seen as the product of two single-slit diffraction 

patterns, a wide diffraction pattern from the narrow dimension of the 

slit and a narrow diffraction pattern from the wide dimension of the slit. 

This ‘rotates’ the diffraction pattern through 90° with respect to the 
aperture 


The diffraction pattern from such an aperture together with a plan showing 
the relative intensities is given in fig. 10.39. 


Fraunhofer Diffraction from a Circular Aperture 


Diffraction through a circular aperture presents another two-dimensional 
problem to which the Fourier transform technique may be applied. 

As in the case of the rectangular aperture, the diffracted plane wave 
propagates in a direction k with direction cosines / and m with respect to the 
x- and y-axes (fig. 10.40a). The circular aperture has a radius d and any point 
in it is specified by polar coordinates (r,@) where x =r cos @ and y =r sin @. 
This plane wave front in direction k is focused at a point P in the plane of 
the diffraction pattern and the amplitude at P is the superposition of the 
contributions from all points (r, @) in the aperture with their appropriate phase 
relationships. The phase difference between the contribution from a point 
defined (x, y) and that from the central point of the aperture is 


= (path difference) = “lg +my)=k.x+kyy 
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Fig. 10.40. (a) A plane monochromatic wave diffracted in a direc- 
tion k from a circular aperture is focused at a point P in the image 
plane. Contributions from all points x, y in the aperture superpose 
at P with appropriate phase relationships. (b) The direction k of 
(a) is chosen to lie wholly in the xz-plane to simplify the analysis. 
No generality is lost because of circular symmetry. The variation 
of the amplitude of diffracted light along any one radius determines 
the complete pattern 


as with the rectangular aperture, so that the Fourier transform becomes 


co 


cetbilonn(™ =i(kyx+k,y) 
Flksbs)= Gare | J flan ye thr" de dy 


If we use polar coordinates, f(x, y) becomes f(r, @) and dx dy becomes r dr dé, 
where the limits of 6 are from 0 to 27. Moreover, because of the circular 
symmetry we may simplify the problem. The amplitude or intensity distribu- 
tion along any radius of the diffraction pattern is sufficient to define the whole 
of the pattern, and we may choose this single radial direction conveniently 
by restricting k to lie wholly in the xz plane (fig. 10.40b) so that m =k, =0 
and the phase difference is simply 


La =k,x =k,r cos@ 
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Assuming that f(r, @) is a constant amplitude a at all points in the circular 
aperture, the transform becomes 


Qn d 
Fk.) = | do eRe, dp 
0 


This can be integrated by parts with respect to r and then term by term in a 
power series for cos @, but the result is well known and conveniently expressed 
in terms of a Bessel function as 


Fks =F ilk d) 


where J;(k,d) is called a Bessel function of the first order. 

Bessel functions are series expansions which are analogous to sine and 
cosine functions. Where sines and cosines are those functions which satisfy 
rectangular boundary conditions defined in Cartesian coordinates, Bessel 
functions satisfy circular or cylindrical boundary conditions requiring polar 
coordinates. 

Standing waves on a circular membrane, e.g. a drum, would require 
definition in terms of Bessel functions. 

The Bessel function of order n is written 


Jn (x) = x" eet Le ed ) 
mM) OIN 22ND Ben Dona! 


so that 


7 
ae ra xe te 


The expression a*d“[J,(k.d)/kxd}, which measures the intensity along any 
radius of the diffraction pattern due to a circular aperture is normalized and 
plotted in fig. 10.41. 

J; (kd) has an infinite number of zeros, and the diffraction pattern is formed 
by an infinite number of light and dark concentric rings. The first dark band 
will occur at the first zero of J;(k.d) which is given by k,d = 1:2197. 

However, 


k d= hgh g sin 6’ 


where @’ is the angle between the vector k and the z-axis and defines the 
angle of diffraction. The first minimum therefore occurs at d sin 6’=0-61A 
and the next minimum at d sin @'= 1-16A. 

If the aperture were square with a side length 2d (the diameter of the 
circle) the first dark fringe would be at d sin @’=0-5A and the second at 
dsin 0'=A. 
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Fig. 10.41. Intensity of the diffraction pattern from 
a circular aperture of radius d versus r, the radius of 
the pattern. The intensity is proportional to 
[ilk.d)/k,d], where J; is Bessel’s function of order 
1. The pattern consists of a central circular principal 
maximum surrounded by a series of concentric rings 
of minima and subsidiary maxima of rapidly 
diminishing intensity 


As the radius of the circular aperture is reduced the value of 6’ for the first 
minimum is increased and the whole pattern expands. This reminds us that 
a reduction of the pulse in x-space requires an increase in wave number or 
k-space to represent it. 


Fresnel Diffraction 


The Straight Edge and Slit 


Our discussion of Fraunhofer diffraction considered a plane wave normally 
incident upon a slit in a plane screen so that waves at each point in the plane 
of the slit were in phase. Each point in the plane became the source of a new 
wavefront and the superposition of these wavefronts generated a diffraction 
pattern. At a sufficient distance from the slit the superposed wavefronts were 
plane and this defined the condition for Fraunhofer diffraction. Its pattern 
followed from summing the contributions from these waves together with 
their relative phases and on page 21 we saw that these formed an arc of 
constant length. When the contributions were all in phase the arc was a straight 
line but as the relative phases increased the arc curved to form closed circles 
of decreasing radii. The length of the chord joining the ends of the arc 
measured the resulting amplitude of the superposition and the square of that 
length measured the light intensity within the pattern. 

Nearer the slit where the superposed wavefronts are not yet plane but 
retain their curved character the diffraction pattern is that of Fresnel. There 
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Fig. 10.42. Cornu spiral associated with Fresnel diffraction. 
The spiral in the first quadrant represents the contribution 
from the upper half of an infinite plane wavefront above 
an infinite straight edge. The third quadrant spiral results 
from the downward withdrawal of the straight edge. The 
width of the wavefront contributing to the diffraction pattern 
is correlated with the length u along the spiral. The upper 
half of the wavefront above the straight edge contributes 
an intensity. (OZ,)° that is, the square of the length of the 
chord from the origin to the spiral eye. This intensity is 0-25 
of the intensity (ZZ) due to the whole wavefront 


is no sharp division between Fresnel and Fraunhofer diffraction, the pattern 
changes continuously from Fresnel to Fraunhofer as the distance from the 
slit increases. 

The Fresnel pattern is determined by a procedure exactly similar to that 
in Fraunhofer diffraction, an arc of constant length is obtained but now it 
convolutes around the arms of a pair of joined spirals, fig. 10.42, and not 
around closed circles. 

An understanding of Fresnel diffraction is most easily gained by first 
considering, not the slit, but a straight edge formed by covering the lower 
half of the incident plane wavefront with an infinite plane screen, The 
undisturbed upper half of the wavefront will contribute one half of the total 
spiral pattern, that part in the first quadrant. 
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Fig. 10.43. Fresnel diffraction pattern 

from a straight edge. Light is found 

within the geometric shadow and fringes 

of varying intensity form the observed 

pattern. The intensity at the geometric 

shadow is 0:25 of that due to the undis- 
turbed wavefront 


The Fresnel diffraction pattern from a straight edge, fig. 10.43, has several 
significant features. In the first place light is found beyond the geometric 
shadow; this confirms its wave nature and requires a Huygens wavelet to 
contribute to points not directly ahead of it (see the discussion on page 278). 
Also, near the edge there are fringes of intensity greater and less than that 
of the normal undisturbed intensity (taken here as unity). On this scale the 
intensity at the geometric shadow is exactly 0-25. 

To explain the origin of this pattern we consider the point O at the straight 
edge of fig. 10.44 and the point P directly ahead of O. The line OP defines 
the geometric shadow. Below O the screen cuts off the wavefront. The phase 
difference between the contributions to the disturbance at P from O and from 
a point H, height h above O is given by 

2a Qn 1h? 
Ath) ri (HP —OP) 5a a 
where OP =/ and higher powers of h”//? are neglected. 

We now divide the wavefront above O into strips which are parallel to the 
infinite straight edge and we call these strips ‘half period zones’. This name 
derives from the fact that the width of each strip is chosen so that the 
contributions to the disturbance at P from the lower and upper edges of a 
given strip differ in phase by 7 radians. 

Since the phase A(h)och? we shall not expect these strips or half period 
zones to be of equal width and fig. 10.45 shows how the width of each strip 
decreases as h increases. The total contribution from a strip will depend upon 
its area, that is, upon its width. The amplitude and phase of the contribution 
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Fig. 10.44. Line OP normal to the 
straight edge defines the geometric 
shadow. The wavefront at height A 
above O makes a contribution to the 
disturbance at P which has a phase lag 
of 7h?/Al with respect to that from O. 
The total disturbance at P is the vector 
sum (amplitude and phase) of all contri- 
butions from the wavefront section 
above O 


9 


at P from a narrow strip of width dh at a height h above O may be written 
as (dh) e'“ where A= rh?/Al. 
This contribution may be resolved into two perpendicular components 


dx =dh cos A 


and 
dy =dh sinA 


If we now plot the vector sum of these contributions the total disturbance 
at P from that section of the wavefront measured from O to a height A will 
have the component values x ={ dx and y =f dy. These integrals are usually 
expressed in terms of the dimensionless variable u = h(2/Al)'? the physical 
significance of which we shall see shortly. 
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Fig. 10.45. Variation of the width of each 
half period zone with height A above the 
straight edge 


We then have A=ru?/2 and dh =(Al/2)'/? du and the integrals become 
xe J dx = { cos (u?/2) du 
and 
y= J dy= [ sin (wu*/2) du 


These integrals are called Fresnels Integrals and the locus of the coordinates 
x and y with variation of u (that is of /) is the spiral in the first quadrant of 
fig. 10.42. The complete figure is known as Cornu’s spiral. 

As fA, the width of the contributing wavefront above the straight edge, 
increases, we measure the increasing length u from 0 along the curve of the 
spiral in the first quadrant until, as h and u>co we reach Z, the centre of 
the spiral eye with coordinate x =}, y =}. 

The tangent to the spiral curve is 

dy mu 


re is 


and this is zero when the phase 
A(h) = wh?/Al = qu?/2 =m 


where m is an integer so that wu =<(2m) relates u, the distance measured 
along the spiral to m the number of half period zones contributing to the 
disturbance at P. The total intensity at P due to all the half period zones 
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above the straight edge is given by the square of the length of the ‘chord’ 
OZ,. This is the intensity at the geometric shadow. 

Suppose now that we keep P fixed as we slowly withdraw the screen vertically 
downwards from O. This begins to reveal contributions to P from the lower 
part of the wavefront that is, the part which contributes to the Cornu spiral 
in the third quadrant. The length u now includes not only the whole of the 
upper spiral arm but an increasing part of the lower spiral until, when u has 
extended to Z2 the ‘chord’ ZZ, has its maximum value and this corresponds 
to the fringe of maximum intensity nearest the straight edge. Further with- 
drawal of the screen lengthens u to the position Z3 which corresponds to the 
first minimum of the fringe pattern and the convolutions of an increasing 
length w around the spiral eye will produce further intensity oscillations of 
decreasing magnitude until, with the final removal of the screen, u is now the 
total length of the spiral and the square of the ‘chord’ length ZZ’ gives the 
undisturbed intensity of unit value. But Z;Z =2Z,O so that the undisturbed 
intensity (Z:Z’)° is a factor of four greater than (Z,O)° the intensity at the 
geometric shadow. 

The Fresnel diffraction pattern from a slit may now be seen as that due to 
a fixed height A of the wavefront equal to that of the slit width. This defines 
a fixed length u of the spiral between the end points of which the ‘chord’ is 
drawn and its length measured and squared to give the intensity. At a given 
distance from the slit the intensity at a point P in the diffraction pattern will 
correlate with the precise location of the fixed length u along the spiral. At 
the centre of the pattern P is symmetric with respect to the upper and lower 
edges of the slit and the fixed length u is centred about O fig. 10.46. As P 
moves across the pattern towards the geometric shadow the length u moves 
around the convolutions of the spiral. In the geometric shadow this length is 
located entirely within the first or third quadrant of the spiral and the 
magnitude of the ‘chord’ between its ends is less than OZ,. When the slit is 
wide enough to produce the central minimum of the diffraction pattern in fig. 
10.47 the length u is centred at O with its ends at Z; and Z, in fig. 10.46. 


Circular aperture (Fresnel diffraction) 


In this case the half period zones become annuli of decreasing width. If r, is 
the mean radius of the half period zone whose phase lag is nz with respect 
to the contribution from the central ring the path difference in fig. 10.48 is 
given by 


NP—OP=A=nA/2=3r2/I 


Unlike the rectangular example of the straight edge where the area of the 
half period zone was proportional to its width dh each zone here has the 
same area equal to Al. 

Each zone thus contributes equally to the disturbance at P except for a 
factor arising from the rigorous Kirchhoff theory which, until now, we have 
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Fig. 10.46. The slit width A defines a fixed length u of 
the spiral. The intensity at a point P in the diffraction 
pattern is correlated with the precise location of u on 
the spiral. When P is at the centre of the pattern u is 
centred on O and moves along the spiral as P moves 
towards the geometric shadow. Within the geometric 
shadow the chord joining the ends of u is less than OZ; 


been able to ignore. This is the so called obliquity factor cos y where y is 
shown in the figure. This factor is negligible for small values of n but its effect 
is to reduce a zone contribution as n increases. A large circular aperture with 
many zones produces, in the limit, an undisturbed normal intensity on the 
axis and from fig. 10.49 where we show the magnitude and phase from 
successive half zones we see that the sum of these vectors which represents 
the amplitude produced by an undisturbed wave is only half of that from the 
innermost zone. 

It is evident that if alternate zones transmit no light then the contributions 
from the remaining zones would all be in phase and combine to produce a 
high intensity at P similar to the focusing effect of a lens. Such circular ‘zone 
plates’ are made by blacking out the appropriate areas of a glass slide, fig. 
10.50. A further refinement increases the intensity still more. If the alternate 
zone areas are not blacked out but become areas where the optical thickness 
of the glass is reduced, via etching, by A/2 the light transmitted through these 
zones is advanced in phase by 7 radians so that the contributions from all 
the zones are now in phase. 
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Fig. 10.47. Fresnel diffraction pattern from a slit which is wide enough for 
the spiral length u to be centred at O and to end on points Z3 and Z, of 
fig. 10.46. This produces the intensity minimum at the centre of the pattern 


Holography 

Why is it that when we observe an object we see it in three dimensions but 
when we photograph it we obtain only a flat two dimensional distribution of 
light intensity? The answer is that the photograph has lost the information 
contained in the phase of the incident light. Holographic processes retain this 
information and a hologram reconstructs a three dimensional image. 


Fig. 10.48. Fresnel diffraction from a circular 
aperture. The mean radius r, defines the half 
period zone with a phase lag of nz at P with 
respect to the contribution from the central zone. 
The obliquity angle y which reduces the zone 
contribution at P increases with n 
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Fig. 10.49. The vector contributions from suc- 
cessive zones in the circular aperture. The ampli- 
tude produced by an undisturbed wave is seen 
to be only half of that from the central zone. 
Removing the contributions from alternate zones 
leaves the remainder in phase and produces a 
very high intensity. This is the principle of the 
zone plate of fig. 10.50 


Fig. 10.50. Zone plate produced 

by removing alternate half zones 

from a circular aperture to leave 

the remaining contributions in 
phase 
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The principle of holography was proposed by Gabor in 1948 but its full 
development needed the intense beams of laser light. A hologram requires 
two coherent beams and the holographic plate records their interference 
pattern. In practice both beams derive from the same source, one serves as 
a direct reference beam the other is the wavefront scattered from the object. 

Fig. 10.51 shows one possible arrangement where a partly silvered beam 
splitter passes the direct reference beam and reflects light on to the object 
which scatters it on to the photographic plate. Mirrors or deviating prisms 
are also used to split the incident beam. 
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Fig. 10.51. The hologram records the 
interference between two parts of the 
same laser beam. The original beam is 
divided by the partially silvered beam 
splitter to form a direct reference beam 
and a wavefront scattered from the 
object. The amplitude and phase infor- 
mation contained in the scattered wave- 
front must be preserved and recovered 


In fig. 10.51 let the reference beam amplitude be Ao e'. If the holographic 
plate lies in the yz plane both the amplitude and phase of scattered light 
which strikes a given point (y, z) on the plate will depend on these co-ordinates. 
We simplify the analysis by considering only the y co-ordinate shown in the 
plane of the paper and we represent the scattered light in amplitude and 
phase as a function of y, namely 


Aly) elortoO)) 


It is this information we shall wish to recover. 
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_ We may now write the resulting amplitude at y (after removing the common 
e' factor) as 


A=Ao+Al(y)e?” 
The intensity is therefore 
I =AA* =[Ao+A(y) e* At Aly) 217 °"7] 
=A +Aly) +AoA(y)[e*™ +e] 


The holographic plate records this intensity as shown in fig. 10.52 where 
the reference intensity AG is modulated by the terms which contain A(y) and 
¢(y), the original scattered amplitude and phase information. This modulation 
shows of course as contrasting interference fringes whose local intensity is 


Intensity 
recorded 
by hologram 


_ 
Distance along hologram y 


Fig. 10.52. Total intensity recorded as a function 

of y by the holographic plate, The direct refer- 

ence beam intensity A@ is modulated by informa- 

tion from the scattered wavefront. This shows as 

variations in the intensity of an interference 
fringe pattern 


governed by the amplitude A(y) and whose distribution along the y axis is 
determined by the phase 4(y). The wavefront scattered by the object is now 
reconstructed to form the holographic image. This is done by shining the 
reference beam through the processed hologram which acts as a diffraction 
grating. The greater the recorded intensity the lower the transmitted ampli- 
tude. If the developed photographic emulsion possessed idealized characteris- 
tics the relation between the transmitted amplitude of the reference beam 
and the exposure would be linear. Exposure defines the product of incident 
intensity and exposure time. The curve relating the characteristics for a real 
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holographic emulsion is shown in fig. 10.53 and this is linear only over a 
limited range near the centre indicated by the dotted lines. This imposes 
several conditions on practical holography. 

In the first place the exposure must be correctly chosen at the value Ec. 
Secondly, the value of the reference beam intensity Aj must be chosen to 
produce the correct transmitted amplitude T» on the vertical axis of fig. 10.53. 


Amplitude transmittance 
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Fig. 10.53. Characteristic curve of a real holographic 
emulsion (transmittance versus exposure). Only the cen- 
tral linear section of the curve is used. The transmittance 
T» (governed by the reference beam intensity Ad) is 
chosen with the critical exposure E, to produce the central 
point on the linear part of the curve. Information from 
the scattered wavefront must keep the modulations 
within the linear range for faithful reproduction free from 
distortion 


This value of Ty is at the centre of the linear range. Finally the modulation 
of Aj by the scattered intensity A(y)° in fig. 10.53 must be small enough for 
the transmission of the modulated signal to remain within the linear range of 
the characteristic curve. Excursions outside this range introduce nonlinear 
distortions by generating extra Fourier frequency components (the situation 
is similar to that for characteristic curves in electronic amplifiers). 

Experimentally this final restriction requires A(y)« Ao. 

Shining the reference beam through the processed hologram produces a 
transmitted amplitude 


AoT =Ad+AdAly) e?” + AGA (y)e 
=Aj[Aot+ Aly) +A(y) e*] 
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Fig. 10.54. (a) Shining the reference beam through the processed hologram 

produces three components Ao, A(y) e'*"”’ and A(y) e “*"”’ in the directions 

shown. Movement of the eye from X to Y about the component A(y) e®”” 

resolves the separate points O and O’ on the image of the object to reveal 

its three dimensional nature. (b) In (b) this image at O is seen to be virtual 

while the image associated with the component A (y) e'*”” is real. This real 
image is ‘phase reversed’ and the object appears ‘inside out’ 


where we have neglected the A(y)* term as «Aq and have written the negative 
and positive exponential terms separately. This has a profound physical 
significance for we see that apart from the common constant factor Ao, the 
observed transmitted beam has three components Ao, A(y)e'®®) and 
Aly)e iby), 

The first term, Ao, shows that the incident reference beam has continued 
beyond the hologram to form the central beam of fig. 10.54(a). The second 
component A(y)e'*”? has the same form in amplitude and phase as the 
original wavefront scattered from the object. As shown in fig. 10.54(b) it is 
seen to be a wavefront diverging from a virtual image of the object having 
the same size and three dimensional distribution as the object itself. Moving 
the eye across this beam in 10.54(a) exposes a different section OO' of the 
virtual image to produce a three dimensional effect. 

The third component of the transmitted beam is identical with the second 
except for the phase reversal; it has a negative exponential index. It forms 
another image, in this case a real image often referred to as ‘pseudoscopic’. 
It is an image of the original object turned inside out. All contours are 
reversed, bumps become dents and the closest point on the original object 
when viewed directly by the observer now becomes the most distant. 
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Problem 10.1 


Apply the principle of page 284 to a thin bi-convex lens of refractive index n to show 
that its focal length is 


ee) 
ENR Res 
where R, and R2, the radii of curvature of the convex faces, are both much greater 
than the thickness of the lens. 


Problem 10,2 


A plane parallel plate of glass of thickness d has a non-uniform refractive index n 
given by n =/o—ar’ where no and a are constants and r is the distance from a certain 
line perpendicular to the sides of the plate. Show that this plate behaves as a converging 
lens of focal length 1/2ad. 


Problem 10.3 


For oscillatory waves the focal point F of the converging wavefront of fig. 10.55 is 
located where Huygens secondary waves all arrive in phase: the point F’ vertically 
above F receives waves whose total phase range A¢ depends on the path difference 
AF’— BF’. When F’ is such that Ad is 27 the resultant amplitude tends to zero, Thus 


Fig. 10.55 


the focus is not a point but a region whose width x depends on the wavelength A and 
the angle @ subtended by the spherical wave. If PF’ is perpendicular to BF the phase 
at F’ and P may be considered the same. Show that the width of the focal spot is given 
by x =A/sin @. Note that sin @ is directly related to the f/d ratio for a lens (focal 
length/diameter) so that x defines the minimum size of the image for a given wavelength 
and a given lens. 


Problem 10.4 


Figure 10.56 shows schematically two thin lenses of powers P, and P, separated by 
a distance ¢ in air, Use the arguments associated with fig. 10.11 to show that the 
combined power P of the lenses is given by P = P, + P,—PPat. 
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Lens 1 Lens 2 


Fig. 10.56 


Problem 10.5 


The powers P, and P, of problem 10.4 now represent the powers of the refractive 
surfaces of a lens of thickness ¢ and refractive index n. Repeat the arguments of 
problem 10.4 to show that the power of a thick lens is given by 


P=P,+P,—P,P2t/n 


Problem 10.6 

In fig. 10.14 trace the ray LoF, to L; and use the method of similar triangles to prove 
Newton's formula 

xx'= ff" 

Problem 10.7 

As an object moves closer to the eye its apparent size grows with the increasing angle 
it subtends at the eye. A healthy eye can accommodate (that is, focus) objects from 
infinity to about 25 cm. the closest ‘distance of distinct vision’. Beyond this ‘near point’ 
the eye can no longer focus and a magnifying glass is required. A healthy eye has a 
range of accommodation of 4 dioptres (1/00 to 1/0:25 metres). If a man’s near point 
is 40 cm from his eye show that he needs spectacles of power equal to 1-5 dioptres. 


If another man is unable to focus at distances greater than 2 m. show that he needs 
diverging spectacles with a power of —0-5 dioptres. 


Problem 10.8 


Fig. 10.57 shows a magnifying glass of power P with an erect and virtual image at /'. 
The angular magnification 


M.=B/y 
__ angular size of image seen through the glass at distance /’ 
angular size of object seen by the unaided eye at d, 


where d, is the distance of distinct vision. Show that the transverse magnification 
Mr; =!'/I where / is the actual distance (not d,) at which the object O is held. Hence 
show that M, =d,// and use the thin lens power equation, page 292, to show that 


M, =4,(P +1/l')=Pdo+1 


when /'= do. Note that M, reduces to the value Pd) when the eye relaxes by viewing 
the image at 0, 
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Fig. 10.57 


Problem 10.9 


A telescope resolves details of a distant object by accepting plane wavefronts from 
individual points on the object and amplifying the very small angles which separate 
them. In fig. 10.58, a is the angle between two such wavefronts one of which propagates 
along the optical axis. In normal adjustment the astronomical telescope has both object 
and image at ©o so that the total power of the system is zero. Use the result of problem 
10.4 to show that the separation of the lenses must be f,+/, where f, and f, are 
respectively the focal lengths of the object and eye lenses. 


Plone - f — a 
wavefronts i} Object lens 


Rays from virtual 
image a! © 


Fig. 10.58 


If 2y is the width of the wavefront at the objective and 2y’ is the width of the 
wavefront at the eye ring show that 


' 
a 

m,=|*|= 
a 


fo|_D 
fel d 


where D is the effective diameter of the object lens and d is the effective diameter 
of the eye lens. Note that the image is inverted. 
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Problem 10.10 


The two lens microscope system of fig. 10.59 has a short focus objective lens of power 
P, and a magnifying glass eyepiece of power P,. The image is formed at the near point 
of the eye (the distance d, of problems 10.7 and 10.8). Show that the magnification 
by the object lens is M, = —P,x’ where the minus sign shows that the image is inverted. 
Hence use the expression for the magnifying glass in problem 10.8 to show that the 
total magnification is 


M=M.M. =~-P.P.d.x' 


The length x’ is called the optical tube length and is standardized for many microscopes 
at 0.14 m. 


Fig. 10.59 


Problem 10.11 


Microscope objectives are complex systems of more than one lens but the principle 
of the oil immersion objective is illustrated by the following problem. In fig. 10.60 
the object O is embedded a distance R/n from the centre C of a glass sphere of radius 


Fig. 10.60 
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R and refractive index n. Any ray OP entering the microscope is refracted at the 
surface of the sphere and, when projected back, will always meet the axis CO at the 
point I. Use Snell’s Law to show that the distance IC = nR. 


Problem 10.12 


Two identical radio masts transmit at a frequency of 1500 kc/s and are 400 metres 
apart. Show that the intensity of the interference pattern between these radiators is 
given by I = 2J,[1+cos (47 sin @)], where J, is the radiated intensity of each. Plot this 
intensity distribution on a polar diagram in which the masts lie on the 90°-270° axis 
to show that there are two major cones of radiation in opposite directions along this 
axis and 6 minor cones at 0°, 30°, 150°, 180°, 210° and 330°, 


Problem 10.13 


(a) Two equal sources radiate a wavelength A and are separated a distance A/2. There 
is a phase difference 5)=7 between the signals at source. If the intensity of each 
source is J,, show that the intensity of the radiation pattern is given by 


1=41, sin? (Fsin 0) 


where the sources lie on the axis 7/2. 
Plot J versus 6. 
(b) If the sources in (a) are now A/4 apart and 59 = 7/2 show that 


[T= 41 cos! ui +sin 0)| 


Plot J versus . 
Problem 10.14 


(a) A large number of identical radiators is arranged in rows and columns to form a 
lattice of which the unit cell is a square of side d. Show that all the radiation from 
the lattice in the direction @ will be in phase at a large distance if tan @ = m/n, where 
m and n are integers. 

(b) If the lattice of section (a) consists of atoms in a crystal where the rows are parallel 
to the crystal face, show that radiation of wavelength A incident on the crystal face 
at a grazing angle of @ is scattered to give interference maxima when 2d sin @ =nA 
(Bragg reflexion). 


Problem 10.15 


Michelson’s Stellar Interferometer, shown schematically in the diagram, allows 
monochromatic light from two separate stars 1 and 2 to form double slit interference 
fringes on the screen PP’. If the angles are small show that the phase difference 
between the two beams from star 1 is 


2 
81="flar+8) 


Find a similar expression for 5, (star 2) and show that the condition for the fringe 
system formed by star 1 to be displaced half a fringe from that formed by star 2 is 


a 
2f 


a@=a,-a,= 
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where @ is the angular separation between the stars. Such a fringe displacement 
destroys the intensity contrast of the fringe system and experimentally f is varied to 
find its minimum value at which the contrast vanishes in order to measure a. 


Problem 10.16 


M--mirror 


The interferometer of problem 10.15 is modified by the mirror system shown in the 
diagram where / and f are variable, Show that the resolving power of this arrangement 
is a factor //f greater than that of problem 10,15. 
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Problem 10.17 


Show that the separation of equal sources in a linear array producing a principal 
maximum along the line of the sources (@ =+77/2) is equal to the wavelength being 
radiated. Such a pattern is called ‘end fire’. Determine the positions (values of @) of 
the secondary maxima for N = 4 and plot the angular distribution of the intensity. 


Problem 10.18 


The first multiple radio astronomical interferometer was equivalent to a linear array 
of N = 32 sources (receivers) with a separation f =7 metres working at a wavelength 
A =0-21 metre. Show that the angular width of the central maximum is 6 minutes of 
arc and that the angular separation between successive principal maxima is 1° 42’. 


Problem 10.19 


Suppose that Newton’s Rings are formed at a wavelength A by the system in fig. 10.25 
except that the planoconvex lens now rests centrally in a concave surface of radius of 
ture R, and not on an optical flat. Show that the radius r, of the nth dark ring 
is given by 


ae R,Rond 
""(Ri-R2) 


where R, is the radius of curvature of the convex surface of the lens and R,>R2. 
(Note R, and R>» have the same sign.) 


Problem 10.20 


Monochromatic light is normally incident on a single slit, and the intensity of the 
diffracted light at an angle @ is represented in magnitude and direction by a vector I, 
the tip of which traces a polar diagram. Sketch several polar diagrams to show that 
as the ratio of slit width to the wavelength gradually increases the polar diagram 
becomes concentrated along the direction @ = 0. 


Problem 10.21 


The condition for the maxima of the intensity of light of wavelength A diffracted by 
a single slit of width d is given by a =tan a, where a = 7d sin 6/A. The approximate 
values of a which satisfy this equation are a =0, +32/2, +57/2, etc. Writing a = 
3m/2—5, 52/2—6, etc., where 6 is small, show that the real solutions for a are a =0, 
+1:437, +2459, +3-4717, etc. 


Problem 10.22 


Prove that the intensity of the secondary maximum for a grating of three slits is 5 of 
that of the principal maximum. 


Problem 10.23 


A diffraction grating has N slits and a grating space f. If 6 = wf sin @/A, where @ is 
the angle of diffraction, calculate the phase change dB required to move the diffracted 
light from the principal maximum to the first minimum to show that the half width 
of the spectral line produced by the grating is given by dé =(nN cot @)"', where n is 
the spectral order. ( For N = 14,000, n = 1 and 6 = 19°, d@ ~5 seconds of arc.) 


Problem 10.24 


(a) Dispersion is the separation of spectral lines of different wavelengths by a diffraction 
grating and increases with the spectral order n. Show that the dispersion of the lines 
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when projected by a lens of focal length F on a screen is given by 


for a diffraction angle @ and the nth order, where / is the linear spacing on the screen 
and f is the grating space. 

(b) Show that the change in linear separation per unit increase in spectral order for 
two wavelengths A = 5 x 10°’ metres and A, = 5-2 x 10°” metres in asystem where F =2 
metres and f = 2x 10~° metres is 2 x 10°? metres. 


Problem 10.25 


(a) A sodium doublet consists of two wavelengths A, = 5-890 x 10’ metres and A, = 
5-896 x 10” metres. Show that the minimum number of lines a grating must have to 
resolve this doublet in the third spectral order is ~328. 

(b) A red spectral line of wavelength A =6-5 x 10°’ metres is observed to be a close 
doublet. If the two lines are just resolved by a grating of 9 x 10* lines show that the 
doublet separation is 2 10~'* metres. 


Problem 10.26 


Optical instruments have circular apertures, so that the Rayleigh criterion for resolution 
is given by sin @ = 1:22A/a, where a is the diameter of the aperture. 


5 exaggerated. Consider 08 I! O'8 
OA 11 OA 


Two points O and O’ of a specimen in the object plane of a microscope are separated 
by a distance s. The angle subtended by each at the objective aperture is 2i and their 
images I and I’ are just resolved. By considering the path difference between O’A and 
O'B show that the separation s = 1:22A/2 sini. 


Summary of Important Results 


Power of a thin lens 


where n is the refractive index of the lens material, R; and R2 are the radii 
of curvature of the lens surfaces and f is the focal length. 
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Optical Helmholtz Equation 


ny tan a =constant 


where n is the refractive index of a medium, y is the width of a wavefront 
section and a is the angle between the optical axis and the normal to the 
wavefront section. 

This equation becomes 


nya = constant for paraxial rays. 


Interference: division of wavefront (two equal sources) 


Intensity 

I =4I, cos’ 6/2 
where 

I, =source intensity 
and 


é= [7 (path difference) is phase difference 


Interference (N equal sources-separation f) 


+2 
sin’ NB ifftivcn 
I=I, sin? B where B = el sin 0 


Principal maxima 
I=N’I, atfsind=na 


Fraunhofer diffraction (single slit—width d) 
Intensity 


+2 
sin 

I=h= ai where a =—d sin @ 
a A 


Intensity distribution from N slits (width d-separation f ) 


sin’ a sin’ NB 
HRs fa ee, 
a sin’ B 


(interference pattern modified by single slit diffraction envelope). 
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Resolving power of transmission grating 
A 


moe 


where n is spectral order and N is number of grating lines: 
Expressible in terms of Bandwidth Theorem as 


Av At=1 


where Av is resolvable frequency difference and At is the time difference 
between extreme optical paths. 
Resolving power 


where Q is the quality factor of the system. 


Chapter 11 


Non-linear Oscillations 


The oscillations discussed in this book so far have all been restricted in 
amplitude to those which satisfy the equation of motion where the restoring 
force is a linear function of the displacement. This restriction was emphasized 
in Chapter 1 and from time to time its limiting influence has required further 
discussion, for example in Chapter 5 on acoustic waves in a fluid. We now 
discuss some of the consequences when this restriction is lifted. 


Free Vibrations of an Anharmonic Oscillator—Large Amplitude Motion of a 
Simple Pendulum 


In fig. 1.1 the equation of motion of the simple pendulum was written in terms 
of its angular displacement as 

dd 

—3+ wb =0 

fea 
where w= g/l. Here an approximation was made by writing @ for sin 6; the 
equation is valid for oscillation amplitudes within this limit. When 627° 
however, this validity is lost and we must consider the more complicated 
equation 


2 


“0 A 
qe +wosin 0=0 
Multiplying this equation by 2d6/dt and integrating with respect to f gives 
(d@/dt)° = 2 cos 0+ A, where A is the constant of integration. The velocity 
dé/dt is zero at the maximum angular displacement 6 =, giving A= 
—2w cos A so that 
dé 1/2 


oa @o[2(cos 6—cos 4o)] 


or, upon integrating, 
dé 
a ey 
=o = 6—cos Oo]}'”" 
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If @=0 at time t=0 and T is the new period of oscillation, then @ = 9 at 
t= 1/4, and using half-angles we obtain 


a {e do 
0 


04> Jy sin? 6o/2—sin? 6/2)” 


If we now express @ as a fraction of @ by writing sin 6/2 =sin (09/2) sin #, 
where, of course, —1 <sin @ <1, we have 


4 (cos 0/2)50 = (sin 40/2) cos @ db 
giving 


aT! fe dé 
— Ey) 2 172 
2T) Jo [1—(sin® 00/2) sin” 6] 
where Ty =277/a. 
Expansion and integration gives 


T =To(1+4 sin? 6o/2+é4sin* 00/2)+... 


or approximately 
T= Ty(1+4 sin? 00/2) 


(Problem 11.1) 


Forced Oscillations—Non-linear Restoring Force 


When an oscillating force is driving an undamped oscillator the equation of 
motion for such a system is given by 


mx + s(x) = Fo cos wt 


where s(x) is a non-linear function of x, which may be expressed in polynomial 
form: 


2 3 
S(X)=s\X+S2x°+53x"... 


where the coefficients are constant. In many practical examples s(x)= 
sx +53x", where the cubic term ensures that the restoring force s(x) has the 
same value for positive and negative displacements, so that the vibrations are 
symmetric about x = 0. When s, and s; are both positive the restoring force for 
a given displacement is greater than in the linear case and, if supplied by a 
spring, this case defines the spring as ‘hard’. If s; is negative the restoring force 
is less than in the linear case and the spring is ‘soft’. In fig. 11.1 the variation of 
restoring force is shown with displacement for s3 zero (linear), s3 positive (hard) 
and s3 negative (soft). We see therefore that the large amplitude vibrations of 
the pendulum of the previous section are soft-spring controlled because 


sin0~0-30° 
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Restoring force 
~ 
° 


displacement 


Fig. 11.1. Oscillator displacement versus 

restoring force for (a) linear restoring 

force, (b) non-linear ‘hard’ spring, and (c) 
non-linear ‘soft’ spring 


Fig. 11.2 shows a mass m attached to points D and D’, a vertical distance 2a 
apart, by two light elastic strings of constant stiffness s and subjected to a 
horizontal driving force Fo cos wt. At zero displacement the tension in the 
strings is T) and at a displacement x (not limited in value) the tension is 
T= Tp +s(L—a) where L is the stretched string length. 

The equation of motion (neglecting gravity) is 


mx =—2T sin 0+ Fo cos wt 
=—2[Ty+s(L— alt Fo cos wt 


Inserting the value 
24 1/2 


L= af 1+ (7) | 
\a 
and expanding this expression in powers of x/a, we obtain by neglecting terms 
smaller than (x/a)* 


x + Fo COS wl 


, 2g. (sa—Ty) 
mx = need ae 


a 


between two points D and D’ vertically separated by a 


| 
| 
Fig. 11.2. A mass m supported by elastic strings 20 ; 
| 
distance 2a and subjected to a lateral force Fo cos wt | 

| 
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which we may write 


> 3_Fo 
X+5,x+53x =— cos wt 
m 


where 
2To and sa—To 
ob jae = 
ma ma 


If s3 is small we assume (as a first approximation) the solution x; = A cos wt, 
which yields from the equation of motion 


Fo 
¥1=—s1A cos wt —53A* cos® wt +=" cos wt 


Since cos* wt = 3 cos wt +4 cos 31, this becomes 


¥1=—(91:A +4s3A°—Fo/m) cos wt —4s3A* cos 3wts 


Integrating twice, where the constants become zero from initial boundary 
conditions, gives as a second approximation to the equation 


it 3_ Fo 
X+5\X+S3x =— cos wt 
m 


the solution 
1 3 F 53A* 
X2 =5(sA +35,a3—=2) cos wt +5 cos 3wt 
@ 4 m 36w 


Thus for s3 small we have a value of w appropriate to a given amplitude A, and 
we can plot a graph of amplitude versus driving frequency. Note that we have a 
third harmonic. We see that for a system with a non-linear restoring force 
resonance. does not exist in the same way as in the linear case. In the example 
above, even when no damping is present, the amplitude will not increase 


Amplitude 


(a) (b) (c) 


Fig. 11.3. Response curves of amplitude versus 
frequency for oscillators having (a) a ‘hard’ 
spring restoring force, and (b) a ‘soft’ spring 
restoring force. In the extreme case (c) the tilt of 
the maximum is sufficient to allow multi-valued 
amplitudes at a given frequency and ‘shock 
jumps’ may occur. (See fig. 11.6 for comparable 
behaviour in a high amplitude sound wave.) 
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without limit for a driving force of a given frequency, for if w is the natural 
frequency at low amplitude it is no longer the natural frequency at high 
amplitude. For s3 positive (hard spring) the natural frequency increases with 
increasing amplitude and the amplitude versus frequency curve has a tilted 
maximum (fig. 11.3a). For a soft spring, s3 is negative and the behaviour follows 
fig. 11.3b. It is possible for the tilt to become so pronounced (fig. 11.3c) that the 
amplitude is not single valued for a given w and shock jumps in amplitude may 
occur at a given frequency (see the later section on the development of a shock 
front in a high amplitude acoustic wave). 


(Problems 11.2, 11.3) 


Thermal Expansion of a Crystal 


Chapter 1 showed that the curve of potential energy versus displacement for a 
linear oscillator was parabolic. Small departures from this curve are consistent 
with anharmonic oscillations. Consider the potential energy curve for a pair of 
neighbouring ions of opposite charge +e in a crystal lattice such as that of KCl. 
If r is the separation of the ions the mutual potential energy is given by 


ae™ 
V(r) = = +f 
> 
$ ( Repulsive 
S \ potential 
3 
cS 
2 
<0 


Attractive 
/ > coulomb 
7 energy 


Fig. 11.4. Non-parabolic curve of mutual 
potential energy between oppositely 
charged ions in the lattice of an ionic 
crystal (NaCl or KCl). The combination of 
repulsive and attractive forces yields an 
equilibrium separation ro. Very small 
energy increments give harmonic motion 
about ro but oscillations at higher energies 
are anharmonic, leading to thermal 
expansion of the crystal 
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where a and £ are positive constants and p=9. This is plotted in fig. 11.4, 
which shows that the potential energy curve is no longer parabolic. The first 
term of V(r) is the energy due to Coulomb attraction; the second is that of a 
repulsive force. The value of a depends upon the presence of neighbouring 
ions and is about 0-3. The constant B can be found in terms of @ and the 
equilibrium separation ro because, in equilibrium, 


(a¥) a20". Pg 
dr /r=10 ain r6+1 
giving 
pases 
p 


X-ray diffraction from such crystals gives ro = 3-12 A for KCl, so that B may be 
found numerically. 

To consider small displacements from the equilibrium value ro let us expand 
V(r) about r= ro in a Taylor series to give 


neve) (GSE), 


where x =r—ro. Since (dV/dr),,=0, we may write 


2 3 
V(r) — V(r) = Vix) = ax +8 
The quantity Ax*/2 is the quadratic term familiar in the linear oscillator, so 
that for very small disturbances the bottom of the potential energy curve is 
parabolic, and a small gain in energy causes the ion pair to oscillate symmetri- 
cally about r= ro. An increase in the ion pair energy involves the second term 
Bx*/6, and oscillations are no longer symmetric about ro, because \r2—rol > 
|r1—rol in fig. 11.4. Hence the time average for r—ro is not zero as it is for a 
linear oscillator, and this time average r,>ro. If all ion pairs acquire this 
amount of energy, for example by heating, the crystal expands. We may 
consider the force between the two ions as 


and note that the quadratic term here is responsible for the lack of symmetry in 
the motion. If it were a cubic term as in the previous example the symmetry of 
motion about ro would still occur. The coefficient A in the force equation is the 
force constant in the discussion on crystals in Chapters 4 and 5 and leads 
directly to Young’s modulus. The coefficient B gives information on the 
coefficient of thermal expansion of the crystal. 


(Problems 11.4, 11.5) 
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Non-linear Effects in Electrical Devices 


A feature of the non-linearity in the mechanical devices discussed earlier was 
the introduction of harmonics of the fundamental frequency of the driving 
force. It is comparatively simple to avoid these effects of non-linearity in 
electronic systems by choosing a small linear portion of the operating charac- 
teristic and amplifying the response in stages. In an electromechanical device 
such as a piezoelectric crystal linearity is again achieved by restricting all 
oscillations to small amplitudes and amplifying the response. In electroacoustic 
devices such as microphones and loudspeakers the introduction of harmonics 


Driving force F 
& current in coil x magnetic field in gap 


Si idol anharmonic output at high amplitude 


input 
MWA 


Fig. 11.5. A pure sinusoidal wave input to an 

electro-acoustical device such as a loudspeaker will 

lead to distorted sound output if the cone suspen- 
sion has a non-linear stiffness at high amplitudes 


often leads to severe distortion. In the loudspeaker of fig. 11.5 even if a pure 
sinusoidal wave is delivered to the speech coil it is difficult to provide a 
mechanical suspension for the cone which has a linear response. The cone acts 
as a piston radiating acoustic power, and limitation of amplitude together with 
inevitable mismatching of acoustic impedances reduces the efficiency of trans- 
forming electrical into acoustic power to less than 10%. Fortunately the ear is a 
sensitive device. 

Non-linear electrical oscillators are, however, often used, and fig. 11.6a 
shows a ‘relaxation oscillator’ circuit where a capacitance is discharged very 
rapidly through a gaseous conductor such as a hydrogen tube. E is the constant 
charging potential and i is the instantaneous value of the current which charges 
the capacitor through the resistor R to a potential V,, the striking potential, at 
which the gas in the tube is ionized. The tube becomes highly conducting and 
discharges the capacitance in a negligibly short time to V., the extinction 
potential, at which the tube ceases to conduct. The capacitance charges again to 
V, and the cycle is repeated. The variation of voltage across the capacitance 
with time is shown in fig. 11.6b. Assume that at point A and time f¢ the 
capacitance has just discharged. If current ig is flowing at time t= 0 then 


V.=E-ioRe 18° 
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Fig. 11.6. Electrical circuit of a non-linear ‘relaxa- 
tion oscillator’. A capacitance C is charged through 
a resistance R to a potential V,<E, at which the 
gas-filled valve strikes and rapidly discharges the 
condenser to an-extinction potential V., when the 
valve ceases to conduct and the cycle is repeated 


The capacitance charges to the potential V, in a time 7 so that 


V,=E=ipR etniRe 
s 


giving 
Vi = V, Sige UROL etn) 
=ipRe*[1-e VF] 
=(B= V1] 
giving 
=s/RC E- Vv, 
Be Ws 
or 


T= RC[los. (= ¥)| 


The period of oscillation is therefore directly proportional to the charging time 
constant RC. 

A more sophisticated circuit produces a linear charging system with a very 
short discharge time so that the exponential voltage output becomes linear and 
gives a ‘sawtooth’ waveform. From Chapter 9 we know that this periodic 
function contains many harmonics. A sawtooth voltage output applied to the 
time base of an oscilloscope produces a linear sweep of the spot across the tube. 
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Non-linear Effects in Acoustic Waves 


The linearity of the longitudinal acoustic waves discussed in Chapter 5 required 
the assumption of a constant bulk modulus 


If the amplitude of the sound wave is too large this assumption is no longer valid 
and the wave propagation assumes a new form. A given mass of gas undergoing 
an adiabatic change obeys the relation 


P_(¥)"=[ Vo 4 
Po \V Vo(1 +6) 

in the notation of Chapter 5, so that 

2 


oP _ ap (yt 90 
=F = _yP(1+6) 
Bande CaP” can oat 
since 6 = dn/dx. 
Since (1 +6)(1+s) = 1, we may write 
op nen 
—=—yP,(1+s)” 
gn o( 1 +s) ae 
and from Newton’s second law we have 
ap__ an 
Ox gird 
so that 
Figs oe 2 Po 
=co(1+s)” , Where co=— 
rr co(1+s) Faia co a 


Physically this implies that the local velocity of sound, co(1+s)%*"””, 


depends upon the condensation s, so that in a finite amplitude sound wave 
regions of higher density and pressure will have a greater sound velocity, and 
local disturbances in these parts of the wave will overtake those where the 
values of density pressure and temperature are lower. 

Asingle sine wave of high amplitude can be formed by a close fitting piston in 
a tube which is pushed forward rapidly and then returned to its original 
position. Fig. 11.7a shows the original shape of such a wave and 11.7b shows 
the distortion which follows as it propagates down the tube. If the distortion 
continued the wave form would eventually appear as in fig. 11.7c, where 
analytical solutions for pressure, density and temperature would be mul- 
tivalued, as in the case of the non-linear oscillator of fig. 11.3c. Before this 
situation is reached, however, the wave form stabilizes into that of fig. 11.7d, 
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(a) (b) (c) (d) 


Fig. 11.7. The local sound velocity in a high amplitude acoustic 

wave (a) is pressure and density dependent. The wave distorts 

with time (b) as the crest overtakes the lower density regions. The 

extreme situation of (c) is prevented by entropy-producing 

mechanisms and the wave stabilises to an N type shock-wave (d) 
with a sharp leading edge 


where at the vertical ‘shock front’ the rapid changes of particle density, velocity 
and temperature produce the dissipating processes of diffusion, viscosity and 
thermal conductivity. The velocity of this ‘shock front’ is always greater than 
the velocity of sound in the gas into which it is moving, and across the ‘shock 
front’ there is always an increase in entropy. The competing effects of dissipa- 
tion and non-linearity produce a stable front as long as the wave retains 
sufficient energy. The N-type wave of fig. 11.7d occurs naturally in explosions 
(in spherical dimensions) where a blast is often followed by a rarefaction. 
The growth of a shock front may also be seen as an extension of the Doppler 
effect (page 135), where the velocity of the moving source is now greater than 
that of the signal. In fig. 11.8a as an aircraft moves from S to S' ina time ¢ the air 
around it is displaced and the disturbance moves away with the local velocity of 
sound vs. The circles show the positions at time ¢ of the sound wave fronts 
generated at various points along the path of the aircraft but if the speed of the 
aircraft u is greater than the velocity of sound vs regions of high density and 
pressure will develop, notably at the edges of the aircraft structure and along 
the conical surface tangent to the successive wave fronts which are generated at 
a speed greater than sound and which build up to a high amplitude to form a 
shock. The cone, whose axis is the aircraft path, has a half angle a where 


. Us 
sna=— 
u 


It is known as the ‘Mach Cone’ and when it reaches the ground a ‘supersonic 
bang’ is heard. 

The growth of the shock at the surface of the cone may be seen by 
considering the sound waves in fig. 11.8b generated at points A (time t,) and B 
(time tg) along the path of the aircraft, which travels the distance AB = x = uAt 
in the time interval At=tg—t,. The sound waves from A will travel the 
distance ro to reach the point P at a time 


nr 
to=tat— 
Us 
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Fig. 11.8. (a) The circles are the wave fronts generated at 

points S along the path of the aircraft, velocity u>v, the 

velocity of sound. Wave fronts superpose on the surface of the 

Mach Cone (typical point P) of half angle a =sin ' v,/u to 

form a shock front. (b) At point P sound waves arrive simul- 

taneously from positions A and B along the aircraft path when 
(u/vs) cos 8 = 1. (8 +a =90°) 


Those from B will travel the distance r; to P to arrive at a time 


hasta 
ei 


If x is small relative to ro and r;, we see that 


r1—to= x cos 0 = uAt cos 6 


so the time interval 


nor 
geen oe 
Us 
uAt cos 6 u cos @ 
= Ap HOSE a1 - ) 
Us Us 


For the aircraft speed u < vs, t;— to is always positive and the sound waves 
arrive at P in the order in which they were generated. 
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For u > vs this time sequence depends on 6 and when 


u 
—cos 9=1 
Us 
t, = f and the sound waves arrive simultaneously at P to build up a shock. 
Now the angles 6 and @ are complementary so the condition 


v 
cos @=— 
u 


defines 
C Us 
sina =— 
u 


so that all points P lie on the surface of the Mach Cone. 

A similar situation may arise when a charged particle q emitting electro- 
magnetic waves moves in a medium of refractive index greater than unity witha 
velocity v, which may be greater than that of the phase velocity v of the 
electromagnetic waves in the medium (v <c). A Mach Cone for electromag- 
netic waves is formed with a half angle a where 


. v 
sire ==— 
04 
and the resulting ‘shock wave’ is called Cerenkov radiation. Measuring the 
effective direction of propagation of the Cerenkov radiation is one way of 
finding the velocity of the charged particle. 


Shock Front Thickness 


The extent of the region over which the gas properties change, the shock front 
thickness, may be only a few mean free paths in a monatomic gas because only a 
few collisions between atoms are necessary to exchange the energy required to 
raise them from the equilibrium conditions ahead of the shock to those behind 
it. In a polyatomic gas the collisions are effective in producing a rapid increase 
in translational and rotational mode energies, but vibrational modes take much 
longer to reach their new equilibrium, so that the shock front thickness is very 
much greater. 

Within the shock front thickness the state of the gas is not easily found, but 
the state of the gas on one side of the shock may be calculated from the state of 
the gas on the other side by means of the conservation equations of mass, 
momentum and energy. 


Equations of Conservation 


In a laboratory, shock waves are produced in a tube which is divided by a 
diaphragm into a short high-pressure section and a much longer low-pressure 
section. When the diaphragm bursts the expanding high pressure gas behaves 
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5 
\ua-Shock front velocity u, 


a 
@ygobrerver on shock front 


Pressure 


Fig. 11.9. The pressure ‘step profile’ of a shock 
wave developed in a shock tube is shown by the 
dotted line. The plane cross-sections at A and B 
remain fixed with respect to the observer O 
moving with the shock front at velocity u; into 
unshocked gas at rest of pressure p, and density 
pi. The shocked gas has a pressure p>, a density 
p2 and a velocity u, with a relative velocity 
U2 = u, — u with respect to the shock front. The 
states of the gas at A and B are related by the 
conservation equations of mass, momentum 
and energy across the shock front. Experimen- 
tal measurement of the shock velocity u, is 
sufficient to determine the unknown parameters 
if the stationary gas parameters are known 


as a very fast low-interia piston which compresses the low pressure gas on the 
other side of the diaphragm and drives a shock wave down the tube. The profile 
of this shock wave is the step function shown as the dotted line in fig. 11.9, and 
the gas into which the shock is propagating is considered to be at rest. This 
simplifies the analysis, for we can consider the situation in fig. 11.9 as it appears 
to an observer O travelling with the shock front velocity u; into the stationary 
gas. The shock front is located within the region bounded by the surfaces A and 
B of unit area, each of which remains fixed with respect to the observer. The 
stationary gas which moves through the shock front from surface B acquires a 
flow velocity u<u; and a velocity relative to the shock front of u2=u,—u. 
From the observer’s viewpoint the quantity of gas flowing into unit area of the 
region AB per unit time is p;u1, where p; is the density of the gas ahead of the 
shock. The quantity leaving unit area of AB per unit time is pz (u;— u) = p2U2, 
where pz is the density of the shocked gas. . 
Conservation of mass yields p;u; = p22 = m (aconstant mass). The force per 
unit area acting across the region AB is p2—p,, which equals the rate of change 
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of momentum of the gas within the unit element, which is m(u,;—uz2). The 
conservation of momentum is therefore given by 


2 2 

Pi +piuy = prt p2U3. 
The work done on unit area of the region per unit time is pu; — pu, and this 
equals the rate of increase of the kinetic and internal energy of the gas passing 


through unit area of the shock wave. 
The difference 


so that if the internal energy per unit mass of the gas is written e(p, p), then the 
equation of conservation of energy per unit mass becomes 


5 A 
5uy+ ey +—=35u3 +e. +— 


where for an ideal gas p/p = RT and e=c,T=(1/y—1)p/p, where T is the 
absolute temperature, c, is the specific heat per gram at constant volume and 
y=c,/c,, Where c, is the specific heat per gram at constant pressure. 

These three conservation equations 


Pil, = p2u2=m (mass) 
pitpiui=prtpru3 (momentum) 
and 
fuzte, tea ty3t e+ (energy) 
pi P2 


together with the internal energy relation e(p, p) completely define the proper- 
ties of an ideal gas behind a shock wave in terms of the stationary gas ahead 
of it. 

In an experiment the properties of the gas ahead of the shock are usually 
known, leaving five unknowns in the four equations, which are the shock front 
velocity u,, the density of the shocked gas po, the relative flow velocity behind 
the shock u2, the shocked gas pressure p2 and its internal energy e. In practice 
the shock front velocity u; is measured and the other four properties may then 
be calculated. 


Mach Number 


A significant parameter in shock wave theory is the Mach number. It is a local 
parameter defined as the ratio of the flow velocity to the local velocity of sound. 
The Mach number of the shock front is therefore M, = u,/c,, where u, is the 
velocity of the shock front propagating into a gas whose velocity of sound is cy. 
The Mach number of the gas flow behind the shock front is defined as 
M;=u/c2, where u is the flow velocity of the gas behind the shock front 
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(u <u) and cz is the local velocity of sound behind the shock front. There is 
always an increase of temperature across the shock front, so that c.>c, and 
M,> M,. The physical significance of the Mach number is seen by writing 
M?=u’/c’, which indicates the ratio of the kinetic flow energy, 3” per mole, 
to the thermal energy, c? = y RT per mole. The higher the proportion of the 
total gas energy to be found as kinetic energy of flow the greater is the Mach 
number. 


Ratios of Gas Properties Across a Shock Front 


A shock wave may be defined in terms of the shock Mach number M,, the 
density or compression ratio across the shock front B = p2/p;, the temperature 
ratio across the shock T/T, and the compression ratio or shock strength 
Y= p2/pr- 

Given the shock strength, y = p2/p), the conservation equations are easily 
solved to yield 


m= t= ( es 


Cy (l+a) 

where ; 

Oy EI 

o Pies) 

B 1 lt+ay 
and 

Tee (=) 

T, at+y 


Alternatively these may be written in terms of the experimentally measured 
parameter M, as 


P2_y=MU1+a)—a 
Pi 

Pag. Ms 

pr l-ataM;, 


and 


Tq, My 


For weak shocks (where p2/p, is just greater than 1) 8, T,/T and M, are also 
just greater than unity, and the shock wave moves with the speed of sound. 


Tz _[a(Mj—1)+My]la(M;~1)+1] 
F) 


Strong Shocks 
The ratio p2/p; > 1 defines a strong shock, in which case 
2 (yt1) 
M;> Taye y 
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and 
p2 (y+ 1 ) 
Fis ate =i 
a limit of 6 for air and 4 for a monatomic gas for a constant y. The flow velocity 
2uy 


u=u,—U2> 


(y+1) 
and the temperature ratio 


B.(2) 0, 


The temperature increase across strong shocks is of great experimental inter- 
est. The physical reason for this i increase may be seen by rewriting the equation 
of energy conservation as duit+h = 4u3+ho, where h=(e+p/p) is the total 
heat energy or enthalpy per unit mass. For strong shocks hz » h, of the cold 
stationary gas and u; » U2, so that the energy equation reduces to ho =4u,”, 
which states that the relative kinetic energy of a stationary gas element just 
ahead of the shock front is converted into thermal energy when the shock wave 
moves over that element. The energy of the gas which has been subjected to a 
very strong shock wave is almost equally divided between its kinetic energy and 
its thermal or internal energy. This may be shown by considering the initial 
values of the internal energy e, and pressure p, of the cold stationary gas to be 
negligible quantities in the conservation equations, giving the kinetic energy 
per unit mass behind the shock as 


=4(u,—up)" =e 


= 


the internal energy per unit mass of the shocked gas. 

In principle, the temperature behind very strong shock waves should reach 
millions of degrees. In practice, real gas effects prevent this. In a monatomic gas 
high translational energies increase the temperature until ionization occurs and 
this process then absorbs energy which otherwise would increase the tempera- 
ture still further. In a polyatomic gas the total energy is divided amongst the 
various modes (translational, rotational and vibrational) and the temperatures 
reached are much lower than in the case of the monatomic gas. The reduction 
of y due to these processes is significant, since with increasing ionization y> 1, 
and the temperature ratio depends upon the factor (y—1)/(y+1) which 
becomes very small. 


(Problems 11.6, 11.7, 11.8, 11.9, 11.10, 11.11) 
a 


Problem 11.1 
If the period of a pendulum with large amplitude oscillations is given by 


T= Ta(1+4 sin? ©) 
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where Ty is the period for small amplitude oscillations and 4 is the oscillation 
amplitude, show that for 0) not exceeding 30°, T and Ty differ by only 2% and for 
6) = 90° the difference is 18%. 


Problem 11.2 


The equation of motion of a free undamped non-linear oscillator is given by 
mi = —f(x) 
Show that for an amplitude x, its period 


x 


"flx) dx 
F 


m(*? dx 
waa l iFoo-F@r” where F(X9) = 


Problem 11.3 
The equation of motion of a forced undamped non-linear oscillator of unit mass is given 
by 

¥+s(x) =F) cos wt 


Writing s(x) = s,x+53x°, where s, and s, are constant, choose the variable wt = ¢, and 
for s,s, assume a solution 


x= (a, cos 5otb, sin “6) 


nai 


to show that all the sine terms and the even numbered cosine terms are zero, leaving the 
fundamental frequency term and its third harmonic as the significant terms in the 
solution. 

Problem 11.4 

If the mutual interionic potential in a crystal is given by 


vv) 


where ro is the equilibrium value of the ion separation r, show by expanding V about Vo 
that the ions have small harmonic oscillations at a frequency given by #*~72 Vo/mra, 
where m is the reduced mass. 

Problem 11.5 

The potential energy of an oscillator is given by 


V(x) =4kx?-Jax* 
where a is positive and <k. 


Assume a solution x = A cos wt + B sin 2wt +x, to show that this is a good approxi- 
mation at w3= w= k/m if x, =a@A?/2w¢ and B=—aA*/6w , where a = a/m. 


Problem 11.6 


The properties of a stationary gas at temperature Tp in a large reservoir are defined by 
Co, the velocity of sound, hg = c,To, the enthalpy per unit mass, and y, the constant value 
of the specific heat ratio. Ifa ruptured diaphragm allows the gas to flow along a tube with 
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velocity u, use the equation of conservation of energy to prove that 

Ca ytl1 

is 
2y-1) 
where c* is the velocity at which the flow velocity equals the local sound velocity. 
Hence show that if u,/c* = M* and u,/c, = M,, then 
Pr ae a 1)M; 
(y-1)Mi+2 


#2 


yea 


Problem 11.7 


Using a coordinate system which moves with a shock front of velocity u,, show from the 
conservation equations that c* in problem 11.6 is given by 


cP =u, 
where uz is the relative flow velocity behind the shock front. 


Problem 11.8 


Use the conservation equations to prove that the pressure ratio across a shock front ina 
gas of constant y is given by 


jecpel a 
Pi Ba 
where 6 = p,/p,, the density ratio, and a =(y—1)/(y+1). 


Problem 11.9 


Use the results of problems 11.6 and 11.7 with the equation of momentum conservation 
to prove that the shock front Mach number is given by 


Matin free 
l+a 


cy 
where y = p2/p,, the pressure ratio across the shock and a = y—1/y+1. Hence show 
that the flow velocity behind the shock is given by 
c,(1-—a)(y—1) 
a 
vV(l+a)(y+a) 
Problem 11.10 
The diagrams (p.377) show (a) a shock wave of pressure p, and flow velocity u 
propagating into a stationary gas, pressure p,, and (b) after reflexion at a rigid wall the 
reflected wave of pressure p, moving back into the gas behind the incident shock still at 
pressure p>. Use the result at the end of problem 11.9 to show that the flow velocity u, 
behind the reflected wave is given by 
ee (1—a)(p3/p2— 1) 
co V(1+a)(ps/pr+@) 
and since u+u,=0 at the rigid wall, use this result together with the ratio for 
¢2/¢, =(T>/T,)'”" to prove that 
P3_ (Qa+l)y-a@ 
P2 ay+1 
where y =p2/p, and a =(y—1)/(y+1). 
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Problem 11.11 


Use problems 11.10 to prove that the ratio 
Ps=Pt 541 
P2— Pi a 


in the limit of very strong shocks. (Note that this value is 8 for y = 1-4 and 6 for y= 5/3, 
compared with the normal acoustic pressure jump of 2 upon reflexion.) 


(a) (b) 


Chapter 12 


Wave Mechanics 


The wave mechanics of Schrédinger (1926) and the equivalent matrix formula- 
tion by Heisenberg (1926) are the basis of what is known as ‘modern physics’. 
Without exception they have been successful in replacing or including classical 
mechanics over the whole range of physics at atomic and molecular levels; 
these in turn govern the larger scale macroscopic properties. Very high energy 
phenomena in the physics of elementary particles still, however, present many 
problems. 

In this chapter we shall be concerned only with Schrédinger’s wave 
mechanics and in the way it displays the dual wave-particle nature of matter. 
This dual nature was first established for electromagnetic radiation but the 
parallel attempt to establish the wave nature of material particles is the basic 
history of 20th century physics. 


Origins of Modern Quantum Theory 


In the 19th century interference and diffraction experiments together with 
classical electromagnetic theory had confirmed the wave nature of light beyond 
all doubt but in 1901, in order to explain the experimental curves of black body 
radiation, Planck postulated that electromagnetic oscillators of frequency v 
had discrete energies nhv where n was an integer and h was a constant (page 
232). A quarter of a century was to elapse before this was formally derived 
from the new quantum mechanics. 

X-rays had been found by Roentgen in 1895, their wave-like properties were 
displayed by the diffraction experiments of von Laue in 1912, and their 
electromagnetic nature was soon proved. A much longer time was required to 
reconcile a wave nature with the negatively charged particles which J. J. 
Thomson found in his cathode ray experiments of 1897. It was not until 1927 
that interference effects from reflected or scattered electrons were obtained by 
Davisson and Germer whilst in 1928 G. P. Thomson (the son of J.J.) produced 
concentric ring diffraction patterns by firing electrons through a thin foil. 

In the meantime, in 1906, Einstein had used Planck’s idea to explain the 
photoelectric effect where light falling on a given surface caused electrons to be 
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ejected. Einstein considered the light beam as a stream of individual photons, 
or quanta of light, each of energy hv. Collisions between these quanta and 
electrons in the target material gave the electrons sufficient energy to escape. 

In 1912 the alpha particle scattering experiments of Rutherford led to his 
proposal that the atom consisted of a small positively charged nucleus sur- 
rounded by enough negative electrons to leave the atom electrically neutral. 
This atom was the model used by Bohr and Sommerfeld in their ‘old quantum 
theory’, a mixture of classical mechanics and quantum postulates, attempting 
to explain, amongst other things, the regularity of spectroscopic series from 
radiating atoms. Electrons were required to orbit the nucleus at definite energy 
levels (like planets round the Sun), and radiation at a fixed frequency v was 
given out when an electron moved from a higher to a lower energy orbit with an 
energy difference AE = hv. These orbits were required to be stable or ‘statio- 
nary’ orbits with quantized, that is, allowed values of energy and angular 
momentum. The fact that classical electromagnetic theory had shown that an 
accelerating charge (electron in an orbit) was itself a source of radiation 
remained an unresolved difficulty. 

By 1920 Einstein had provided two of the vital tools necessary for further 
progress (a) that a quantum of radiation has energy E=hyp, and (b) that a 
particle of momentum pom and rest mass mpo has a relativistic energy E 
where E?= p°c’+(moc % 

This relation established the equivalence of matter and energy; a stationary 
particle v =0 has an energy E= moc? where c is the velocity of light. 

The time was now ripe for the final steps leading to the modern quantum 
theory. The first of these was provided by Compton (1922-23) and the second 
by de Broglie in 1924. 

Compton fired X-rays of a known frequency at a thin foil and observed that 
the frequency v of the scattered radiation was independent of the foil material. 
This implied that the scattering was the result of collisions between X-ray 
quanta of energy hv and the electrons in the target material. In addition to 
scattering at the incident frequency a lower frequency of scattered radiation 
was always found which depended only on the mass of the scattering particles 
(electrons) and the angle of scattering. Compton showed that these results were 
consistent if momentum and energy were conserved in an elastic collision 
between two ‘particles’, the electron and an X-ray of energy hv, a rest mass 
mo = 0 and (from Einstein’s relativistic energy equation), a momentum 


SES hv oh 
ub Corcr an 
where c= vA. 

De Broglie in 1924 proposed that, if the dual wave-particle nature of 
electromagnetic fields required a particle momentum of p = h/A it was possible 
that a wavelength A of a ‘matter’ field could be associated with any particle of 
momentum p = mv to give the relation p = h/A. His argument was as follows. 
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If the phase velocity of such a ‘matter’ wave obeys the usual relation 
Up = vA 
where v is the frequency, the assumption that any particle has a momentum 
p=h/A together with Einstein’s expression E = hv yields v, = E/p. 


The theory of relativity gives, for a particle of rest mass mo and velocity v an 
energy E = mc’ and a momentum p=mv, where 


v -1/2 
m = mo(1 -§) 


is the particle mass at velocity v. For such a particle the phase velocity 


that is, 


(an expression we met earlier for the wave guides of page 225). 
This gives a phase velocity v, > c for a particle velocity v <c. However, the 
energy in the de Broglie wave (or particle) travels with the group velocity 


dw 
Ye aK 
which, for 
h 
E=hv=7@ 
and 
h_h 
a a. 
gives 
_ dw _ aE 
8 ak ap 


Such a particle with relativistic energy E where 
E? — p°c?+(moc?) 
has 
dE 
2E—=2pe? 
op 


or 


p, =2E_ pe’ _ve 
417 apa “Be meaeeh 
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so that the group velocity of the de Broglie matter wave corresponds to the particle 
velocity v. 

Even the ‘old quantum theory’ of Bohr-Sommerfeld gained something from 
de Broglie’s hypothesis. Their postulate that the angular momentum of statio- 
nary orbits was restricted to integral (quantum) numbers of the unit angular 
momentum h was shown, for the circular orbit of radius r, to yield 


2arp=nh 
or 


eee mak 


so that the circumference of a stationary orbit was a standing wave system and 
contained an integral number n of A, the de Broglie wavelength. 

Within three years, however, such quantum numbers ceased to be assump- 
tions. They were the natural outcome of the new quantum theory of 
Schrédinger and Heisenberg. 


Heisenberg’s Uncertainty Principle 


Although, as we shall see, Schrédinger’s equation takes the form of a standing 
wave equation, the fitting of an integral number of de Broglie standing waves 
around a Bohr orbit presents a fundamental difficulty. The azimuthal symmetry 
of such a pattern, fig. 12.1, representing an electron in an orbit, does not allow 
the exact position of the electron to be specified at a particular time. This 


Fig. 12.1. Integral number of de Brog- 
lie standing waves A=h/p around a 
circular Bohr orbit does not allow the 
exact position of the electron to be 
specified at a particular time 
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dilemma was resolved by Heisenberg on the basis of the bandwidth theorem we 
first met on page 126. 

There, a group of waves with a group velocity v, and a frequency range Av 
superposed effectively only for a time At where 


Av At~1 


Similarly, a group in the wave number range Ak superposed in space over a 
distance Ax where 


Ax Ak ~27 


But the velocity of the de Broglie matter wave is essentially a group velocity 
with a momentum 


Boch p app 


Po Atacar 


where 


so 
Ap=h Ak 

and the bandwidth theorem becomes Heisenberg’s Uncertainty Principle 
Ax Ap=h 


Since 
E=hv=—wo=hw 
7 


it follows that 


AE 
ay AE At=h 
and 
AE =h Aw 


are also expressions of Heisenberg’s Uncertainty Principle. 

This relation sets a fundamental limit on the ultimate precision with which 
we can know the position x of a particle and the x component of its momentum. 
If fig. 12.2 shows a wave group representing the particle, the range Ax shows 
the uncertainty of the position of the particle, the range of space over which it 
could be found, with the probability of its being at a particular place given by 
the square of the wave amplitude of that position. The relation 


Ax Ap~h 
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means that the velocity of the particle (p = mv) is also uncertain, the more 
accurate the knowledge of the particle position, the less certain that of the value 


> --Ax--— 
-—-— An —-— 
—————— x 
Same group 
Wove group ofter time t 


Fig. 12.2. A wave group representing a particle showing 

dispersion after time t. The square of the wave amplitude at 14 dus oi 

any point represents the probability of the particle being in otLouy f 

that position, and the dispersion represents the increasing 

uncertainty of the particle position with time (Heisenberg’s 
Uncertainty Principle) 


of its velocity. If the particle is ‘observed’ at some later time, dispersion of the 
group will have increased the range Ax and decreased the amplitude. The 
uncertainty of the position has increased and the probability of its being at any 
one place has become less. But this is because of the original uncertainty of its 
velocity, through Ap, which makes an accurate forecast of its position after time 
t even more unlikely. An example of the relation 


AE At=h 


may be found in considering the time spent by an electron in an atomic orbit. In 
a stable orbit this time At is long and the energy uncertainty AE is small so the 
energy levels of stable orbits are well defined. When an electron changes 
energy levels and radiation is emitted the time in the orbit may be short and the 
energy levels ill defined so that the term AE contributes to the breadth of a 
spectral line. 


(Problems 12.1, 12.2, 12.3, 12.4, 12.5, 12.6, 12.7, 12.8, 12.9, 12.10) 


Schrédinger’s Wave Equation 


The old quantum theory had sought to establish rules for the existence of 
discrete frequencies and energy levels. An integral number of de Broglie half 
wavelengths could be fitted around a circular Bohr orbit. Both of these facts are 
consistent with the classical standing wave systems we examined in Chapters 4 
and 8 when waves travelling between rigid boundaries were perfectly reflected. 
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In Chapter 4 we saw that the transverse displacement y(xt) of a string of 
length / with both ends fixed obeys the wave equation 


Oye 


where v, is the wave velocity. 
The x and t dependence could be separated in the solution for standing 
waves to give 


+ Wad 
y(x, t)= A sin— sin @,t 
p 
where n could take the integral values n = 1, 2, 3, etc. to give the discrete 
eigenfrequencies. 


nv, 
oO, = als 


The solution y(x, t) corresponding to a given w, is called an eigenfunction or a 
wave function. : 

In developing the Schrédinger wave equation which applies to particle 
behaviour we use arguments below which in no way constitute a proof because 
wave mechanics cannot be derived from classical mechanics. Wave mechanics 
is based on certain postulates the validity of which can be confirmed only by 
the accuracy of the predicted results. 

From the preceding sections we have the representation of a particle as a 
matter wave with energy E = hw momentum p= hk and velocity v, = dw/dk. 

Wave mechanics uses the notation 


Wx, t) aay Wo ero) ~ Vo ellpx-En/n 


to define the amplitude of a matter wave at a point x at time f. The physical 
significance of V is amplified on page 388 but for the moment we note the 
reversed sign of the exponential index which follows the convention used in 
all books on Quantum Mechanics. This merely introduces a 7 radians phase 
difference from the notation consistently used in the earlier chapters of this 
book but the new convention will be used throughout this chapter to avoid 
confusion with other texts and attention will be carefully drawn to any possible 
ambiguity. 

In classical mechanics the total energy E of a particle of mass m and 
momentum p in a conservative field of potential V is given by 


E=p"/2m+V 
Differentiating V(x, t) gives 


z =p? 
pec deg t) =Gr VG, t) 
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and inserting this value of p” in the classical energy equation above gives 


ena 
am 5x2 t)+(E- V)¥(x, t)=0 
If we now express W(x, t)=(x)e™ we may cancel the common e 
factor from the equation above to obtain the time independent Schrodinger 
wave equation 
ne 
—— +(E- om 
aa PPL AGd) (E-V)p(x)=0 


This time independent wave equation will give states of constant frequency 
that is, of constant energy, and these are the only states we shall consider in 
this book. 

Note that this equation has the same form as the standing wave equation 
we first met on page 118. 

States which are not of constant energy require the time dependence to be 
retained in Schrédinger’s equation. We do this by using the fact that 


a -iE 
Pride H=>-¥G, t) 


and inserting this value of E in the classical energy equation. This gives the 
time dependent Schrédinger wave equation 
-v 


cat 
ami ae th+ VW(x, t)= tha Wx, t). 


One dimensional Infinite Potential Well 


Consider as a first example the case of a particle constrained to move ina region 
between x =0 and x=a where the potential V=0. At x=0 and x=a the 
potential walls are infinitely high as shown in fig. 12.3. This is an idealized form 
of the potential seen by an electron in the low energy levels near the nucleus of 
an atom. 

Since V(x) =0 for 0<x <a Schrédinger’s equation becomes 


Fux) 2mE 
i ops a 


which may be written, as on page 118, in the form 
ay 


—5+k*=0 
Ox 
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Vix) 


x=0 x20 


Fig. 12.3. An infinitely deep potential well showing allowed 

energy levels E,, for a particle constrained to move within it 

with wave function yy, =A sin k,x where k2 = 2mE/h’ and m 
is the particle mass 


with 
2_2mE 
New 


The boundary conditions are that y(x)=0 at x =0 and x=a where V(x) 
becomes infinite, whilst the other terms in the equation remain finite. The 
particle must lie within the well and classically, whatever the value of its energy 
E it will rebound elastically off the potential ‘walls’. When moving to the right 
the particle behaviour may be represented by a wave function of the form ome 
which satisfies Schrédinger’s equation, and when moving to the left by a wave 


function of the form 


ikx 
e 


But, as with the waves on the string, perfect reflection which reverses the 
amplitude allows y,(x), the solution of Schrédinger’s equation, to represent a 
standing wave system at w,,; expressed in the form 

Un (x) = Ceike x Cenk 


=Asink,x 
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where 
ic 
2i 

The boundary condition y,,(x) = 0 at x = a gives k,a = nz for n= 1, 2, 3, ete. 
ie. k, =na/a. 


Hence 
> 2mE,_n?2 
Rint a 
h a 
giving energy eigenvalues 
nah 
naam 


Thus we see that discrete energy values governed by the quantum number n 
arise naturally from the application of boundary conditions to the wave 
function solutions of Schrédinger’s equation. Values of the particle momentum 
are also quantized since 


It is evident that, in an infinite potential well, an electron or particle cannot 
have an arbitrary energy but must take only the quantized values E,. This 
restriction will hold whenever Schrédinger’s equation is solved for a potential 
V(x) which imposes boundary conditions constraining the particle to move ina 
limited region. 

The wave functions y,(x) for n = 1, 2, 3 are plotted in fig. 12.4 showing them 
to be identical with the allowed amplitude functions for standing waves on a 
vibrating string with fixed ends. Note that the interval between allowed energy 
states decreases as either the mass of the particle or the dimensions of the 
potential box increase relative to h. For particles of large mass and systems of 
large dimensions the allowed energy states form, for all practical purposes, a 
continuum and are no longer quantized. Thus, in passing from atomic to much 
larger dimensions the results of quantum mechanics approach those of classical 
physics. 

We see that the minimum value of the energy of the particle in the potential 
well is not zero but 

ha? 
sei 2ma* 
This minimum energy is related to Heisenberg’s Uncertainty Principle 


Ax Ap=h 


388 


x=0 


Pais 
n= ——— 
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x70 x=0 xa 


Fig. 12.4. Wave functions (x) and probability densities 
|w,(x)|? for the first three allowed energy levels in an 
infinitely deep potential well of width a 


The uncertainty in the position of the particle is obviously Ax =a and the 
particle momentum p may be in either the +ve or —ve x direction giving an 


uncertainty 


Thus 


or 


Now, for V(x) =0 


Ap=2p 


Ax Ap=a.2p=h 


This is an example of the so-called zero point energy. We shall meet others. 


(Problem 12.11) 


Significance of the Amplitude ¢/,,(x) of the Wave Function 


In fig. 12.4 the amplitude y,,(x) of the wave function is plotted for the values 
n= 1, 2,3 together with the values 


Wax)? 
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In the waves we have met so far, the amplitude, or rather the amplitude 
squared, has been a measure of the intensity of the wave. At a position of high 
amplitude, the wave was more intense—more energy was localized there. Here 
we have expressed the motion of a particle confined to a small region of space in 
terms of its associated matter wave. The amplitude of the wave function (x) 
varies from point to point within the small region in which the particle is to be 
found. Outside the infinite well (x) is zero. The intensity of the matter wave is 
written 


W(x)? = W(x) h(x) 
where the complex conjugate ¢*(x) indicates that (x) may sometimes be 
complex. Since the matter field describes the motion of the particle we may say 
that the regions of space in which the particle is more likely to be found are 
those in which the intensity |y(x)/’ is large, or, more formally 


“the probability of finding the particle described by the wave function p(x) in 
the interval dx around the point x is |y(x)|? dx’. 


The probability per unit length of finding the particle at x is 


P(x) = |yi(x)/? 
In three dimensions a wave function would be of the form (x, y, z) and the 
probability of finding the particle in the unit volume element surrounding the 
point xyz is 


P(xyz) =|w(xyz))? 


The probability of finding the particle within a finite volume V is obviously 
={ lus(xyz)|? dx dy dz 
\ 


Now the particle must always be somewhere in space so, in extending the 
integral over all space, the probability becomes a certainty, that is, it equals 
unity, or 


|(xyz)? dx dy dz=1 
all space 


This process of integrating over all possible locations to give unity is called 
normalization and it always imposes restrictions on the form of (x, y, z) which 
must tend to zero as x, y or z tends to infinity. 
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Normalization determines the value of the constant A in our wave function 
. NaTX 
w,(x) = A sin — 
a 
for the case of the infinite potential well. 


There 


0 


| WWn(x dx = { |Wrn(x)) dx 

20 0 

aan sin? dx = A221 
fy a 


2 
anv 
a 


and the normalized wave function 


2 
gala) = f2 sin 2% 


Hence 


(Problem 12.12) 


Particle in a Three-Dimensional Box 


Suppose the particle is confined to a rectangular volume abc at the bottom of an 
infinitely deep potential well (V=0) where a, b and c are the lengths of the 
sides of the rectangular box. 


The energy of the particle is then 

2 
Pp Ll. pccieqes 
E=2—=~—(p.tpy tps 
am am Pt? yt Ps) 


where the momentum components are 


A 

Px 1 
mci 

Py= mae 
th 

= n3— 
P. ir 


and nj, nz and n, are integers. 
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The energy levels allowed in the box are therefore given by 


fing (01) 
2m \a bc? 


and solutions for the space part of the wave function may be written 


MyTX . Moy. N3MZ 
a b sin——— 


w(x, y,Z)=A sin 


in accordance with the three-dimensional normal mode solution of page 227. 
If the box is cubical so that a = b =c the allowed energy levels become 


ar) 2 e a 242 . 
BT gint t na tna) 5 gk 


where k* =nj+n3+nj with wave functions 


NyWX . N2TY . N3yMZ 


(xyz) =A sin sin oie sin 


We saw, however, on page 229 that combinations of different n values can give 
the same k value, that is the same energy value. When nj, nz and n3 are 
permuted without changing the k value, the wave function is also changed so 
that a certain energy level may be associated with several different wave 
functions or dynamical states. The energy level is said to be degenerate, the 
order of degeneracy being defined by the number of different or independent 
wave functions associated with the given energy. 
In the case of the cubic potential box, the lowest energy level is 3, i.e. 


(ny) =n2=n3= 1) 
where 
awh? 


ET mt 


The next energy level is given by 6F;, with a degeneracy of 3 where the n 
values are given by (2, 1, 1) (1, 2, 1) and (1, 1, 2). Higher energy values with 
degeneracy orders are shown in Table 12.1 below. 


Table 12.1 


Energy Ny, Na, N3 Combinations Degeneracy 


3E, (1 
6E, 2 
9E, (2 
11E, (3, 
12E, (2, 
14E, a (3, 2,1) (2,3, 1) (1,3, 2) (2, 1,3) @, 1,2) 


——— 


1 
2 
3 
3 
1 
6 
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(Problem 12.13) 


Number of Energy States in Interval E to E+dE 


As long as the dimensions of the cubical box above are small the energy levels 
remain distinct. However, when the volume increases, as is the case for free 
electrons in a metal, successive energy levels become so close that an almost 
continuous spectrum is formed. 

If we wish to find how many energy levels may be contained in the small 
energy range dE when the potential box is very large, we have only to apply the 
result of page 231 where we found that the number of possible normal modes of 
oscillation per unit volume of an enclosure in the frequency range v to v +dv is 
given by 

Amv? dv 
dn = = 
There, we stressed that the result was independent of any particular system and 
we applied it to Planck’s Radiation Law and Debye’s Theory of Specific Heats. 
Here we use it with 


Z 
gs ie az ew 
E 5) hy and p aa 
(so that 
a ee 
dE =" dp hdv 
and 
h dv 
as 


to give the number of states per unit volume in the energy interval dE as 


3y1/2 1/2 
dn(p)=*2Or ae 


This may be applied directly to determine how free electrons in a metal may 
distribute themselves in a band of energies from zero to some value E, Each 
energy level can accommodate two electrons (with opposing spins) according to 
Pauli’s Principle so the total number of electrons per unit volume in the energy 
range zero to E is 


2 .4a(2m2)'”” 
SS 
_ 167(2me)'? 
— eae 


n= | dn(E)= { E\? dE 
‘0 


Ee? 


where m, is the electron mass. 
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If the metal is in its ground state the available electrons will occupy the lowest 
possible energy levels, and if the total number of electrons per unit volume no is 
less than the total number of energy levels in the band, then the electrons will 
occupy all energy states up to a maximum energy E, called the Fermi Energy 
which is given by 


167(2ma)'7 Ey? 
ne aay 


Typical values of E;- are of the order of 5 electron volts (1 electron volt = 1-6 x 
10°" Joules). 


(Problems 12.14, 12.15) 


The Potential Step 
The standing wave system of the infinite potential well where the wave function 


Yn (X) 


is finite in the region V(x) =0 but zero at all other points is unique in the formal 
correspondence it presents between classical and quantum mechanical results. 
The quantum effects become evident when we consider the general case of the 
potential step of finite height V in fig. 12.5 which is an idealized form of the 
very steep potential gradient of a conservative force 


av 
F(x)= Tie 


Such a potential step would be seen by a free electron near the surface of a 
metal. 

It is necessary to consider separately the two cases where the total particle 
energy E is (a) less than the potential energy V, and (b) greater than V, where 


2 
E=P +V(x) 
2m 
(a) E<V 
When E is less than V, the region x > 0 of fig. 12.5 is forbidden to the particle 
by classical mechanics for the kinetic energy 


2m 


would then have a negative value. 

In finding the complete solution for (x) for the potential step we must solve 
Schrédinger’s equation for the separate regions of fig. 12.5, x <0 (region 1) and 
x >0 (region 2). 
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V(x)eV 


E<Vv 


a the, tht ike 
winra( + cpa 8 ) 


Vix=0 


Vp(x)= Sh 4 §* 


tk, 
th, 
k.?=2mE|h* 
at, 2m (Ve) 
are 


x=0 


Fig. 12.5. Wave functions (x) and (x) for a particle mass m, energy 
E< Vata potential step V(x) = V 


In region 1, V(x) =0 and we have 
F(x), 2mE 


re! ied 


with a solution 
Wi(x)=A e*+Be** 
where 
ki ne 


The term A e“* (with the sign convention of this chapter) is the wave 
representation of an incident particle moving to the right, and B e “"* repre- 
sents a reflected particle moving to the left. 

In region 2, V(x) = V and Schrédinger’s equation becomes 


a'a(x) , 2m(E-V) 
ene =Y) 


aa i W(x) =0 
or 
2 
7 U2 ays(x)=0 
x 
where 
2_ 2m(V-E) 
oe 


te 
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This equation has the solution 
(x) =Ce “+De™ 


Now the probability of finding the particle in region 2 where it is classically 
forbidden depends on the square of the wave function amplitude |\Wo(x))? with 
the condition that for any wave function to be normalized (i.e. for 


| lye? ax =1) 


the wave function (x) > 0 as x > 00. 
This forbids the second term D e™* which increases with x but still leaves 


ho(x)= Ce ™ 


to give a finite probability of finding the particle beyond the potential step, a 
probability which decreases exponentially with distance. This is a profound 
departure from classical behaviour. 

At the boundary x =0, (x) must be finite to give a finite probability of 
finding the particle there, but there is a finite discontinuity in V(x). In these 
circumstances Schrédinger’s equation asserts that the second derivative 


#y(x) 
Ox 


at x = (is finite, which means that both (x) and (dy/(x)/dx) are continuous at 
x=0. 
These are the boundary conditions which allow the separate solutions 


W(x) and yo(x) 


for the wave function, to be matched across the boundary of the two regions. 
The continuity of (x) at x =0 gives W(x) = f(x) or A+ B= C whilst 


auha(x) _ dial x) 


ax ax 
at x =0 gives 
ik,\(A—B)=—aC=-—a(A+B) 
Thus 
ikj+a 
pal 4 
and 


ce 2ik, by 


 iki—a@ 
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The wave functions for the separate regions then become 


ikjx , ikita@ pa) 
= gel kt 2 se, 1 
U(x) Ale Thane 
and 
Ye) =A e™ 
ik;-—a 


and these are shown in fig. 12.5. Note particularly that the intensity of the 
incident part of the wave function 


IWa(x)P?=|AP 
whilst the reflected intensity is 
ikj+a 


2 
iar =|" al’ ~laP 


Thus, for any energy E < V we have total reflection as in the classical case, even 
for those particles which penetrate the classically forbidden region x > 0 where 
w(x) is finite. 

In region 2 the probability of finding the particle is 


P(x) =|Y2(x)? =|Ce 


5 | :2iKnw pub Pat nd tener teats 
=|pttAe ~Ropae = 


Since the exponential coefficient a depends on V(x) the greater the value V(x) 
the faster the wave function w(x) goes to zero in region 2 for a given total 
energy E< V. 

When V(x), as in the case of the infinite potential well, W(x) becomes 
zero, as we have seen; and there is no penetration into the classically forbidden 
region. 

Several important physical phenomena may be explained on the assumption 
that a particle with E < V meeting a potential step of finite height V and finite 
width b has a wave function (x) which is still finite at x = b, making it possible 
for the particle to tunnel through the potential barrier, fig. 12.6. The probabil- 
ity that the particle will penetrate the barrier to x = b is given by 


P(x) =|yp2(x)[?oc e 7 


and beyond this barrier the particle will propagate in region 3 with a wave 
function y3(x) of reduced amplitude. The boundary conditions must then be 
applied at x = b to match y2(x) to W(x). 

This quantum ‘tunnel effect’ is the basis of the explanation of the radioactive 
decay of the nucleus. In addition the potential step seen by a free electron near 
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Region 1 


Fig. 12.6. Narrow potential barrier of width b 

penetrated by a particle represented by (x) 

leaving a finite amplitude (x) as a measure 

of the reduced probability of finding the particle 
in region 3 


the surface of a metal may be distorted, as shown in fig. 12.7, by the application 
of an external electric field, to form a barrier of finite width. The most energetic 
electrons near the surface of the metal can leak through the barrier in a process 
known as field electron emission. 


Metal surface _ _ 
potential 


Tunnelling _ 
of energetic 
electron 


x=0 


Fig. 12.7. Application of an electric field E to the surface of a metal 

at potential Vo reduces the potential to V= Vo—Ex forming a 

barrier of finite width which may be penetrated by an energetic 
electron near the metal surface 


Another example results from the two possible positions of the single 
nitrogen atom with respect to the three hydrogen atoms in the ammonia 
molecule NH3. These positions are shown as N and N’ in fig. 12.8 together with 
the potential barrier presented to the nitrogen atom as it moves to and fro 
between N and N’. This penetration occurs at a frequency of 2-3786x 
10'° Hertz for the ground state of NH; and its high definition is used as an 
atomic clock to fix standards of time. 


(Problem 12.16) 
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V for 
N motion 


Potential 
barrier 


Fig. 12.8. The two possible configurations N and N’ of the nitrogen 
atom with respect to the triangular hydrogen base in the ammonia 
molecule NH; and the finite potential barrier penetrated by the 
nitrogen atom at a frequency of > 10'° hertz in the NH; ground state 


(b) E>V 


In the region x <0 in fig. 12.5 V(x)=0 and Schrédinger’s equation is 


or 


with 


having a solution 


FWalx) , 2mE = 
Sata =0 


W(x) =A et? +B eh 


with both incident and reflected terms. 
The momentum of the particle is p; where pj/2m = E. 
In the region x >0 V(x) = V and Schrédinger’s equation is 


or 


where 


F(x) 2m(E-V) é 
inn aoe 


Pi, 2 
saith iin =0 
ax 


2m(E- V) 
te 


> 
ny 
Il 


and the particle momentum p, is given by p3/2m =(E— V). 
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In the wave function solution for this region we consider only the right going or 
transmitted term since there is nothing beyond x = 0 to cause a reflection, so 


a(x) = Ce 


Now the wave number k is related to the de Broglie wavelength of the 
particle and we see that k changes when the potential V changes, that is, when 
the particle experiences a change in the force acting on it. Such a particle 
therefore reacts to a changing potential as light reacts to changing refractive 
index. As the potential V increases for E> V the momentum p and wave 
number k(p = fk) decrease and the wavelength A increases. 

At x =0 the conditions for continuity give 


W(x) = Wo(x) 
or 
A+B=C 
and 
da (x) _ Oba(x) 
ox ax 
or 
k\(A—B)=k2,C 
These two equations give 
_ (ki~ka) 
ag AS 
and 
ny ttl 
pos A 


Since B is not zero, some reflection takes place at x = 0 even though the energy 
E> V.Thisis clearly not classical behaviour. If many particles form an incident 
beam at x = 0 and each particle has velocity 


hk 
netiete! 
m m 


then the velocity of transmitted particles will be 


v2=— 


Pa _ hike 
m m 
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The incident flux of particles, that is, the number crossing unit area per unit 
time, may be seen as the product of the velocity and the intensity, that is 


v|AP 
The reflected flux is 

v,|B i 
and the transmitted flux is 

v2|C? 


Thus the reflection coefficient, the ratio of reflected to incident flux is 


e v,|BP = (ki =k) 
v|Al> (ky +k:) 


and the transmission coefficient, the ratio of transmitted to incident flux is 


_vlCP _ ke (2ki)* __4kike 
vi JAP ky (ki tka) (ki +k) 


results which are similar to those for our classical waves in earlier chapters. 

Note that R + T= 1 showing that the number of particles is conserved. 

We have chosen here to apply R and T to a number of particles forming a 
beam. These coefficients, when applied to identical particles forming the beam, 
measure the average probability that an individual particle will be reflected or 
transmitted. 


(Problem 12.17) 


The Square Potential Well 


Let us consider a particle with energy E < V moving in the square potential 
well of width a in fig. 12.9. Within the well the potential is zero, and the value V 
of the height of the well is finite. This potential approximates that of a finite 
range force which has no influence beyond a limited distance. Outside the 
range of the force the potential may be considered constant. From our 
discussion of the infinitely deep potential well ( V = co) and of the potential step 
we can expect our wave function representation to have the form of an integral 
number of de Broglie half wavelengths within the well, plus an exponentially 
decaying penetration into the wall on either side. 

Writing Schrédinger’s equation for each of the three regions, we have for 
region 1 (O0<x <a) 


oe 2mE 
Da DE a(x) =0 
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VixdeV 


E<V 


V(x) Oe eee =e 
x20 x20 


Fig. 12.9. A particle with energy E< V (V=the finite height of a 
square potential well of width a) may take only the energy values E 
satisfying the equation 


2mE_2VE(V-E) 
tana ee pave 


The wave functions in the three regions are matched at the boundaries 
x=0 and x=a by the conditions that (x) and dy(x)/dx are 
continuous 


with a solution, for ki = 2mE/h? of 
W(x)=A elh* 4 Beit 
=A (cos k,x +isin k,x)+B (cos kyx —isin k,x) 


=A, cos k;x +B, sink,x 


where A, = A+B and B,=i(A—B). 
In region 2 (x >a) 


i 2m(E- 
Pale) 2m EY ya(x)=0 


has the solution 


where 


In region 3, (x <0) 


a's(x) , 2m(E~ V) 
aries Va 


axe ht (x) =0 
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has the solution 

W3(x) = A3 e+ B3e ™ 
For (x) to remain finite as x > + 00 (normalization condition) A> and B3 must 


be zero, and the boundary conditions w(x) and dy(x)/dx continuous, must be 
satisfied at x =0 and x =a. 


Atx=0, 
W(x) = a(x) and Mae wats) 
give 
A= Az (12.1) 
and 
k,B,=aA3 (12.2) 


whilst at x =a 


Vil) =Wolx) and SO) _evab) 


Ox Ox 
give 
A, cos k;a+B,sinkja=B,e “ (12.3) 
and 
—k,A, sin kja+k,B, cos kta = —aB,e “ (12.4) 


In order to satisfy equations (12.1), (12.2), (12.3) and (12.4) some conditions 
must be imposed on k and a that is on the value of E, so only certain values of E 
are allowed. 

Equations (12.1) and (12.2) give 


ea 
By «@ 
and this equation with equations (12.3) and (12.4) yields 
2kia 


tan k\a=3—3 
ki-a@ 


or 
tan ay 2m = 2VEWV-E) 
i are 2E-V 


Only those values of E which satisfy this relation are allowed energy states, but 
these values must be found by numerical or graphical methods. 
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The wave functions for the first three allowed energy values are shown in fig. 
12.10 and their general behaviour may be clarified by considering 
Schrédinger’s equation in the form 


awl 
28/4 = —(+ve constant)(E — V) 


Now 0° w/dx” is the rate of change of the slope, that is the curvature of the wave 
function and when E> V both sides of the equation are negative and the y 
curve must everywhere keep its concave side towards the x axis as it always 
does for example in sine and cosine curves. The curvature increases with E so 
we shall expect more de Broglie half wavelengths in the higher energy levels. 
This is consistent with the argument that an increase in E increases the wave 
number k and reduces the de Broglie wavelength A. 

In the lowest energy level the # curve is always without a node, the next level 
always has one node, the third two nodes, etc., but the zeros will not be quite 
equally spaced and the & amplitude will not be uniform across the well. In 
particular it will increase near the potential walls as the particle is slowed down 


w(x) for E, 


v (x) for [= 


¥ (x) for E, 


x=0 xg 
Fig. 12.10. Wave functions for a particle in a square 
potential well with the lowest three allowed energies E,, 
E>, E;. Note the exponential decay of (x) outside the 
box 
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to give a higher probability of the particle being found there. Where E < V the 
ratio 
a y/ax* 
ey 


will be positive and the ¢ curve must keep its convex side towards the axis as in 
exponential curves. The classical boundary E= V must always mark the 
division where the character of the y curve changes from one form to the other 
and the two parts of the curve will only match for certain values of E. 


The Harmonic Oscillator 


As a final example to illustrate the fitting of y curves into a potential well we 
shall consider the potential curve V=}sx" of the harmonic oscillator in fig. 
12.11. The calculation of the w curves is too complicated for this chapter but 
their essential features confirm what we may expect from our earlier examples. 
Moreover, by purely classical arguments we shall obtain a very good approxi- 
mation to the wave mechanical results. 


v 

E 2\a 
E,2 thy 
E,- im 
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E,2 3m 
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Fig. 12.11. Potential energy curve V of a harmonic oscil- 

ator with allowed energy levels E, =(n +4)hv. The energy 

E (with oscillator amplitude a) is shown in the text to define 

an average value of the de Broglie wavelength A = 
h/(mE)'” 

In 1901 Planck had postulated that the energy of such an oscillator could 
have the values E=nhv where n was an integer and v was the frequency. 
Schrédinger was able to derive this result in 1926 but one essential difference 
arises from the Uncertainty Principle which requires a minimum energy level 
or zero point energy of Shv. 
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For a classical oscillator the minimum energy E =0, point 0 in fig. 12.11 
gives the precise and simultaneous values x =0 and p=0, that is, a zero 
oscillation. The Uncertainty Principle forbids this. If ao is the smallest amp- 
litude of the oscillator compatible with the Uncertainty Principle, then 


1 
ag~ zAx 


If po is the maximum momentum of the oscillator with amplitude ap it may be 
either in the positive or negative direction so 


Po~ zAp 
The energy of a classical oscillator is given by 
E=}mo’ ap = 3o(ap)(maao) = 2waopo 
=~; Ax Ap ~thw ~tho = shy 


All other energy levels will therefore take integral steps of hv above this zero 
point energy. 

Let us consider the energy level of the oscillator which has an amplitude a so 
that 


2 
tires ped nr ar tate en Lat ee 
Expat. oe rhe na 
so that 
ea as 


The value of the kinetic energy of the oscillator averaged over the distance 2a 
between +a may be written 


[cp ?/2m _ 1 fi | ee er! = 1 re tears 
(dx ark (E-— ymo° x") dx = E-gmw° a” =3E 
because 
E=}mw'a’ 
Thus the average value of the kinetic energy 


2 
ee 
2m 3F 


giving 
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This gives an average value for the de Broglie wavelength of 


A= —— 
4mE 
3 


and we expect n half wavelengths to fit into the length 2a at energy E where 


Thus 


Writing @ = 27v We have 


r./3 
E=7 V3nko=096 nhv 


which is a fairly close approximation to nhv. The correct result however must 
take into account the zero point energy of 3hv and the energy levels are given 
by 


E=(n+3)hv n=0, 1, 2, 3, etc. 


The w curves for the first four energy levels are plotted in fig. 12.12 together 
with those for ||’. 


Fig. 12.12. Wave functions (x) and probability densities |y/(x)|? for 
the first four energy levels of the harmonic oscillator 


Wave Mechanics 407 


We see that whilst a classical oscillator may never exceed its maximum 
amplitude a particle obeying a wave mechanical description has a finite 
probability of being found beyond this limit. 


(Problems 12.18, 12.19) 
ee 


Problem 12.1 
The energy of an electron mass m charge e circling a proton at radius r is 
= p? e 
“2m 4q€or 
where p is its momentum. 
Use Heisenberg’s Uncertainty Principle in the form Ap Ar~h to show that the 
minimum energy (H2 atom ground state) is 
—me* 
Fo Bah 
at a Bohr radius 
€oh? 


ame* 


r= 


Problem 12.2 

The observation of a particle annihilates its mass m and its rest mass energy is converted 
to radiation. Use the relations Ap Ax ~h and E = pc for photons to show that the short 
wavelength limit on length measurement is the Compton wavelength 


h 


mc 
Show that this is 2-42 x 107'? metres for an electron. 
Problem 12.3 


When x and p vary simple harmonically it can be shown that the averaged values of the 
squares of the uncertainties satisfy the relation 

W 

Ax?)(Ap?)=— 
(Ax*)(Ap*) Zi 


If the energy of a simple harmonic oscillation at frequency is written 
2 
Pp oe 
E=-—+=mw*x 
2m 2 
show that its minimum energy is hv. 


Problem 12.4 


An electron of momentum p and wavelength A = h/p passes through a slit of width Ax. 
Its diffraction as a wave may be regarded in terms of a change of its momentum Ap ina 
direction parallel to the plane of the slit (its total momentum remaining constant). Show 
that the approximate position of the first minimum of the diffraction pattern is in 
accordance with Heisenberg’s uncertainty principle. (Note that the variation of the 
intensity of the principal maximum in the pattern is a direct measure of the probability of 
the electron arriving at a point on the screen.) 
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Problem 12.5 
A beam of electrons with a de Broglie wavelength of 10~° metres passes through a slit 
10~* metres wide. Show that the angular spread due to diffraction is 5° 47’, 
Problem 12.6 
Show that the de Broglie wavelength of an electron accelerated across a potential 
difference V is given by 
A=h/(2m,eV)'? = 1-29x 10° V-'? metres 
where V is measured in volts. 


Problem 12.7 
If atoms in a crystal are separated by 3 x 10~'° metres (3 A) show that an accelerating 
voltage of ~3 kV would be required to produce electrons diffracted by the crystal. 
Problem 12.8 
Electromagnetic radiation consists of photons of zero rest mass. Show that the average 
momentum per unit volume associated with an electromagnetic wave of electric field 
amplitude Ep is given by 

Pp =€E5/c 
(Verify the dimensions of this relation.) 


Problem 12.9 


Show that the average momentum carried by an electromagnetic wave develops a 
radiation pressure 
P=cp=t€0E4 
when the wave is normally incident on a perfect absorber and a pressure 
P=2cp=€9E," 
when the wave is normally incident on a perfect reflector. (Radiation incident from all 


directions within a solid angle of 27 will introduce a factor of 1/3 in the expressions 
above.) 


Problem 12.10 
If the radiation energy from the sun incident upon the perfectly absorbing surface of 
the earth is 1-4 watts metre * and the radiation comes from all directions within a solid 
angle of 277 show that the radiation pressure is about 10~'' of the atmospheric pressure. 
Problem 12.11 
In a carbon molecule the two atoms oscillate with a frequency of 6:43 x 107'' Hertz. 
Show that the zero point energy is 1-34 x 10~* electron volts (1 eV = 1-6 x 107' Joules). 
Problem 12.12 
A particle of mass m moves in an infinitely deep square well potential of width 2a 
defined by 

V(x) =0 -as<x<t+a 

V(x) = 00 |x|>a 
If it is described by the wave function 

a 


ax? 
W(x) =a ) for |x|<a 


=0 |x|>a 
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show by calculating J*, |y(x)|? dx that the probability of finding it in the box is 0:96. 

Show that in its normalized ground state, it is represented by w(x) =(1/Va) cos 
(ax/2a) and expand this in powers of zx/2a to compare it with the wave function 
above. 


Problem 12.13 
Show that the normalization constant for the wave function 


_ MyWX . NgTy , n3mZ 
(xyz) = A sin — sin an 
a 


describing an electron in a volume abc at the bottom of a deep potential well is equal 
to (8/abc)'””. 
Problem 12.14 


A total of N electrons occupy a volume V ina solid at a very low temperature between 
the energy levels 0 to E, the Fermi energy. 
Show that their total energy 


Br _dn 
= = —<d 
U J Edn i E aE ay 
bes 3NEp 
giving an average energy per electron of 3Ep 


Problem 12.15 

Copper has one conduction electron per atom, a density of 9 and an atomic weight of 64. 
Show that no, the number of free electrons per unit volume is ~ 8 X 10** per cubic metre 
and that the value of its Fermi energy level is about 7 electron volts (leV=1-6x 
107"? Joules). 


Problem 12.16 
The probability of a particle of mass m penetrating a distance x into a classically 
forbidden region is proportional to e-?* where 
a?=2m(V-E)/t? 

Ifx is2 x 107? metres (2 A) and(V—B)is 1 electron volt (1-6 x 10~'? Joules) show that 

e?** = ()-1 for an electron 

=10™ for a proton 

Problem 12.17 


A particle of total energy E travels in a positive x direction in a region where the 
potential energy V=0. The potential suddenly drops to a very large negative value. 
Show that, quantum mechanically, the amplitude of the reflected wave tends to unity 
and that of the transmitted wave to zero. Note that this implies non-classical total 
reflection. 


Problem 12.18 


Show that Schrédinger’s equation for a one dimensional simple harmonic oscillator of 
frequency w is given by 

dy 2m 

Gait ye LE 3m" =0 
and verify that if a> = mw/h then 


Wolx) = (a/Vn)'? 
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and 


W(x) = (a/2Vm)"?2ax 8? 


are respectively the normalized wave functions for E)=+hw (zeropoint energy) and 
E, =3ho. 


Problem 12.19 


is normalized wave function for a one-dimensional harmonic oscillator with energy 
=(n+4)hw is 


Yn = NyH,, (ax) ee"? 
where 
N, = (a/"/?2"n!)!/2 
a’? =mo/h 
and 


in 


=yi 
y’ 
ne 


H(y)=(—1)" e” 


Verify that Yo(x) and y,(x) of problem 12.18 satisfy the expression for y, and calculate 
(x) and a(x). 


Summary of Important Results 


De Broglie wavelength A = h/p 


Heisenberg’s Uncertainty Principle (Bandwidth Theorem) 
Ax Ap=h 
AE At=h 


determines zero point energy. 


Schrédinger’s time independent wave equation 


dPw(x) | ae Vv) 
dx 


w(x)=Ae+Be 


w(x) =0 
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where 
eam) Yo E>V 
w(x)=Ce*+De™ 
where 


pe oe 


h 


Probability per unit length of finding a particle at x 
P(x) =|U(x)/? 
Normalization 
| |w(xyz)/? dx dy dz=1 


all space 


Harmonic oscillator 


Energy levels E, =(n+3)hv 


See 0 
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Absorption of wave energy, 175 
Acoustic waves, 145 

finite amplitude, 367 
Anharmonic oscillations, 359 
Attenuation coefficient, 173, 179 


Ballistic galvanometer, 32 
Bandwidth Theorem, 126, 261, 329 
Beats, 14, 79, 122 

Bessel’s functions, 335 

Brewster angle, 210 

Bulk modulus, 145, 154 


Cerenkov radiation, 370 
Complex number notation, 26 
Cornu spiral, 337 
Coupled oscillations, 74 
electrical, 82 
on a loaded string, 84 
spring-coupled pendulums, 75 
wave motion as the limit of, 90 
Criterion for dielectric-conductor 
behaviour, 201 
Cut off frequency, 89, 224 


Damped simple harmonic motion, 29 
critical damping, 31 
dead beat damping, 30 
logarithmic decrement, 35 
oscillations, 33 
rate of energy dissipation, 39 
relaxation time, 36 
De Broglie wavelength, 379 
Debye theory of specific heats, 233 
Decibel, 151 
Degeneracy, 229, 391 
Deviation by a prism, 285 
Diffraction, Fraunhofer, 320 
circular aperture, 333 


rectangular aperture, 331 

single narrow slit, 267, 321 

transmission grating, 324, 327 
Diffraction, Fresnel, 336 

circular aperture, 341 

Cornu spiral, 337 

slit, 336 

straight edge, 336 

zone plate, 342, 344 
Diffusion equation, 175 

added to wave equation, 179, 198 
Dipole radiation, 302 
Dispersion, 124 

anomalous, 124 

normal, 124 
Displacement current, 189 
Doppler effect, 135 

shock waves, 368 


Earthquake, 154 
Eigenfrequencies, 118, 225, 384 
Eigenfunctions, 384 
Electromagnetic waves, 187 
in a conductor, 197 
in a dielectric, 192 
Energy 
density in an electromagnetic wave, 196 
distribution in a sound wave, 148 
distribution in a velocity pulse, 260 
in harmonic mode of a vibrating string, 
120 
Evanescent wave, 237 
Exponential series, 25 


Fabry-Perot interferometer, 314 
finesse, 319 
free spectral range, 319 
resolving power, 317 

Fermat's Principle, 280 
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Fermi energy levels, 393 
Forced oscillator, 49 
electrical, 50 
mechanical, 52 
power supplied to, 63 
steady state behaviour, 54 
string as a forced oscillator, 109 
transient behaviour, 53, 68 
Fourier Integral, 264 
Fourier Series, 248 
application to plucked string, 255 
application to velocity pulse, 259 
frequency spectrum of, 261, 262 
Fourier Transform, 265 
application to Gaussian function, 270 
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application to optical diffraction (two 
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Fraunhofer diffraction, 320 
Fresnel diffraction, 336 
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Group, 
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wave group, 122 


Heisenberg’s Uncertainty Principle, 129, 
381 

Helmholtz equation, 176 

Helmholtz equation (optical), 294 
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conductor, 204 
connexion with refractive index, 209 
dielectric, 195 
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dipole radiation, 302 
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visibility, 300, 314 
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Michelson’s Spectral, 311 
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wave propagation in, 132 
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Mach number, 372 
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group 
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The main theme of this book is that the transmission of energy by wave 
propagation is fundamental to almost every branch of physics; thus, 
besides imparting a sound knowledge of the theory of waves and vibra- 


“tions, the book has an important role in demonstrating to the student the 


pattern and unity of a large part of physics. 


The classical waves of mechanics, acoustics, transmission lines and elec- 
tromagnetism are considered in some detail and there is a final chapter on 
the physics of wave mechanics. The extended chapter on waves in optical 
systems forms the basis of an introductory course in that subject. 


The text of the book is amplified by a large number of problems, over a 
wide range of topics and degrees of difficulty. Hints for solution are freely 
given, on the principle that an undergraduate gains more from being 
guided to a result of physical significance than from carrying out a limited 
arithmetical exercise. 

No greater knowledge of mathematics is assumed than elementary 
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